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PREFACE. 


THE present work is intended as a sequel to our Hlementary 
Algebra for Schools. The first few chapters are devoted to 
a fuller discussion of Ratio, Proportion, Variation, and the 
Progressions, which in the former work were treated in an 
elementary manner; and we have here introduced theorems 
and examples which are unsuitable for a first course of 
reading. 

From this pomt the work covers ground for the most 
part new to the student, and enters upon subjects of special 
importance: these we have endeavoured to treat minutely 
and thoroughly, discussing both bookwork and examples 
with that fulness which we have always found necessary 10 
our experience as teachers. 

It has been our aim to discuss all the essential parts 
as completely as possible within the limits of a single 
volume, but in a few of the later chapters it has been im- 
possible to find room for more than an introductory sketch ; 
in all such cases our object has been to map out a suitable 
first course of reading, referring the student to special treatises 
for fuller information. 

In the chapter on Permutations and Combinations we 
are much indebted to the Rev. W. A. Whitworth for per- 
mission toggaake use of some of the proofs given in his, 
Choice and Chance. For many years we have used these 
proofs in our own teaching, and we are convinced that this 
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part of Algebra is made far more intelligible to the beginner 
by a system of common sense reasoning from first principles 
than by the proofs usually found in algebraical text-books, 

The discussion of Convergency and Divergency of Series 
always presents great difficulty to the student on his first 
reading. The inherent difficulties of the subject are no 
doubt considerable, and these are increased by the place it 
has ordinarily occupied, and by the somewhat inadequate 
treatment it has hitherto received. Accordingly we have 
placed this section somewhat later than is usual; much 
thought has been bestowed on its general arrangement, and 
on the selection of suitable examples to illustrate the text ; 
and we have endeavoured to make it more interesting and 
intelligible by previously introducing a short chapter on 
Limiting Values and Vanishing Fractions. 

In the chapter on Summation of Series we have laid 
much stress on the ‘ Method of Differences” and its wide and 
important applications. ‘The basis of this method is a well- 
known formula in the Caleulus of Finite Differences, which in 
the absence of a purely algebraical proof can hardly be con- 
sidered admissible in a treatise on Algebra. The proof of the 
Finite Difference formula which we have given in Arts, 395, 
396, we believe to be new and original, and the development 
of the Difference Method from this formula has enabled us to 
introduce many interesting types of series which have hitherto 
been relegated to a much later stage in the student's reading. 

We have received able and material assistance in the 
chapter on Probability from the Rev, T. C. Simmons of 
Christ’s College, Brecon, and our warmest thanks are due 
to him, both for his aid in criticising and improving the 
text, and for placing at our disposal several interesting and 
original problems, ae 

It is hardly possible to read any moderif” treatise on 
Analytical Conics or Solid Geometry without some know- 
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ledge of Determinants and their applications. We have 
therefore given a brief elementary discussion of Determi- 
nants in Chapter XxxIII., in the hope that it may provide 
the student with a useful introductory course, and prepare 
him for a more complete study of the subject. 

The last chapter contains all the most useful propositions 
in the Theory of Equations suitable for a first reading. The 
Theory of Equations follows so naturally on the study of 
Algebra that no apology is needed for here introducing pro- 
positions which usually find place in a separate treatise. In 
fact, a considerable part of Chapter xxxv. may be read 
with advantage at a much earlier stage, and may conveniently 
be studied before some of the harder sections of previous 
chapters. 

It will be found that each chapter is as nearly as possible 
complete in itself, so that the order of their succession can 
be varied at the discretion of the teacher; but it is recom- 
mended that all sections marked with an asterisk should be 
reserved for a second reading. 

In enumerating the sources from which we have derived 
assistance in the preparation of this work, there is one book 
to which it is difficult to say how far we are indebted. 
Todhunter’s Algebra for Schools and Colleges has been the 
recognised Hnglish text-book for so long that it is hardly 
possible that any one writing a text-book on Algebra at the 
present day should not be largely influenced by it. At the 
same time, though for many years Todhunter’s Algebra has 
been in constant use among our pupils, we have rarely 
adopted the order and arrangement there laid down; in 
many chapters we have found it expedient to make frequent 
use of alternative proofs; and we have always largely sup- 
plemented the text by manuscript notes. These notes, 

‘which now agipear scattered throughout the present work, 
have been collected at different times during the last twenty 
» BBA b 
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years, so that it is impossible to make definite acknowledge- 
ment in every case where assistance has been obtained from 
other writers. But speaking generally, our acknowledge- 
ments are chiefly due to the treatises of Schlomilch, Serret, 
and Laurent; and among English writers, besides Todhunter’s 
Algebra, we have occasionally consulted the works of De 
Morgan, Colenso, Gross, and Chrystal. 

To the Rev. J. Wolstenholme, D.Sc., Professor of Mathe- 
matics at the Royal Indian Engineering College, our thanks 
are due for his kindness in allowing us to sclect questions 
from his unique collection of problems; and the consequent 
gain to our later chapters we gratefully acknowledge. 

It remains for us to express our thanks to our colleagues 
and friends who have so largely assisted us in reading and 
correcting the proof sheets; in particular we are indebted to 
the Rev. H. C. Watson of Clifton College for his kindness in 
revising the whole work, and for many valuable suggestions 
in every part of it. 


May, 1887, H. 8S. HALL, 
S. R. KNIGHT. 
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In this edition the text and examples are substantially 
the same as in previous editions, but a few articles have 
been recast, and all the examples have been verified again. 
We have also added a collection of three hundred Miscel- 
laneous Examples which will be found useful for advanced 
students, These examples have been selected mainly but 
not exclusively from Scholarship or Senate House papers ; 
much care has been taken to illustrate every part of the 
subject, and to fairly represent the principal ae and 
Civil Service Examinations, 


March, 389. 


x CONTENTS. 


CHAPTER JV. ARITHMETICAL PROGRESSION. 


Sum of 2 terms of an arithmetical series 
fundamental formule . 

Insertion of arithmetic means 

Examples IV. a. OC. & se Ae 
Discussion of roote of dn? + (2a - d)n - 28=0 
Examples IV, b. 


CHAPTER V. GEOMETRIUAL PROGRESSION. 


Insertion of geometric means / 

Sum of n terms of a geometrical serics . 

Sum of an infinite geometrical series 

Fixamples VY. a. ‘ ; 

Proof of rule for the reduction ite @ recurring Assn ‘ 
Sum of n terms of an arithmetico-geometrie seiics 


Examples V. b 


PAGE 


38 
39 
40 
41 
43 
44 
45 


CHAPTER VI. HWARMONICAL PROGRESSION, THEOREMS CONNECTED 


WITH THE PROGRESSIONS. 


Reciprocals of quantities in I. P. are in A. P, 
Harmonic mean ; é : : 
Formuls connecting A.M., G.M., H.M. 
Hints for solution of questions in Progressions 
Sum of squares of the natural numbers ° 
Sum of cubes of the natural numbers. . 

= notation 

Examples VI. a, 

Number of shot in pyiamid i on & square page 
Pyramid on a triangular base 

Pyramid on a rectangular base 

Incomplete pyramid 

Examples VI. b. 


% 


CHAPTER VILL. scaLes oF NOTATION, 


Explanation of systems of notation 

Hixamples VII. a. 
Expression of an integral number a a projioned sails ; 
Expression of a radix fraction in a proposed scale. 


47 
48 


49 
50 
51 
§2 
52 
54 


54 
55 
56 


eSSs 


CONTENTS. 


CHAPTER TT. ratio. 


Commensurable and incommensurable quantities . 


Ratio of greater and Jess inequality 
1 


a ci e pa® +qe" +re®+...\" p 

= -) ; ; ; ° 
Oy t gt dat +t 4m ties between greatest and Jenst of fractions « oe an 
b, + by + by +... +d, aaa 
Cross multiplication ‘ ‘ 
Eliminant of three linear euittions 


Examples I. . 


CHAPTER IT. proportion. 


Definitions and Propositions 

Comparison between algebraical and gecmeetionl definiticne,. 
Case of incommensurable quantities 

Examples IT. 


CHAPTER IJIY. variation. 


if Aa B, then A=mBP . 

Inverse variation . ; : 

Joint variation , , 

If da B when C ig sinetenk. aiid Me “zo —— B is casmataiies ian 
A=mBOC ‘ ; : , P : . ‘ 


Illustrations. Examples on joint variation i ; , 3 


PAGE 


13 
16 
17 
19 


Ss S 


28 


mer 


ExamplesI, 20 7 ww wwe ne: 8B 


CONTENTS. XL 
PAGE 
The difference between a number and the sum of its digits is divisible 
byr-1. ‘ : 62 
Proof of rule for “ casting ue the ninew” 63 
Test of divisibility by 7 +1 64 
Examples VII. b. . 65 
CHAPTER VIII. sunps anb IMAGINARY QUANTITIES. 
Rationalising the denominator of - ee v ¥ 67 
Rationalising factor of /udg/b* . 68 
Square root of a+ /bt+r/et+r/d 69 
Cube root of a+,/b 70 
Examples VIIT. a. 72 
Imaginary quantities 74 
ee er ee 15 
If a+ib=0, then a=0, b-.0. 75 
If a+ib=c+id, then a=c, b==d- 75 
Modulus of product is equal to spoael of hoadle. q7 
Square root of a+ib 77 
Powers of ¢ : , 79 
Cube roots of unity; 1+w4 wa =(Q. 79 
Powers of w ; : 80 
Exemples VIII. b. 8] 
CHAPTER IX. THE TItKORY OF QUADRATIC EQUATIONS. * 
A quadratic equation cannot have more than two roots 83 
Conditions for real, equal, imaginary roots 84 
Sum of roots = ae a product of roots =< 85 
Formation of es when the roots are given . 86 
Conditions that the roota of a quadratic should be (1) sitet in magni- 
tude and opposite in sign, (2) reciprocals ; ; ; 88 
Examples IX.a. . : ; 88 
For real values of x the avotussion ans ee has i in mice the same 
sign as a; exceptions 90 
Examples IX, b. ; 92 
Definitions of function, variable, vationdt ‘ised ie ‘ 93 
Condition that az? + 2hxy + by? + 29x +2/y+e¢ may be resolved into os 
linear factors . F a ae ae ee 
Condition that az9+br+¢= 0 and we eae =Q may have a common 
root ‘ ‘ ‘ ; : ; ; 3 , , ; . 95 
Examples IX, c. oe: Sk ce & SS Bowen 9 


xn CONTENTS. 


CHAPTER X. MISCELLANEOUS EQUATIONS. 


Equations involving one unknown quantity . 
Reciprocal equations . ; 

Examples X, a. 

Equations involving two ecisiwn ditiantilise 
Homogeneous equations 

Examples X.b. 
Equations involving several Serene eee : 


Examples X.c. oe “as 368 el 
Indeterminate equations; easy numerical seurnpies 
Examples X.d._, : 


CHAPTER XI. PERMUTATIONS AND COMBINATIONS. 


Preliminary proposition 

Number of permutations of n siiage r at a sine 

Number of combinations of n things r at a time . 

The number of combinations of n things r at a time is ital to the 
number of combinations of n things n-r at a time ‘ 

Number of ways in which m+n+p+... things can be cividad fits 
classes containing m,n, p, ... things severally ; , 

Examples XI. a. 

Signification of the terms ‘ like’ ae unlike’ : 

Number of arrangements of n things taken all at a time, dion p things 
are alike of one kind, ¢ things are alike of a second kind, &c. 

Number of permutations of n things r at a time, when each may be 
repeated . : , ; : ‘ , 

The total number of sonibinations of n ‘ings 

To find for what value of r the expression "C,, is greatest 

Ab initio proof of the formula for the number of combinations of n 
things rat atime . , ‘ e 

Total number of selections of p+q+r+. meres whereof p are “alike 
of one kind, g alike of & secund kind, ke, : , : 

Examples XI. b. 


CHAPTER XII. MATHEMATICAL INDUCTION. 


Illustrations of the method of proof. : ; ‘ ; ‘ 
Product of n binomial factors of the form a+a . . p 


Examples XT... 0. www ek 


PAGE 
97 


101 
108 
104 


107 
109 
111 
118 


115 
115 
117 


119 
120 
122 
124 
126 
126 
127 
127 
128 


129 
131 


138 
184 
135 


CONTENTS. xiil 


CHAPTER XIII. BINOMIAL THEOREM, POSITIVE INTEGRAL INDEX. 


PAGE 
Expansion of (x +a)", when x is a ao seid — > 3 ge SES? 
General term of the expansion. 139 
The expansion may be made to depend aati he case in ewiiieh the first 
term is unity . ‘ ‘ : : : , ; . 140 
Second proof of the binomial Gest - a. i, 4 ’ »  . Dl 
Examples XIII. a. ; 142 
The coefficients of terms equidistant from ihe hawinniad aie end 
are equal. ; : ‘ ‘ : : : . 143 
Determination of the crcateat ee : ; ; : : . 143 
Sum of the coefficients . ‘ : 146 
Sum of coefficients of odd terms is eat i Bum of socmilents of even 
terms , : ; : , : : . 146 
Expansion of aaultinowialé ; F , . 146 
Examples XIII. b. ; ee : : : : . 147 
CHAPTER XIV. BINOMIAL THEOREM. ANY INDEX. 
Euler's proof of the binomial theorem for any index . . 150 
General term of the expansion of (l+2)" . ’ : ; ‘ . 153 
Examples XIV. a. . eS e .@ 2.38 rae 655) 
Expansion of (1+ 2)" is only arithmetically intelligible when z<1  . 155 
The expression (x+y)" can always be expanded by the binomial 
theorem . : , ; ‘ ; ‘ . 157 
General term of the spanaion of a ~ x)-" : : ; . 157 
Particular cases of the expansions of (l-2z)"" rene 65.) 
Approximations obtained by the binomial theorem OD 
Examples XIV. b. R ‘ ; . 161 
Numerically greatest term in the exons of (i a)" ; ; 162 
Number of sa a products of r dimensions formed silk of x 
letters. : , ’ ; : . 164 
Number of terms in the expanitan of & aulunonial : : 165 
Number of combinations of n things r at a time, repetitions being allowéd 166 
Examples XIV. c. . : ; ‘ : . : ; o.° a «= GT 
CHAPTER XV. MULTINOMIAL THEOREM. 
General term in the Bee of (a+ ba+cz?+dz°+...)?, when p is a 
positive integer ‘ » 170 
General term in the eciahsiog of (a+ cater re Sem ), whe nt 
is arational quantity. . : , ‘ : : . 171 


Examples XV. . , : . : , ‘ ~  . 1B 


XIV CONTENTS. 


: CHAPTER XVI. LoGarrrums. 


PAGE 
Definition. N=aloeN , ; g. -& - « ~  « 196 
Elementary propositions —_.. ‘ : ; ‘ : . 176 
Examples XVI. a. . ‘ : ; : ‘ . 178 
Common Logarithms . : : : : . 179 
Determination of the satushonislic by iraupieetions ' ; . 180 
Advantages of logarithms to base 10. : , .  . 181 
Advantages of always keeping the mantissa positive . 182 
Given the logarithms of all numbers to base a, to find the losarithiue 
to base Lb. : ‘ , : : ; : : . . 188 
log,d xlog,a=1 A : ‘ ; ; : . 188 
Examples XVI. b. . ; , : . : . 185 


CHAPTER XVII. EXPONENTIAL AND LOGARITHMIC SERIES. 


| Expansion of a*. Series for ¢ : d : : ; . 187 
¢ is the limit of (1 + 3) when n is infinite : ; . 188 
Expansion of log, (1+ 2) A i : ‘ : . lgl 
Construction of Tables of Doaaeentia ‘ : d , , . 192 
Rapidly converging series for log, (1 +1)-—Jog,n . ; : . 194 
Tho quantity ¢iagincommensurable : : : . 195 
Examples XVID. 2. 0. ww we ; t 4 . 195 


CHAPTER XVII1L. INTEREST AND ANNUITIES. 


Interest and Amount of a given sum at simple interest. ; : . 198 
Present Value and Discount of a given sum at simple interest. - 198 
Interest and Amount of a given sum at compound interest . : . 199 
Nominal and true annual rates of interest . ; ; ; ‘ . 200 
Case of componnd interest payable every moment ; . - 200 
Present Value and Discount of a given sum at compound aaa. . 201 
Examples XVIII.a. . a : . 202 
Annuities. Definitions. , : i . 202 
Amount of unpaid annuity, simple interest » 6 0 «6 «  « 203 
Amount of unpaid annuity, compound interest. ‘ : é - 208 
Present value of an annuity, compound interest . . . . «. 204 
Number of years’ purchase . : ‘ ‘ . 204 
Present value of a deferred annuity, compound titareut , : . 206 
Fine for the renewal ofaleasa .  . ; ae . 206 
Examples XVIII. b. . 906 


CONTENTS. KV 


CHAPTER XIX. INEQUALITIES. 


PAGE 


Elementary Propositions —  « « 208 
Arithmetic mean of two positive quantities is aseatee shai the geometric 
mean. ‘ ‘ . . ‘ . 209 


The sum of two quantities pale given, - thaie product is greatest oe 
they are equal: ss being given, the sum is least when they are 


equal. ‘ ‘ 210 
The arithmetic mean of 8 suniee of sioaitive siinnitities is emcee shan 

the geometric mean ; ‘ e.g , . 21 
Given sum of a, b, ¢,...; to find the pecedeat value of amber : . 212 
Taasy cases of maxima and minima : : : ‘ . 212 
Examples XIX. a. ; 213 


The arithmetic mean of the nt powers of & ‘aunbet of aoa 
quantities is greater than m' power of their arithmetic mean, 


except when m lies between 0 and 1 ; ; F : , . 214 
a b 
If a and 6 are positive integers, and a> b, (a +5) > (1 +) . 216 
; 2 
If l>a>y>0, Vie > af Rt g. uA 'e m6 . 217 
ath 
atid > (“3-) 3. eS A we ee Ae 
Examples XIX, b. . ‘ = ; ee .  . 218 


CHAPTER XX. LIMITING VALUES AND VANISHING FRACTIONS, 


Definition of Limit Ji, ish. ME. CO, 
Limit of ag+a,c+agr*+a,25+,,,is8a,whengziszero,. . . . 222 
By taking 2 small enough, any term of the series aj +a, +a 0° + 

may be made as large as we please compared with the sum of all 

that follow it; and by taking z large enough, any term may be 

made as large as we please compared with the sum of all that 


precede it ‘ , fs . 222 
Method of determining the limits of vaniaiing factors F ; 224 
Discussion of some peculiarities in the solution of sinniieaneoas 

equations : - 8 6g 286 
Peouliarities in the slats of quadrati equation we lw BF 
Examples XX, a ; ; . + 228 


CHAPTER XXII. coONVERGENCY AND DIVERGENCY OF SERIES. 
Onse of terms alternately positive and negative . . . . . 230 
Series is convergent if Lim =. is jess thani ; . 282 


xvl CONTENTS. 


Comparison of Zu, with an auxiliary series =v, 
1 1 $1 
The auxiliary series — int as tae 
Application to pesca Exponential, Logarithmic Series 
Limits of = and xz" when n is infinite 
Product of an infinite number of factors 
Examples XXI. a... 


e e e e . au r 
w-Berles 18 Convergent when v-series is convergent, if a Pie we 
n-} n-1 


Series is convergent if Lim \n (2 - 1) >] 
ety 


Series is convergent if Lim (n log at) ak: 
n+l 

Beries X@ (n) compared with series Zap (n) . 

= : 1 

The auxiliary series 2 n log x}? 

Series is convergent if Lim [ \n (" -1) ~ 1 log n | >1. 
oe 

Product of two infinite series 


Examples XXI, b.. 
CHAPTER XXII. UNDETERMINED CUEFFICIENTS. » 


If the equation /(.c) =0 has more than n‘roots, it is an identity 
Proof of principle of undetermined coefiicients for finite series 


Examples XXII. a. ‘ ‘ 
_ Proof of principle of abidulavininea: scaineiante foe infinite series . 
Examples XXII. b. : a er ee 


SJHAPTER XXIII. parriat FRACTIONS. 
Decomposition into partial fractions 


Use of partial fractions in expansions . 
Examples XXIII. . 


CHAPTER XXIV. necuRninG SERIES. 


Posleofrelation © ©. - eee . 
Sum of a recurring series . e ; 
Generating function 


Examples XXIV. . 


PAGE 
234 


285 
287 
238 


238 
241 


243 


244 


245 
247 
248 


248 


249 
252 


254 
254 
256 
257 
260 


261 
265 
265 


267 
269 
269 


CONTENTS. XVli 


CHAPTER XXV. CONTINUED FRACTIONS. 


PAGE 
Conversion of a fraction into a continued fraction ; 278 
Convergents are alternately leas and greater than the éontinuel faction 275 
Law of formation of the successive convergents . , ; ‘ . 2765 
Prdn-1 ~ — Pa-19n=(- 1)" : ° . , ‘ . : : 7 . 276 
Examples XXV, a. ‘ ‘ . 27 


The convergents gradually spuiouimnale 46 the coeaiued feasian; . 278 
Limits of the error in taking any convergent for the continued fraction 279 
Each convergent is nearer to the continued fraction than a fraction 


with smaller denominator cog : ; : ; . 280. 
, , 
PP. or <3, according as Pe or at ; : ‘ ; : ; . 281 
qq q q 
Examples XXY. b. eo : ; ; ‘ i ; ‘ . 281 


CHAPTER XXXVI. INDETERMINATE EQUATIONS OF THE FIRST 


DEGREE. 
Solution ofar-by=c .. foe: ww ae a BBE 
Given one solution, to find the yoneeal sdliiion ; ; : . 286 
Solution of az+dby=c . ‘ ‘ , : ’ . 286 
Given one solution, to find the senaral salntion : : : : . 287 
Number of solutions ofaz+by=c. .  . re a ee 
Solution of az+byt+cz=d,a’x+Uy+cz=d'. «wwe 8D 
Examples XXVI. . ; , ; ; ; ; ; ‘ : . 290 


CHAPTER XXVII. RECURRING CONTINUED FRACTIONS. 


Numerical example : . ‘ , . 292 
A periodic continued fraction is satial * B qadidieatic iaid : : . 293 
Examples XXVIII. a. . : ‘ : . 294 
Conversion of a quadratic surd tite a eonaned fasten ; ; . 295 
The quotients recur : : ; ; : ‘ . 296 
The period ends with a partial avotiens ‘a, oe , . 297 
The partial quotients equidistant from frst and last are el ‘ . 298 
The penultimate convergents of the es re re 2!) 
Examples XXVII. b. ‘ é ; : : : .  « 801 


CHAPTER XXVIII. INDETERMINATE EQUATIONS OF THE SECOND 
DEGREE. 


Solution of az? + Qhay + by*+ 292+ 3fy+e=0 soe ee BOB 
The equation 2§- Ny?=locanalwaysbesolved . . . . «. 304 


xviii | CONTENTS. 


PAGE 


Solution of 22-Ny=-1  . : ; : i . 805 
General solution of 2?-Ny?=1 . ; , . 806 
Solution of 2° — n*y? =a : ‘ ‘ . 808 
Diophantine Problems . : : , ; : ; . 809 
Examples XX VIII. : é : 2 ; ; . 8lt 
CHAPTER XXIX. SUMMATION OF SERIES. 
Summary of previous methods : . $12 
tt, the product of m factors in A. P, : eo, . 814 
u, the reciprocal of the product of 1 actonis in A. P. ‘ . B16 
Method of Subtraction . ; ; ; ; : . 318 
Expression of u, as sum of factorials : no . $818 
Polygonal and Figurate Numbers . ; ’ ; ; ; . 3819 
Pascal’s Triangle . ; : ; : : . . 820 
Examples XXTIX. a. : ‘ : : : . $21 
Method of Differences. ; . 822 
Method succeeds when uw, is a aia intepenl aston of n ‘ 326 
If a, is a rational integral function of n, the series Sa,,2” is a cceaning 
. series. . : . ; ; . . ; ; , - 827 
‘Further cases of recurring series 2 0. wwe we ete CD 
Examples XXIX. b. ‘ . : , ; . 832 
Miscellaneous methods of iieicantien ‘ ; ; : . 834 
Bum of series 1° + 27+3"+...4n". ; , , . 836 
Bernoulli’s Numbers —_. ' : ‘ : ,; . 887 
Examples XXIX. 0, ne ec ee 
CHAPTER XXX. THEORY OF NUMBERS, 
Statement of principles. : ‘ ‘ ‘ ; ; ; . B4l 
Number of primes ia infinite . ; ; ‘ . 842 
No rational algebraical formula can represent ines anly ; . B42 
A number can be resolved into prime factors in only one way. . B42 
Number of divisora of a given integer . ; ; . 343 
Number of ways an integer can be resolved into igs tions ‘ -  « 843 
Bum of the divisors of a given integer . ; : : ; . 844 
Highest power of a prime contained in |n ; ; : ; . 845 
Product of 7 consecutive integers is divisible by |r. . 845 
Fermat's Theorem N?~! —1= M ( ®) where p is prime and N pine top 847 
Hxamples XXX. a. ; , 848 


Definition of congruent. . . . . . «. « « 4 BBO 


CONTENTS, XiX 


PAGE 
If a is prime to b, then a, 2a, 8a,...(b-1}a when divided by b leave 
different remainders . . fw a OM. ar * a: . +9 BOO 
¢ (abcd...) =¢ (a) ¢ (b) p(c) ¢ (Ad)... : he. ok : .  . 852 
1 1 1 

= -= -= -~-}..0. j ; , ' . 852 

$(N) n(1 3) (a 5) (3 *). 5 
Wilaon’s Theorem: 1+|p-1=M(p) where p isa prime. ; . 854 
A property peculiar to prime numbers . , : : ; . B54 
Wilson’s Theorem (second proof)... ek ~ oe ele B55 
Proofs by induction _.. : ‘ se ‘ é ; . 856 
Examples XXX, db.  . ‘ ss ge Sg , ‘ ; . B57 


CHAPTER XXXL THE GENERAL THEORY OF CONTINUED 


FRACTIONS, 
Law of formation of successive eau ; : ; : . 859 
Py. Ps... ban a definite ener if Lim “"“"+15.0 .  . 362 
ay + 4, 2 Bi Dats 
The convergents to Rae a, . are positive proper fractions in ascend- 
a, so eS 

ing order of magnitude, if a,t1+),  . ; ea . 868 
General valuc of convergent when a, and b,, are soactaut ; ; . 364 
Cases where general value of convergent can be found . . : . 865 
Ui ... 13 incommensurable, if bn ey . ; : ; . 3866 
ay + at ay 
Examples XXXII a, : ; , : . 867 
Series expressed as continued fackione's .  .  . 869 
Conversion of one continued fraction into another ; . 3871 
Examples XXXI. b. ; ‘ ‘ : ; : . $72 

CHAPTER XXXIT. propaniuiry. 

Definitions and illustrations, Simple Events . . . . . 8%B 
Examples XXXII.a,  . S @ €: So a ae B76 
Compound Events ‘ ; . 877 
Probability that two independent avezita will both appeal ispp’ .  . 878 
The formula holds also for dependent events ; ~ «+ 879 
Chance of an event which can bappen in cack exélusive ways . 881 
Examples XXXII. b. , ; : . 888 
Chance of an event happening szuctiy r ines inn vials »~ 6 « 886 
Expectation and probable value «www wttwtst, 8 
“Problem of points” 2. 6 www 8B 


KX CONTENTS. 


PAGE 
Examples XXXII.c. ; a ee .  , 889 
Inverse probability P ; : : : : . 4 . 891 
Statement of Bernoulli’s Theorem . ; ‘ ‘ . $92 
PrP, 
Proof of formula Q,= S (pP) . s a ee ee 
Concurrent testimony . : R ; . 896 
Traditionary testimony . ’ ; ’ . 898 
Examples XXXII. d._. ; ; ; : . 899 
Local Probability. Geometrical aiethieds : : . 401 
Miscellaneous examples : : ; ; . 402 
Examples XXXII.e. ; : . 405 
CHAPTER XXXITITI. DETERMINANTS. 
Eliminant of two homogeneous linear equations . ; . . 409 
Eliminant of three homogeneous linear equations. .  . 410 
Determinant is not altered by interchanging rows and sotuuine ‘ . 410 
Development of determinant of third order .  . 411 
Sign of a determinant is altered by interchanging two sdidbont rows or 
columns . ; , ; . 412 
If two rows or saluniid'e are iaaadaal the dictentditiant vaniahee i . 412 
A factor common to any row or column may be placed outside. . 412 
Cases where constituents are made up of a number of terms. ; . 418 
Reduction of determinants by simplification of rows or columns . . 414 
Product of two determinants a. 4S ome oe OS Ow: | le 
Examples XXXIII.a. . . ew oa « 19 
Application to solution of simulianeous equnloii. i ‘ j . 422 
Determinant of fourth order . ; ‘ F : : ; . 423 
Determinant of any order. : ; , ; ; : . . 428 
Notation Z+a,bed@, . . . . ee ee ee ee ee, 
Examples XXXIII.b. . : ; =. ou ~ ew 427 


CHAPTER XXXIV. misceLLANEOUS THEOREMS AND EXAMPLES. | 


Review of the fundamental laws of Algebra . . . . . . 429 
f(x) when divided by z- a leaves — I ow - + 6. 482 
Quotient of f (z) when divided by x -— ; ~ 6  «  « 488 
Method of Detached Coefficients . . . . «© + . . 434 
Horner's Method of Synthetic Division. ©. . . . .  . 484 
‘Symmetrical and Alternating Functions 2 8 . 435 
Examples of identities worked out < Ge &@ w» we @ MST 


Liat of useful formule . , : F ; ‘ ; . ; . 488 


CONTENTS. 


Examples XXXIV.a. ; : : : : 
Identities proved by properties of sab ot of diaey 
Linear factors of a?+ b?+c°- 8abe 

Value of a®+0*+c" when a+4+c=0 

Examples XXXIV. b. 

Elimination . ‘ 
Elimination by aiastical etn ‘ 

Euler's method of elimination 

Sylvester’s Dialytic Method . 

Bezout’s method 

Miscellaneous examples of aliminations, 

Examples XXXIV. c. 


CHAPTER XXXV. THEORY OF EQUATIONS. 


Every equation of the n‘* degree has n roots and no more 

Relations between the roots and the coefficients 

These relations are not sufficient for the solution . 

Cases of solution under given conditions . ; 

Easy cases of symmetrical functions of the roots . 

Examples XXXV. a. : 

Imaginary and surd roots occur in are : 

Formation and solution of equations with surd ae 

Descartes’ Rule of Signs 

Examples XXXY. b. ; ‘ ; 

Value of f(x+h). Derived Functions . 

Calculation of f(x+h) by Horner’s process . 

J (x) changes its value gradually j 

If f(a) and f(b) are of contrary signs, f (= 26. naa 8 ‘oot between 
aandd , ; , , 

An equation of an odd aan haa one eal cht 

An equation of an even degree with its last term nies hee ies an 


roots, : : 
If f (xc) =0 has r roots equal to a, ?’ ie 0 fa r- ‘1 roots equal és a 
Paria of equal roots . : a ae : eo 


fi'@)_ 1 1 1 
Flt) 2-a' a-b* zc 
Sum of an assigned power of the roots . 

Examples XXXV.c. . «© . | . 
Transformation of equations . 

Equation with roots of sign opposite és ites of. f(ay=0 
Equation with roots multiples of those of f(r)=0  .  -& 


tes 


XX1 


PAGE 
438 
440 
441 
442 
449 
444 
444 
445 
446 
446 
447 
449 


452 
452 
454 
454 
455 
456 
457 
458 
459 
460 
462 
463 
464 


464 
465 


466 
467 


468 


468 
470 
471 ¢ 
471 
472 


XX CONTENTS. 


PAGE 
Equation with roots reciprocals of those of f(r)=0 . 472 
Disoussion of reciprocal equations. _. ; ; - '« 478 
Equation with roots squares of those of f fie Gr: ee ee TB 
Equation with roots exceeding by A those of f(r)=0 . . . «. 478 
Removal of an assigned term. ‘ ‘ : ; . 476 
Equation with roots given functions of en of f gic : . 477 
Examples XXXV.d._, ‘ : ; h 4 Bl . 478 
Cubic equations, Cardan’s Solution ‘ ‘ : : : . 480 
Discnssion of the solution. . ee ee ee ee oe: | 
Solution by Trigonometry in the ‘eeeductiian case . . ‘ » « 482 
Biquadratic Equations, Ferrari’s Solution . ; , ; . 483 
Descartes’ Solution : ; Ki - ok ; : : . 484 
Undetermined multipliers. : : , ‘ : : : . 486 
Discriminating cubic; rootsallreal . . - oe el 486 
Solution of three simultaneous equations -— —-- 5 -} xe + - ot =1,&c, . 487 
Examples XXXV. e. ; : ‘ ; : : . ‘ . 488 
Miscellaneous Examples ms So a ce # a « 2 WOO 


Answers : : : ; ; : ; : ; ; . §25 


HIGHER ALGEBRA. 


CHAPTER I. 


RATIO, 


1. Derinition. Ratio is the relation which one quantity 
bears to another of the swme kind, the comparison being made by 
considering what multiple, part, or parts, one quantity is of the 
other. 


The ratio of A to # is usually written 4: 4. The quantities 
A and B are called the terms of the ratio. The first term is 
called the antecedent, the second term the consequent. 


2. To find what multiple or part 4 is of B, we divide A 
by B; hence the ratio 4 ; B may be measured by the fraction 


BR and we shall usually find it convenient to adopt this notation. 


In order to compare two quantities they must be expressed in 
terms of the same unit. Thus the ratio of £2 to 15s, is measured 
- 2x20 8 
by the fraction ©. -:— or 5. 
y the fraction ~ j;-— or 3 


Notr. A ratio expresses the number of times that one quantity con- 
tains another, and therefore every ratio is an abstract quantity. 
3. Since by the laws of fractions, 
a me 
6b mb’ 
it follows that the ratio a : b is equal to the ratio me: : 


that is, the value of a ratio remains unaltered if the iuiteoatenk’ 
and the consequent are multiplied or divided by the same quantity. 


A. H, A, Fie 1 
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a 4, Two or more ratios may be compared by reducing their 
equivalent fractions to a common denominator. Thus suppose 
a: bande : y are two ratios, Now 5 = juan = 
the ratio a : 6 is greater than, equal to, or less than the ratio 

«+ y according as ay is greater than, equal to, or less than dc, 


5. The ratio of two fractions can be expressed as a ratio 


; hence 


ef two integers. Thus the ratio ; : : is measured by the. 
a 
ss ad. : 
fraction =) OF and is therefore equivalent to the ratio 


| d 
ad : be. 


6. If either, or both, of the terms of a ratio be a surd 
quantity, then no two integers can be found which will exactly 
measure their ratio. Thus the ratio ,/2:1 cannot be exactly 
expressed by any two integers. 


7. Devinirion. If the ratio of any two quantities can be 
expressed exactly by the ratio of two integers, the quantities 
are said to be commensurable; otherwise, they are said to be 
‘incommensurable. 

_. Although we cannot find two integers which will exactly 
‘measure the ratio of two incommensurable quantities, we can 
always find two integers whose ratio differs from that required 
by as small a quantity as we please. ) 


re YE 2986088..-_ sgo17, 
bas 4/5 _ 659017 559018 
and therefore “Tt 7 1000000 and < 1600000 ' 


ao that the difference between the ratios 559017 : 1000000 and 
6 : 4 is less than 000001. By carrying the decimals further, a 
closer approximation may be arrived at. 


8. Dermirioy, Ratios are compounded by multiplying to- 
gether the fractions which denote them; or by multiplying to- 
r the antecedents for a new antecedent, and the consequenta 
lor & new consequent, 
Haanple. Vind the ratio compounded of the three, ratios 
a; 8b, Gad 1 Be%, es @ 


RATIO. 3 


' The required rations? x ore 2 
__4a 
~ be" 


9, DEFINITION. When. the ratio a: 6 is compounded with 
itself the resulting ratio is a* : b*, and is called the duplicate ratio 
of a:b. Similarly a’: 0° is ‘called the triplicate ratio of a: b. 


Also a?: b* is called the subduplicate ratio of a: 3. 


Examples. (1) The duplicate ratio of 2a : 8) is 4a? ; 90°. 
(2) The subduplicate ratio of 49 : 25 is 7: 5. 
(8) The triplicate ratio of 27 : 1 is tr? : 1. 


10. Derinrrion. A ratio is said to be a ratio of greater 


tnequality, of less inequality, or of equality, according as the 
antecedent is greater than, lesa than, or equal to the consequent. 


11, A ratio of greater inequality is diminished, and a ratio of 
less inequality is increased, by adding the same quantity to both 
tis termes. 


Let ; be the ratio, and let < be the new ratio formed by 
adding x to both its terms, 


A 6  b+2 b(b +2) 


_a(a—b) 

~ b(b +2)’ 
and a-6 is positive or negative according as @ is greater or 
leas than 8, 


: Gate. 
Hence if a > 6, ee ar, 
; _@ sone. 


which proves the proposition. 


Similarly it can be proved that @ ratio of greater inequality 


Ss increased, and a ratio of less inequality is diminished, by taking 
a? 7 eh ancamia nis 
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The proof of the following important theorem will illustrate 
the method of procedure. 
a ¢ 6 
if ie talk Settee 


1 


atl 


pa? + qe” + re? + ...\8 
pb? + qd" -+ rf@+ 0/7 


where p, q, T, h are any quantities whatever. 


each of these ratios = ( 


Let ; 


then a=bk, c=dk, e=fh,. .; 
whence = pa"=pb"k", gc"=qd"k’, re“=rf"k",...; 
_ par+ge’+re’+... poh’ +qd'h* +1f"k* +... 


= wor 


* pb +qd"+rf"+... pb +qd* +rf"* +... 
= he"; 


1 
_ [pert gqe" +re" + a kn$ = C 
° Caen cn ; a? en 
By giving different values to p, g, 7, 1 many particular cases 


of this general proposition may be deduced; or they may be 
proved independently by using the same method. For instance, 


FA a@e e 

f ee 

i bad f 
aGtetert... 

th of these ratios = ~—;-—;-—— ; 

Schon the e-rane b+d+f+...’ 


a result of such frequent utility that the following verbal equi- 
valent should be noticed: When a series of fractions are equal, 
each of them is equal to the sum of all the numerators divided by the 
aun of all the denominators, 


aee 
Eeample 1. if é a a A shew that 
a®b + Qcke~ Baetf ace 
b4 + 2d"f—Bbsys ~ bdf* 
@ ¢ ¢,. 
Let Sa 
then axbk, c=dk, exfh; 


RATIO, 5 


ath Qcte— Baty bk? + 2d%/h9 — BbFSK* 
“v's adif—saf8 ~ ~ oy aa%f — Bof3 


Ezample 2. If < = = =, prove that 


Pe 2v te pee (t+y +z +(at+b+e)? 
ata ytb ete aet+ytetatbte 





Let ata sk, so that z=ak, y=bk, ¢=ch, 


Bis 


zt+a? kta? (k*+1) a, 
es zea ak+a k+i ’ 
x +a7 yd? Ptet (+ 1)a , (+1)d (+1) 
ata ' ytb” ze A+1 A+] k+1 
_ (+1) (a+b+e) 
k+1 
K(atd+ep?+(atd+c) 
“k(a+bte)tat+bt+e 
_ (kat kb + ke)? + (a+b+e)? 
~ (katkb+ke)+a+b+e 
_ (t+y+2)? +(at+d+e)? 


ee ene 


“ary tetatdte 


13. If an equation is homogeneous with respect to certain 
quantities, we may for these quantities substitute in the equation 
any others proportional to them. For instance, the equation 


laty + may'e + ny*2* = 0 


is homogeneous in a, y,z. Let a, B, y be three quantities pro- 
portional to a, y, z respectively ; 


a 
Put k “4 = 5 
then la®Bk* + maB*yk* + nf*yk* = 0 

that is, la®B + maB*y + nB ty’ =0; 

an equation of the same form as the original one, but with 
a, A, ¥ in the places of m, y, 2 respectively. 


= 5, so that a= ak, y= Bk, z= yk; 
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14. The following theorem is important. 
Tf, oe, 8s be unequal fractions, of which the de- 
bb? bb 
nominatora are all of the same sign, then the fraction 
a +a. +8,+ .. +a, 
b, +b, +b, +... +b, 
Bes in magnitude between the greatest and least of them. 





Suppose that all the denominators are positive. Let Z be the 
least fraction, and denote it by &; then " 


pak; “. a — kb; 
ek, ow. &, > kb, ; 
1 
> k; “. a, > kb; 
2 
and s0 on; 
.. by addition, 
G@,+G,+4,+...... +6, >(b,+0,4+6,+...... +b )&; 
Bt Qt+Gi,t ose +a a 
Pape ladies Wale WER tae BEB l Dae *P ig >of. 
by +b +84... ro ia eae 9 
Similarly we may prove that 
@,+a,+a,+...... +4, % 


where ; is the greatest of the given fractions. 


In like manner the theorem may be proved when all the 
denominators are negative. 


15. The ready application of the general principle involved 
in Art, 12 is of such great value in all branches of mathematics, 
that the student should be able to use it with some freedom in 
any particular case that may arise, without necessarily introducing 
an auxiliary symbol, 

Eeomple1. We —"— = —¥ 


2 
b+0 c+a-0 at+o—-c’ 


wtyts slytalty (e+a)t+s (e+ 


é 


RATIO, 7 


Each of the given fractions = Sum Of Bomeretors 
a+y+e 
= a+bd+e CORO OHO ROS aeere se pen ene eneset H88be (1). 


Again, if we multiply both numerator and denominator of the three 
given fractions by y+ 2, z+2, x+y respectively, 


each fraction: 7 W@t#).-§_ vt) (@ +9) 
(w+y) (a+b~c)’ 
sum of numerators 


ete sete ee 


™ gum of denominators 


_tlyte)+y (+2) +2 (+9) 2) 
Zax + Wy + 2cz Se 


= 





.. from (1) and (2), 
ctytz olytaty (e+z) +2 (r+y) ; 





atb+e 2 (ax + by +z) 
x _ y ee RET 
Ezample 2. Kf U(mb+nc = la) m(ne+la—mb)~ 2 (la+mb-ne)’ 
i m is 
that ne 
prove that a (bytex—az) y(cetax—by) 2(az+by—cz) 
z y ns 
We ha L Sat "aE 
enave mbdne la m+la—-mbd latmb—ne 
yi # 
2la 
=two similar expressions; 
mytms  latne mee ly 
a b ec 


Maltiply the first of these fractions above and below by 2, the sesond by 
y, and the third by z; then 


naytmes  lyztnzy met lys 
aziz 


7 iys 
by +cz-—az 


=z two similar expressions; 


, M m % 
** 2 y+ aa) yee baw~dy) 8 an + by ~ on)” 
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16. If we have two equations containing three unknown 
quantities in the first degree, such as 


acrby+ez=0...... aniersewelosensias (1), 
EB+ DY +62 =O cceccccscsessceveseseees (2), 


we cannot solve these completely ; but by writing them in the 


form 
és (=) +b, (¥) +0, =0, 
% 2 


near 


2 4 
we can, by regarding — and as the unknowns, solve in the 
z 


ordinary way and obtain 


a b,c,—6,¢, Y C,4,~—Ca, 
nner , we = a > 
2 a,b, = ab, “ a,b, —a,b, 
or, more symmetrically, 
x & 
he abe. = 1 = ab—ab. re ee | (3). 
iv? a7) 2? gi es 21 


It thus appears that when we have two equations of the type 
represented by (1) and (2) we may always by the above formula 
write down the ratios x: y:z in terms of the coefficients of the 
equations by the following rule: 


Write down the coefficients of x, y, 2 in order, beginning with 
those of 7; and repeat these as in the diagram. 


b, e, a, b, 
b, c, a, b, 

Multiply the.coefficients across in the way indicated by the 
arrows, remembering that in forming the products any one 
obtained by descending is positive, and any one obtained by 
ascending is negative. The three results 

b,c, ~ b,¢,, C4, ~ C,0,5 a,b, — a,b, 


are proportional to a, y, 2 respectively. 
This is called the Rule of Cross Multiplication. 


RATIO, 


HNeample 1, Find the ratios of z: y : 2 from the equations 


Ta=4y+8e, 82=122+11y. 
By transposition we have 7x - 4y —-8z=0 


122 + lly - Be=0. 
Write down the coefficients, thus 


~4 -8 7 -4 


11 -3 12 = i1, 
whence we obtain the products 


(- 4) x(-8)-11x(-8), (-8)x12-(-8)x7, 


7x11--12x(—4), 
or 100, -75, 126; 


that is, 


Example 2. Eliminate z, y, 2 fram the equations 


Gy + Dy Fee HO 0 ies cceeenias a tccnncass aneses (1), 
gh Edgy $ qh =O os cccccecaresscnereceeerseceees (2), 
gt + Day 1 gt HO orci ca vac cesswcansctansianvdadss (3) 
From (2) and (3), by cross multiplication, 
x 
bacy ~ Baty — Dyey Coils — Coy 
denoting each of these ratios by k, by acca — substituting in (1) 
and dividing out by k, we obtain 
Oy (DyCy ~ DyCq) + By (Cog — gq) +0, (agby — Agb,)=0. 
This relation is called the eliminant of the given equations 


Example 8. Solve the equations 


* 


OS Oy 4 CRO vac sivkev ads oranrceaseesageasheweuasoueaansia (1), 
Bt Ub MOL ce cceesnccsccsensseeseserecesnnsoneoanens (2), 
bex + cay + abs = (bc) (¢ — a) (A — dD)... cee ceee terre ees (3). 
From (1) and (2), by cross multiplication, 
x y 


Sar ba ta faa la eal 


e=k(b-c), y=k(c-a), e=k (dd). 
Substituting in (8), 


k {bc (b-—¢)+ca(c- a) + ab (a ~ b)} =(b- ¢) (c—a) (a- 3), 


k {-(b-c) (¢ - a) (a-b)}=(b-£) (c- eat 
a*s k=-1;. 
whence eoce~b, yrra-e, tab~a, 
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17, If in Art, 16 we put ¢=1, equations (1) and (2) become 
a,e+by+e,=0, 
ac+by+o,=0; 








and (3) becomes 
x y ] 
secre ee ee eee = 3 
be,—b,c, ca,-ca, a,b,-a,), 
or wie bo, a bc, _ 0,4, ~ C64, 


a,b,—a,b,” y= a.b,—a.b,” 


Hence any two simultaneous equations involving two un- 
knowns in the first degree may be solved by the rule of cross 
multiplication. 

Ezample. Solve 5a ~- By -1=0, 2+ 2y=12. 
By transposition, 5a-38y- 1=0, 
t+ 2y-12=0; 
a Ne eS 
86+2 -—1+60° 10+3' 
h ae e __ 59 
whence 13 > y 7 18 * 


EXAMPLES. I. 


1, Find the ratio compounded of 
(1) the ratio 2a : 30, and the duplicate ratio of 9b? : ab. 


(2) the subduplicate ratio of 64 ; 9, and the ratio 27 ; 56, 
2 
(3) the duplicate ratio of - : , and the ratio dar: Qby. 


2 Ifw+7 : 2(4+14) in the duplicate ratio of 5 : 8, find x. 


$. Find two numbers in the ratio of 7: 12 so that the greater 
exceeds the leas by 275. 

4, What uwumber must be added to each term of the ration 5 : 37 
,to make it equal to]; 31 

B& Ife: y=x3: 4, find the ratio of 7x—4y : ar+y. 


G,, If 15 (224 9") = Tey, find the ratio of w: y. 


RATIO, 11 


7. If Smanp 
Qath? + Zar%e? — bet at 
prove that STITT aye = 
8, Irs ,™5 2 = 5, prove that 5 ix equal to 
abt Baraa 
ios d+ Bod* 
9, If oe eae eee Mane et eee 
qtr—-p r+p-q a 
shew that (q- —r)x+(r- P)yt+(p- g) 2=0. 


- 10. if 2 1%" ©, find the ratios of @ : y : s 








ll. If ba a eee 
= po+qe petga pa+gd’ 
shew that tet yt?) (o+c¢) a+ (c+a) +(a+b)s 
atdb+e ‘be+cea+a 
ee AR cal 
12. If a b e’ 
+a 453 = _ ety t2+(atd+o) 
shew that ucath 2 + aye “(a+y te +(a+6+0)*" 
13, If te cate Sr, 
’ x ” 2 a nis & 


14, If (a9 + B84 08) (28 4-92 +24) = (art by + 02), 


shew that e:amy:baz:e. 
15. If 0 (my +ns—lzx) am (ne+ le — my) =n (le + my — ne), 
prove eet tte = ten 


16. Shew that the eliminant of 
an+cy+be=0, oxrt+by+az=0, brt+ay+cz=0, 
is +08 +3 ~ 3abe=0. 
17, Eliminate x, y, 2 from the equations 
aethy+gsm0, hetby+femO, gr tsfytos=0, 
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18, if c=cythz, y=az+ceu, c=br+ay, 


shew that 278 ee 


19. Given that a(y+z)=4, D(z+x)=y, e(vt+y)=4 


prove that be + ca+ab+2abe= 1. 
Solve the following equations : 
20. au—-4y+7z= 0, 21, U+tY= by 
Qe-~y-2W= 0, 3c -—2y+1iz= 0, 
Bu3 — 8 + 23 = 18, 2 + 393 + 223 =: 167. 
22. Ty2 + 820 = 4ry, 23, 3x? -2y?+52?=0, 
Qlyz — 32x = 42ry, 7a? — 3y? — 152 =0, 
U+Qy+32=19. 5x —4y + 722-6. 


ne NL eee 
Ja- ib Jb-Je' Jce-Ja ”’ 
eas +-— eat eke =O 
JatJb" Jb+Jsce Jset+J/a ”’ 
RED ae ROE See OES ee 
(a—b)(c—Yab) (b—c)(a-Nbc)  (e—a) (b- uc) 
Solve the equations: 
25. act+by+cz=0, 
bex + cay +abz=0, 
xyz+ abe (ax t+ by + c%z)=0. 
26. — aetbhy+c=@ax+ Py +c2=0, 
t+ytz2+(b—c)(c—a) (a—b)=0. 
27. If a(y+s)=x, b(z+a)=y, c(ct+y)=z, 
Px yf 22 
a(l—be) b(1-ca) e(1—ab)’ 


shew that 


prove that 


28. If art+hy+gz=0, het by+fe=0, gert+fy+cz=0, 
prove that 
7 yy a 
BA cag aba 
(2) (be -f?) (ca - 9?) (ab — h?) = ( fy — ch) (gh— af) (if — bg). 





CHAPTER II. 
PROPORTION. 


18. Derinttrion. When two ratios are equal, the four 
quantities composing them are said to be proportionals. Thus 


if ; = then a, b,c, d are proportionals, This is expressed by 

saying that a is to b as c is to d, and the proportion is written 
a:b::e:d; 

or a:b=c:d, 


The terms @ and d are called the extremes, 6 and ¢ the means. 


19. Jf four quantities are in proportion, the product of the 
extremes is equal to the product of the means. 


Let a, b, c, @ be the proportionals. 


Then by detinition ; = 33 
whence ad = be. 


Hence if any three terms of a proportion are given, the 


fourth inay be found. Thus if a, ¢, d are given, then 0 =: = 


Conversely, if there are any four quantities, a, 6, c, d, such 
that ad = be, then a, b, c, d are proportionals ; « and d being the 
extremes, 6 and c the means; or vice versa, 


20, Derinition. Quantities are said to be in continued 
proportion when the first is to the second, as the second is 
to the third, as the third to the fourth; and so on, Thus 
a, b, ¢, d,...... are in continued proportion when 
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1f three quantities a, b, ¢ are in continued proportion, then 
ai:b=bre: 
ac = b*, [Art. 18.] 


In this case 6 is said to be a mean proportional between a and 
c; and c is said to be a third proportional to a and 0. 


21. If three quantities are proportionals the first is to the 
third in the duplicate ratio of the first to the second, 


Let the three quantities be «, b, ¢; then ; =. ; 
Now ene 2 
c 6b le 
Oe Me 
“bb bP’ 
that is, a:c=a’: Bb. 


It will be seen that this proposition is the same as the definition 
of duplicate ratio given in Euclid, Book v. 


22. Ifa:b=c:dande: f=g:h, then will ae: bf=cg: dh. 


For gg end B= 
me a ee 
"* Of © dh’ 
or ae: bf=cy: dh. 
Cor. If a:bz=e:d, 
and bi:ux=d:y, 
then Gie=ery. 


This is the theorem known as ex equalt in Geometry. 


23. If four quantities a, 6, c, d form a proportion, many 
other proportions may be deduced by the properties of fractions, 
The results of these operations are very useful, and some of 
them are often quoted by the annexed names borrowed from 
Geometry. 
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(1) If a:b=c:d, then b:a=d:c. [ Znvertendo. } 
For 


c 
; =53 therefore 1 epele; 
that is = 
a 
or bi:a= 
(2) Ifa:b=c:d, then a 
For ad = bc ; therefore ~ 


¢ 
=b:d. [ Alternando. | 


cd ~ 
that is, 0! 
C= 


or a: 


(3) Ifa:b=c:d,thena+b:b=c+d:d. [Componendo,] 





For 73 therefore ptl=54+]; 
: a+b c+d 
that is der ee 
or a+b:b=c+d:d. 
(4) Ifa:b=c:d, then a-b:b=c-did.  [Dividends.] 
a c 
For 5 = 53 ; therefore b —l= =F 1; 
‘ a-b c-d 
that js, a aa ae 
or a-b:b=c-d:d. 
(5) Ifa@:b=c:d, then a+b:a-b=c+d:c-d 
a+b c+d 
For by (3) oe Salar ae 
a-b c-d. 
and by (4) ae iar aed 
ani a+b er+d 
. by division, et ree C 
or at+b:a-b=c+d:c~—d. 


This proposition is usually quoted as Componendo and Divi- 
0. 


Several other proportions may be proved in a similar way. 
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24. The results of the preceding article are the algebraical 
equivalents of some of the propositions in the fifth book of Euclid, 
and the student is advised to make himself familiar with them 
in their verbal form. For example, dividendo may be quoted aa 
follows : 

When there are four proportionals, the excess of the first above 
the second ia to the second, as the excess of the third above the 
fourth is to the fourth. 


25. We shall now compare the algebraical definition of pro- 
portion with that given in Euclid. 

Euclid’s definition is as follows : 

Four quantities are said to be proportionals when if any equi- 
multiples whatever be taken of the first and third, and also any 
equimultiples whatever of the second and fourth, the multiple of 
the third is greater than, equa] to, or less than the multiple of the 
fourth, according as the multiple of the first is greater than, equal 
to, or less than the multiple of the second. 

In algebraical symbols the definition may be thus stated : 


e ° « > 
Four quantities a, 6, c, d are in proportion when pe = qd 
< 
* > e ee, e 
according as pa = gb, pand g being any positive inteyers whatever. 
< 


I. To deduce the geometrical definition of proportion from 
the algebraical definition. 


Since 5 ss hy multiplying both sides by » we obtain 
sd ag 
gb qd? 


hence, from the properties of fractions, 
> > 
pes qd according as pas qh, 
which proves the proposition. 


II. To deduce the algebraical definition of proportion from 
the geometrica] definition. 


» Given that pe = qd accarding as po = qb, to prove 


as 


ma 
RIG 
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It is not equal to “3 one of them must be the greater. 


Suppose ; > 33 then it will be possible to find some fraction ; 


which lies between them, g and p being positive integers. 


a 
Hence i> seein eadendetetaaelate (1), 
c 4g 
and d < p P08 0.08i s,s ek be We Ow orale oe we 8 eee (2). 
From (1) pa> qb; 
from (2) pe <qd ; 


and these contradict the hypothesis. 
ed 
b 
the proposition. 


Therefore ; and ‘ are not unequal; that is leet: ; which proves 


bod 


26. It should be noticed that the geometrical definition of pro- 
portion deals with concrete magnitudes, such as lines or areas, 
represented geometrically but not referred to any common unit 
of measurement. So that Euclid’s definition is applicable to in- 
commensurable as well as to commensurable quantities ; whereas 
the algebraical definition, strictly speaking, applies only to com- 
mensurable quantities, since it tacitly assumes that a is the same 
determinate multiple, part, or parts, of b that c is of d. But the 
proofs which have been given for commensurable quantities will 
still be true for incommensurables, since the ratio of two incom- 
mensurables can always be made to differ from the ratio of two 
integers by less than any assignable quantity. This has been 
shewn in Art. 7; it may also be proved more generally as in the 
next article. 


27. Suppose that @ and 64 are incommensurable; divide 6 
into m equal parts each equal to £, so that b= mB, where m is a 
positive integer. Also suppose 8 is contained in @ more than n 
times and less than 7+ 1 times; 


then 5 mgand «Coe 
. a,. ” n+) 
that 18, 3 lies between 7 and era 3 


80 that 5 differs from ~ by a quantity less than = . And since we 


H. H. A, a 
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can choose 8 (our unit of measurement) as small as we please, m can 
be made as great as we please. Hence = can be made as small 


as we please, and two integers 2 and m can be found whose ratio 
will express that of a and 6 to any required degree of accuracy. 


28. The propositions proved in Art. 23 are often useful in 
solving problems. In particular, the solution of certain equa- 
tions is greatly facilitated by a skilful use of the operations com- 


ponendo and dwidendo. 


Example 1. 


If (2ma + 6md + 8nc + 9nd) (2ma ~ 6mbd — a tae 
= (2ma ~ 6mb + Bnc — 9nd) (2ma + Bind — Buc -— 9nd), 


prove that a, b, c, d are proportionals. 
2ma+6mb+8ne+ 9nd  2ma+ 6mb—B8ne - 9nd, 

We have Qma — bmb+ Bnce—- Ind 2ma—b6mb-Sne4 Ind’ 

.*, componendo and dividendo, 

2(2ma+8ne) 2 (2ma ~ 8nc) 

2 (6mb+ 9nd) ~ 2 (6mb— 9nd) * 
2ma+8nce  6mb+ 9nd 
Qma—Bne Gmb— Ind 

Again, componendo and dividendo, 


Alternando, 


altace 
6nce” —«:18nd’ 

a b 

whence ort 
or a:sb=e:d. 


Ezample 2. Solve the eqnation 
Jz+1t. r+1+ J/r- a~-l 4-1 


eee re 
~~ 


Jati-Jz-1 2° 


We have, componendo and dividendo, 
Vz+l =2 Aor + 1 - 


f/r—1 
: eee ae 
"*g-1 1629-24249" 
Again, componendo and dividendo, 
22 82z?-162+10 
9 ~~ ga2-e8 ? 
pm Ot 8245 
= léz-4.? 
whence 162? - 42 = 1627-8245; 


a”e Smw~, 


4 
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EXAMPLES, II. 

1. Find the fourth proportional to 3, 5, 27. 

Find the mean proportional between 

(1) 6 and 24, (2) 360a* and 2500262, 
3. Find the third proportional to —. and ; ‘ 
If a: b=c:; a, prove that 
4. act+ac?: bed+bd?=(a+c)’ ; (b+d)'. 
5, pat+a@b® : pa®—gh?=per+ gd? : pe? — gd? 
6 a-c: b-d=Nalse : f/b*+ a2. 


1. Valse: /bdi= Joes? : [tar 


If a, b, c, d are in continued proportion, prove that 
8. a: b4+d=2 : d+. 
9 2a+3d : 3a—4d=205+3b3 : 3a3— 403. 
10. (a? + 57+?) (b?+ +d") =(ab+ be+ ed)*. 
ll. If is a mean proportional between @ and c, prove that 
esata a 
a~ta~ pty e-2 
12. Ifa: b=c: d,ande: f=g: A, prove that 
ae+bf: ae—bf=cgt+dh : eg—dh. 
Solve the equations ; 
43, 2B tet) _ Bet — ait be 13 
225 ~3r29-ax-1 8-2 -5x4+13 


Bett ot —Oe—3_Set4Qat—To+3 
S24 ~a24+9e74+3 Gat—-Qx74 77-30 


bf. 


14, 


15 (m+n)x—(a-0) _ (mtn)rtate 

" (m-n)a-(a+b) (m—n)x+a-—c° 
16. If a, b, co, d are proportionals, prove that 
{a —b)(a—c) 
cme 


a+d=6+0¢04+ 


17. If a, b, o, d, e are in continued proportion, prove that 
(ab-+ be + cd + de)? = (a* + 5% + ¢2 +. d*) (67+ c+ d?+ 4). 
2-2 
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18, Ifthe work done by w—1 men in «+1 days is to the work done 
by #+2 men in x—-1 days in the ratio of 9 : 10, find z. 


19, Find four proportionals such that the sum of the extremes is 
21, the sum of the means 19, and the sum of the squares of all four 
numbers is 442. 


20, Two casks 4 and B were filled with two kinds of sherry, mixed 
in the cask A in the ratio of 2: 7, and in the cask B in the ratio of 
1:5, What quantity must be taken from each to form a mixture 
which shall consist of 2 gallons of one kind and 9 gallous of the other? 


21. Nine gallons are drawn from a cask full of wine; it is then 
filled with water, then nine gallons of the mixture are drawn, and the 
cask is again filled with water. If the quantity of wine now in the cask 
Say the quantity of water in it as 16 to 9, how much doves the cask 

? 


22, If four positive quantities are in continued proportion, shew 
that the difference between the first and last is at least three times as 
great as the difference between the other two. 


23. In England the population increased 15°9 per cent. between 
1871 and 1881; if the town population increased 18 per cent. and the 
country population 4 per cent., compare the town and country popula- 
tions in 1871. 


24. In a certain country the consumption of tea is five times the 
consumption of coffee. If a per cent. more tea and b per cent. more 
coffee were consumed, the aggregate arnount consumed would be 7e per 
cent. more; but if b per cent. more tea and a@ per cent. more coffee 
were consumed, the egate amount consumed would be 3c per cent. 
more ;: compare a and 0, 


25. Brass is an alloy of copper and zinc; bronze is an alloy 
containing 80 per cent. of copper, 4 of zinc, and 16 of tin. A fused 
mass of brass and bronze is found to contain 74 per cent. of copper, 16 
of zinc, and 10 of tin : find the ratio of copper to zinc in the composition 


26. A crew can row a certain course up stream in 84 minutes; 
they can row the same course down stream in 9 minutes less than 
they could row it in still water: how long would they take to row down 
with the stream? 


CHAPTER III. 
VARIATION. 


29. Derinition. One quantity A is said to vary directly 
as another B, when the two quantities depend upon each other in 
such a manner that if B is changed, 4 is changed in the same 
ratio. 

Norz. The word directly is often omitted, and A is said to vary 
as B. 


For instance: if a train moving at a uniform rate travels 
40 miles in 60 minutes, it will travel 20 miles in 30 minutes, 
80 miles in 120 minutes, and so on; the distance in each case 
being increased or diminished in the same ratio as the time. 
This is expressed by saying that when the velocity is uniform 
the distance ts proportional to the time, or the distance varies as 
the tume. 


30. The symbol « is used to denote variation; so that 
Aa Bis read “A varies as B.” 


31. Jf A varies as B, then A ts equal to B multiplied by some 
constant quantity. 


For suppose that a, a,, a,, a,..., 6, 5,, 6,, 6,... are corresponding 
values of A and B. 


Then, by definition, ~- =F 
3 


wees 


ve 


an Le eer eee 
tae a, 0,’ : 


_ 


x 


“gs z =p ..., each being equal to 5. 
1 
Hence ony ee te is always the same ; 


the corresponding value of B 
that i 8, = = m, where m is constant. 
‘A=mB. 
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If any pair of corresponding values of A and B are known, 
— constant m can be determined. For instance, if A =3 when 
= 12, 


we have 3=mx 12; 
. m=4, 
and A=HB. 


32. DeErinirrion. One quantity A is said to vary inversely 
as another B, when A varies directly as the reciprocal of B. 

Thus if A varies inversely as B, A =F where m is constant. 

The following is an illustration of inverse variation: If 6 men 
do a certain work in 8 hours, 12 men would do the same work in 
4 hours, 2 men in 24 hours; and so on. Thus it appears that 
when the number of nen is increased, the time is proportionately 
decreased; and vice-versa. 

Example 1, The cube root of x varies inversely as the square of y; if 
wx==8 when y =8, find z when y=1}. 

By supposition e=n , where m is constant. 


7 Putting a= 8, y= 3, we have =F 


*, m=18, 
18 
and a= ii 


hence, by putting y=; , we obtain «= 512. 


Example 2. The square of the time of a planet’s revolution varies as 
the cube of its distance from the Sun; find the time of Venus’ revolution, 
assuming the distances of the Earth and Venus from the Sun to be 914 and 
66 millions of miles respectively. 

' Let P be the periodic time measured in days, D the distance in millions 
of miles; we have Pa D’, 
or. P?= kD’, 
where k is some constant. 


_ For the Earth, 865 x 365 = k x 91} x 913 x 913, 


de 4x4x4 





4x4x4 
Fe 


D', 
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4x4x4 
865 


whenoe P=4x 66x PY a 
865 





For Venus, Piss x 66 x 66 x 66; 


= 264 x ,/°7233, approximately, 
= 264 x °85 
= 224-4, 

Hence the time of revolution is nearly 2244 days. 


33. Derinition. One quantity is said to vary jointly as a 
number of others, when it varies directly as their product. 


Thus A varies jointly as B and C, when A=mBC. For in- 
stance, the interest on a sum of money varies jointly as the 
principal, the time, and the rate per cent. 


34. Derinition. A is said to vary directly as B and in- 


versely as C’, when A varies as . : 


C 


35. If A varies as B when C ts constant, and A varies as C 
when B is constant, then will A vary as BC when both B and C 
wary. 

The variation of A depends partly on that of B and partly on 
that of C. Suppose these latter variations to take place sepa- 
rately, each in its turn producing its own effect on A; also let 
a, 6, c be certain simultaneous values of 4, B, C. 


1. Let C be constant while B changes to 6; then A must 
undergo a partial change and will assume some intermediate value 
a’, where 


2. Let B be constant, that is, let it retain its value 6, while C 
changes toc; then 4 must complete its change and pass from its 
intermediate value a’ to its final value a, where 


a ¢ 
@ c eee aces Wa bee rere rancor enssesosetes (2). 
From (1) and (2) 4x2 =2x; 
that is, A=~. BC, 


or 4A varies as BC. 
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| 36, The following are illustrations of the theorem proved i in 
the last article. 

The amount of work done by a given number of men varies 
directly as the number of days they work, and the amount of 
work done in a given time varies directly as the number of men; 
therefore when the number of days and the number of men are 
both variable, the amount of work will vary as the product of 
the number of men and the number of days. - 


Again, in Geometry the area of a triangle varies directly as 
its base when the height is constant, and directly as the height 
when the base is constant; and when both the height and base 
are variable, the area varies as the product of the numbers 
representing the height and the base. 


Ezample. The volume of a right circular cone varies as the square of the 
radius of the base when the height is constant, and as the height when the 
base is constant. If the radius of the base is 7 feet and the height 15 feet, 
the volume is 770 cubic feet; find the height of a cone whose volume is 183 

-oubic feet and which stands on a base whose radius is 8 feet, 


Let hk and r denote respectively the height and radius of the base 
measured in feet; also let V be the volume in cubic feet. 


Then V =mr*h, where m is constant. 


By supposition, 770 =m x 72x 15; 
22 
whence m= 31° 
22 
° V=5 rh, 
.. by aubstituting V= 132, r=38, we get 
199= 7 x9xhA; 
' whenoe h=14; 


_ and therefore the height is 14 feet. 


_ 87. The proposition of Art. 35 can easily be extended to the 
case in which the variation of A depends upon that of more than 
two variables. Further, the variations may be either direct or 
inverse, The principle is interesting because of its frequent oc- 
-eurrence in Physical Science. For example, in the theory of 
gases it is found by experiment that the pressure (p) of a gas 
varies as the “absolute temperature” (¢) when its volume (8) is 
constant, and that the pressure varies inversely as the volume 
ins the temperature is constant; that is | 


po t, when ¢ is constant ; 
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1 F 
and. pee, when ¢ is constant. 


From these results we should expect that, when both ¢ and v are 
variable, we should have the formula 


t : 
po ~, or pu= kt, where & is constant ; 


and by actual experiment this is found to be the case. 


Ezample. The duration of a railway journey varies: directly as the 
distance and inversely as the velocity; the velocity varies directly as the 
square root of the quantity of coal used per mile, and inversely as the 
number of carriages in the train. In a journey of 25 miles in half an hour 
with 18 carriages 10 cwt. of coal is required; how much coal will be 
consumed in a journey of 21 miles in 28 minutes with 16 carriages? 


Let t be the time expressed in hours, 
d the distance in miles, 
v the velocity in miles per hour, 
q the quantity of coal] in cwt., 
c the number of carriages. 








We have ta 
and Va va ; 
c 
cd 
whence toc — 
VQ’ 
or pas , where k is constant. 
/4 
Substituting the values given, we have 
1 = kx18 x 25 
2 Jid ’ 
; /10 
that is, k= a6 
/10 cd 
Hence t= 3. 36 oe 


Substituting now the values of t, c,d given in the second part of the 
question, we have | 
28 /10x16x 21. 
60° 25x 86/¢q ’ 


10x16x21 4 ,— 
. 82 


Henee the quantity of coal is 6} owt. 
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EXAMPLES. III. 


1, If # varies'as y, and #=8 when y=15, find « when y=10, 


9 Fi If P varies inversely as Q, and P=7 when Q=3, find P when 
3. Ifthe square of a varies as the cube of y, and w=8 when y=4, 
1 
find the value of y when c= 73° 
4. A varies as B and C jointly; if A=2 when B= and C=5>, 
find C when 4=54 and B=3. 


5. If A varies as CO, and B varies as C, then A+B and / AB will 
each vary as C, 


6. IfA varies as BC, then B varies inversely as 


7. LP varies directly as Q and inverscly as 4; also pa when 


Q=5 and R= +: find Q when P= and R= 7B. 


8. If «# varies as y, prove that 27+ varies as x? — 7?, 

9. If y varies as the sum of two quantities, of which one varies 
directly as 2 and the other inversely as z; and if y=6 when v=4, and 
y=3} when +=3; find the equation between z and y. 

10, If y is equal to the sum of two quantities one of which varies 
as 2 directly, and the other as 2? inversely; and if y=19 when «=2, or 
3; find y in terms of x. 

_ dl. If A varies directly as the square root of B and inversely as 
the cube of C, and if d=3 when B=256 and C=2, find B when A=24 


and Cm ; 


12. Given that 7+¥ varies as e+e, and that 2—y varies as e~t , 
find the relation between x and z, provided that z=2 when 7=8 and 
y=, 

18. If A varies as B and C jointly, while B varies as D*%, and C 
varies inversely as A, shew that A varies as D. 
. 44 If y varies as the sum of three quantities of which the first is 
constant, the second varies as x, and the third as 4°; and if y=0 when 
gl, y=] when c=2, and y=4 when +=3; find y when 7=7, 
15. When a body falls from rest its distance from the starting 
“point varies as the square of the time it has been falling: if a body falls 
through 402} feet in 5 seconds, how far does it fall in 10 seconds? 
. Also how far does it fall in the 10% second? | 2 : 
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16, Given that the volume of a sphere varies as the cube of its © 
radius, and that when the radius is 34 feet the volume is 179% cubic 
feet, find the volume when the radius is 1 foot 9 inches. 


17. The weight of a circular disc varies as the square of the radius 
when the thickness remains the same; it also varies as the thickness 
when the radius remains the same. Two discs have their thicknesses 
in the ratio of 9 : 8; find the ratio of their radii if the weight of the 
first is twice that of the second. 


18. Ata certain regatta the number of races on each day varied 
jointly as the number of days from the beginning and end of the regatta 
up to and including the day in question. On three successive days 
there were respectively 6, 5 and 3 races, Which days were these, and 
how long did the regatta last ? 


19. The price of a diamond varies as the square of its weight. 
Three rings of equal weight, each composed of a diamond set in gold, 
have values £a, £b, £c, the diamonds in them weighing 3, 4, 5 carats 
respectively. Shew that the value of a diamond of one carat is 


2), 
the cost of workmanship being the same for each ring. 


20. Two persons are awarded pensions in proportion to the square 
root of the number of years they havo served. One has served 9 years 
longer than the other and receives a pension greater by £50. If the 
length of service of the first had exceeded that of the second by 44 years 
their pensions would have been in the proportion of 9: 8 How long 
had they served and what were their respective pensions? 


21. The attraction of a planet on its satellites varies directly as 
the mass (M) of the planet, and inversely as the square of the distance 
(D); also the square of a satellite's time of revolution varies directly 
as the distance and inversely as the force of attraction. If, d,, t, 


a May Ay, te, are Simultaneous values of H, D, 7’ respectively, prove 
that 


Mets? dye 
Hence find the time of revolution of that moon of Jupiter whose 
distance is to the distance of our Moon as 35 : 31, having given 


that the mass of Jupiter is 343 times that of the Earth, and that the 
Moon’s period is 27°32 days. 


22, The consumption of coal by a locomotive varies as the square 
of the velocity ; when the speed is 16 miles an hour the consumption of 
coal per hour is 2 tons: if the price of coal be 10s. per ton, and the other 


expenses of the engine be 11s, 3d. an hour, find the least cost of a journey 
of 100 miles. 


mt? a 


at 


CHAPTER IV. 
~ ARITHMETICAL PROGRESSION. 


38. DerriniTion, Quantities are said to be in Arithmetical 
Progression when they increase or decrease by a common dif- 
Jerence. 

Thus each of the following series forms an Arithmetical 


Progression : 


The common difference is found by subtracting any term of 
the series from that which follows it. In the first of the above 
examples the common difference is 4; in the second it is ~6; in 


the third it is cd. 


39. If we examine the series 
a, atd, a+ 2d, a+3d,.. 
we notice that in any term the coefficient of 7 is always less by one 
than the number of the term in the series. 
Thus the 3% term is a+ 2d; 
6% term is a+ 5d; 
20% term is a+ 19d; 
and, generally, the p"" term is a+ (p-—1)d. 
_. If m be the number of terms, and if 7 denote the last, or 
r. term, we have t=a+(n—1)d. 


; 40, To find the sum of a number of terms in Avithmetioal 
Progression. 
* Yet @ denote the first on d the common difference, and n— 
the number of terms. Also let 7 denote the Jest term, and 9° 
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the required sum; then 

s=at+(a+d)+(a+2d)+...4+ (C—2d)+(l—d +l; 
and, by writing the series in the reverse order, 

8=+ (l—d) + (J— 2d) + ...+ (a+ 2d) + (a4 d) +a, 
Adding together these two series, 


28 = (a+1)+(a+l)+(a+l)+... ton terms 


=m (a +l), 
a= (a+) Saas Aare nate oka cnen ta (1); 
and bees Cae (1S 1) esi iouy: aancecgesincng Wak nes ntonete (2), 
g=5 {2a+(n—1)d} er ee ee ee (3) 


41. In the last article we have three useful formuls (1), 
(2), (3); in each of these any one of the letters may denote 
the unknown quantity when the three others are known. For 
instance, in (1) if we substitute given values for s, n, /, we obtain 
an equation for finding a; and similarly in the other formule. 
But it is necessary to guard against a too mechanical use of these 
general formule, and it will often be found better to solve simple 
questions by a mental rather than by an actual reference to the 
requisite formula. 


Example 1. Find the sum of the series 5}, 63, 8,. ....to 17 terms. 
Here the common difference ia 1}; hence from (3), 


the sum =e 2X gt ios | 


= 2 (1 +20) 
_ 17x81 

: ~ 3 
== 2634. 


Exam le 2, The first term of a series is 5, the last 45, and the sum 
400: find the number of terms, and the common difference. 


If» be the number of terms, then from (1) 





400 = (5 +45); 


whence n=16, 
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If d be the common difference 
45=:the 16" term =5+15d; 
whence d= 24, 


42. If any two terms of an Arithmetical Progression be 
ven, the series can be completely determined; for the data 
urnish two simultaneous equations, the solution of which will 
give the first term and the common difference. 


PO stoi gas The 54" and 4“ terms of an A.P. are -61 and 64; find the 
term 


r 


Tf w be the first term, and d the common difference, 
—61=the 54" term=a+ 53d; 
wed 64=the 4" term=a+3d; 
Fay 


whenge we obtain ier wea: 
Ne 2 
att the 23" term = a+ 22d =164. 
43, Derinrtion. When three quantities are in Arithmetical 


Progression the middle one is said to be the arithmetic mean of 
the other two. 


Thus a is the arithmetic mean between a—d and a+d. 
44. To find the arithmetic mean between two given quantities. 


Let a and } be the two quantities; A the arithmetic mean. 
Then since a, A, b are in A.P. we must have 


b—-A=A—a, 
each being equal to the common difference ; 
whence An on 


45, Between two given quantities it is always possible to 
insert any number of terms such that the whole series thus 
formed shall be in A.P.; and by an extension of the definition in 
Art. 43, the terms thus inserted are called the arithmetic means. 


Example. Insert 20 arithmetic means between 4 and 67. 


Including the extremes, the number of terms will be 22; so that we have 
to find a series of 22 terms in A.P., of which 4 is the first and 67 the last. 


Let d be the common difference ; 
then 67 =the 22“ term=4+ 21d; 


whenoe d= 8, and the series is 4, 7, 10,......61, 64, 67; 
and the required means are 7, 10, 18,......58, 71, 64. 
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46. To insert a given number of arithmetic means between 
two given quantities. 
Let a and 6 be the given quantities, m the number of means, 


Including the extremes the number of terms will be n+2; 
so that we have to find a series of n +2 terms in A.P., of which 
a is the first, and } is the last. 


Let d@ be the common difference ; 


then b= the (n + 2)™ term 
=a+(n+1)d; 
b—a 
whence d= oy 


and the required means are 


b—a 2 (b-a) n (b—a) 
a+ -—~ t+ -——— > 3 a+ — — 
+ 1 n+ 


Ezample 1. The sum of three numbers in A.P. is 27, and the sum of 
their squares is 293; find them. 


Let a be the middle number, d the common difference; then the three 
numbers are a—d, a, a+d. 


Hence a-d+at+a+d=27; 
whence a=9, and the three numbers are 9 - d, 9, 94 d. 
. (9 — d)?+ 81+ (9+ d)?= 293; 
whence d= +5; 
and the numbers are 4, 0, 14. 


Example 2. Find the sum of the firat p terms of the series whose 
n™ term is 8n — 1, 


By putting n=1, and n=p respectively, we obtain 
first term=2, last term=8p-—1; 


sum =f (2 +3p -1) =f (8p +1). 
ak 


EXAMPLES. IV. a. 


1, Sum 2, 33, 4$,... to 20 terms. 
2. Bum 49, 44, 39,... to 17 terms. 


3 


2 7 
3. Sum 7, %° jar to 19 terms. 


ae 


10. 
11, 


12. 


13, 


14, 
15. 
16. 
17. 
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Sum 3 18,... to m terms, 


7 
? 3? 
Sum 3°75, 3°5, 3°25,... to 16 terms. 
Sum —74, —7, —6%,... to 24 terms. 
Sum 1°3, —3°1, —7°5,... to 10 terms. 


3/3, = ... to 50 terms. 


ari /3? 


Sum — 5 5 , 5 
Sum a—3b, 2a—5b, 3a—7b,... to 40 terms. 
Sum 2a—b, 4a—- 3b, 6a —5bd,... to n terms. 


Sum a a, lee to 21 terms. 


. to 25 terms. 


Insert 19 arithmetic means between ; and —9¥. 


Insert 17 arithmetic means between 33 and — 414. 
Insert 18 arithmetic means between — 35 and 3x. 
Insert x arithmetic means between v? and 1. 

Find the sum of the first n odd numbers. 


In an A. P. the first term is 2, the last term 29, the sum 155; 


18. 
find the difference. 


19. 


The sum of 15 terms of an A. P. is 600, and the common differ 


ence is 5; find the first term. - 


20. 


The third term of an A. P. is 18, and the seventh term is 30; 


find the sum of 17 terms. 


21. 


The sum of three numbers in A. P. is 27, and their product ix 


504; find them. 


22, 


The sum of three numbers in A. P, is 12, and the sum of their 


cubes is 408; find them. 


23. 


24. Find the sum of 35 terms of the series whose p” term ist +2, 


95. 
a 26, 


Find the sum of 15 terms of the series whose n“ term is 4n+ 1. 


Find the sum of p terms of the series whose n* term is * + db. 


Find the sum of n terms of the series 
2a3 — 1 8 G6a®-3 


ijtnchtarnveresneroener —— em eale: 
a ? , a , 
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f 
47. In an Arithmetical Progression when s, a, d are given, 
to determine the values of 2 we have the quadratic equation 


a= 5 20+ (n— 1)a} ; 


when both roots are positive and integral there is no difficulty 
in sera Sorta the result corresponding to each. In some cases 
'~ suitable interpretation can be given for a negative value of x. 


Example. How many terms of the series -9, —6, -38,.. must be 
taken that the sum may be 66? 


Here 5 {18 +(n—1) 8} =66; 
that is, n?—In-44=0, 
oe (x ~ 11) (n+4)=0; : 
we N= 11 or — 4. 


If we take 11 terms of the series, we have 
~9, —6, -—3, 0, 8, 6, 9, 12, 15, 18, 21; 
the sum of which is 66. 


If we begin at the last of these terms and count backwards four terms, the 
gum is also 66; and thus, although the negative solution does not directly 
answer the question proposed, we are enabled to give it an intelligible meaning, 
and we see that it answers a question closely connected with that to which 
the positive solution applies. 


48, We can justify this interpretation in the general case in 
the following way. 
The equation to determine 1 is 
dn! + (2a -d) 0 — 28=0 20... eae, (1). 


Sinpe in the case under discussion the roots of this equation have 
oppipsite signs, let us denote them by n, and -—7,. The last 
tersp of the series corresponding to n, is 


a+(n,-1)d; 


if we begin at this term and count backwards, the common 
difference must be denoted by —d, and the sum of n, terms is 


{a(arm=Id) +(%,-1)(-}, 


and = ‘shall shew that this is equal to s, 
H. A. 3 
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For the expression =! {204 (2n, —", - 1) a} $ 
= : {2an, a an,n,d — Ty (n, + 1) a} 
1 3 oy yoeeee 
=5 {2n,n,d — (dn - 2a-—d. n)| 


= ; (48 — 2s) — 8, 
since —n, satisfies dn’? +(2a—d)n—2e=0, and —nn, 18 the 
product of the roots of this equation. 


49 When the value of x is fractional there is no exact nutite 
ber of terms winch corresponds to such a solution. * 


Example How many terms of the series 26, 21, 16, must be taken fo 
amount to 71? 


Here 5 (52+ (n-~1)(-5)} #74, 
that is, 5n? - 67n+148=0, 
or (x - 4) (bn ~37)=0, 
. n=4 or 74 


Thus the number of termsia4 It will be found that the sum ot 7 terma 
18 greater, While the sum of 8 terms 18 less than 74, 


50. We add some Miscellaneous Examples 


Example 1. The sume of 1 terms of two anthmetic senes aren thay 
ratio of 7n+1:4n+27, find the ratio of their 11% terms. 
Let the first term and common difference of the two series be a,, d, ond 
ay, d, reapectively. \o 
2a,+(m-1)d,  In+1 
Werave 2a,+(n-1)dg  4n+27° 
a,+10d, | 


a,+i0d,3 hence, by putting n= 91, ee 


Now we have to find the value of 
obtain 
2a,+20d, _ 148 4 
2a,+20d, 111 3’ 
thus the required ratio 16 4: 8. 
: Example 2. If 8, S,, Sp .S, are the sums of n terms of arithin/ 
2 


‘ gevien whose first terms are 1, , 8, 4, and whose common differences 
1, 3, 5, 7, . ; find the value of 


8, +8,+5,+ +85, 
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We have &,=5 {2+ (n-1)}= 249), 


% n(8n+1 
S,=2 (44 (n—-1) 8} a2 ORF) 


S=5 {64+(n—1)5} =n) , 


v7] n 
y 8,=5 {8p + (n- 1) (27-1)}=5 {2-1 n+}; 
' 4, the required sum= 5 {(n+1)+(8n+1)+......p-1.+1)} 
=F (e+ 8n+bn+...2p—1 n+p} 
2 


=5 {n(143454...2p-l) +p} 


n 
2 
a 


— 
— 


(np? + p) 


P- 
2 (up +1). 


— 
—_— 


EXAMPLES. IV. b. 


1, Given a= —2, d=4 and s=160, find x. 


2, Hoy many terms of the series 12, 16, 20,... must be taken to 
yoake 208 


8 In an A. P. the third term is four times the first term, and the 
ixth term is 17; find the series. 
4, The 2", 31, and last terms of an A.P. are 73, ; and —64 


reapectively; find the first term and the number of terms. 
5. The 4, 424 and last terms of an A.P. are 0, —95 and —125 
ively; find the first term and the number of terms, 
| 6, A man erranges to pay off a debt of £3600 by 40 annual 
fastalments which form an arithmetic series, When 30 of the instal- 


‘ments are paid he dies leaving a third of the debt unpaid: find the 
value of the first instalment. 


7. Between two numbers whose sum is 2} an even number of 
arithmetic means is inserted; the sum of these means exceeds their 
taber by unity: how many means are there? 


8. The sum of n terms of the series 2, 5, 8,... is 950: find x. 
$2. 


\ 
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] 1 1 
9. Sun the series Aerie my (erg, We 


... ton termy, 
10. If the sum of 7 terms is 49, and the sum of 17 terms is 289, 
find the sum of » terms. 


11. If the p", g*, 7" terms of an A. P. are a, b, ¢ respectively, shew 
that (g-r)a+(r~p) b+ (p—g) c=. 

12. The sum of p terms of an A. P. is g, and the sum of g terme ds 
p; find the sum of »+q terms. 


13. The sum of four integers in A. P. is 24, and their product ix 
945; find them. 
14, Divide 20 into four parts which are in A. P., and such that tle 


product of the first and fourth is to the product of the second and third 
in the ratio of 2 to 3. 


15. The p* term of an A. P.is g, and the g® torm is p; find the 
out® term. 


16, How many terms of the series 9, 12, 15,... must be taken to 
make 306? 


17. Ifthe sum of » terms of an A. P. is 274 3n, find the r* term, 


18. If the sum of m terms of an A. P. is to tho sun of 2 termina ax 
m* to n®, shew that the m'® term is to the x” term as 2a — lis to Gy 4, 


19. Prove that the sum of an odd number of terms in A. P. is eqan 
to the middle term multiplied by the number of terins. 


20. Ifs=n(5n-3) for all values of 2, find the p™ term. 


21, The number of terms in an A. P. is even; the sum of tho ed@é 
terms is 24, of the even terms 30, and the last terin exceeds the first h* 
103: find the number of terms. , 


22. There are two sets of numbers each consisting of 3 terms in A, ff 
and the sum of each set is 15. The common difference of the firgt get 
is greater by 1 than the common difference of the second set, antl the 
product of the first set is to the product of the second set as 7 to 8} find 


the numbers. 


23. Find the relation between . and y in order that the r mesh 
between x and 2y may be the same as the 7" mean between Qc andy, 
a means being inserted in each case. a's 


24. If the sum of an A. P. is the same for p as for g terms, shove: 
that its sum for p+ terms is zero. 


CHAPTER _ V. 
GEOMETRICAL PROGRESSION. 


51. Derinition. Quantities are said to be in Geometrical 
Progression when they increase or decrease by a constant factor. 


Thus each of the following series forms a Geometrical Pro- 
yression : 


Dy Oy Loy wed peek ernemeneouvees 
1 1 1 1 
3 aa 3? 9) 3 = 7 3 poe se ee eee 
2 eal 
(by AP OI AT 5 ate in ddan ate 


The constant factor is also called the common ratio, and it is 
found by dividing any term by that which immediately precedes 
it. In the first of the above examples the common ratio is 2; in 


e es ] s ° e s 
the second it is — a5 in the third it is r. 
52. If we examine the series 
a, ar, ar’, ar’, a,.. 


we notice that in any term the index of y is always less by one 
dian the nwmber of the term in the serics. 


Thus the 3™ term is ar’; 
the 6 term is a7‘; 
the 20 term is ar"*; 


and, generally, the p* term is ar?~', 
le If m be the number of terms, and if J denote the last, or n" 
, we have t=ar"™', 


53. Derinition. When three quantities are in Geometrical 
a@eOgression the middle one is called the geometric mean between 
fave other two. 
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To find the geometric mean between two given quantittes. 


Let a and b be the two quantities; G the geometric mean. 
Then since a, G, b are in G. P., 


a s 

Goa’ 
each being equal to the common ratio , 

eG ais 
whence Gi = fab. 


54. To insert a given number of geometric means between 
two given quantities. 


Let a and 6 be the given quantities, 2 the number of means 


In all there will be n+2 terms, so that we have to find a 
series of 2. + 2 terms in G. P., of which @ is the first and 6 the las ¢ 


Let r be the common ratio ; 


then b= the (n+ 2)™ term 
= ar"? , 
gt! cast b < 
os bf 
47 


ee oe ey" : : .(1) 


\ 
Hence the required means are ar, ar’, ar", where r has the! 
value found in (1). { 


Example, Insert 4 geometric means between 160 and 5. 
{ 
We have to find 6 terms in G. P. of which 160 is the first, and & thee, 
sixth. 4 
Let 7 be the common ratio; : 
then 5 =the sixth term 
== 160r° > 
— 
™~ BQ’ 
1 
whence r =3' 


and the means are 80, 40, 20, 10. 
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55. To find the sum of a number of terms in Geometrical 
Progresstvon. 


Let a be the first term, r the common ratio, n the number of 
terms, and s the sum required. Then 


8=A+Or+ ar 4+...... tar" -ar; 
multiplying every term by 7, we have 
T8=—Or +47 +...... + ar"? + ar"! + ar", 


Hence by subtraction, 
T8S—-8=ar'—-a; 


 (r—l)s=a(r"—1); 


a(r" —1) 
Seite natal, wach d Syd (1). 
r—-l 
Ohanging the signs in numerator and denominator, 
8a a(1—r’) ' : : (2) 
l-r 


Nore. It will be found convenient to remember both forms given above 
for s, using (2) in all casos except when r is positive and greater than 1, 


Since ar"! ==], the formula (1) may be written 


FoR leas 
~ pel’ 
& form which is sometimes useful. 
f . 2 8 
Example. Sum the series - , -1, grr to 7 terms. 
: 8 
The common ratio= — 53 hence by formula (2) 
fed) 
the sum = : 
1+ 9 
2 2187 
8 f * "398 | 
2 
2. 2315 2 
i 128 = 5 
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. 1 1 1 
56. Consider the series 1, ,, jar Brrr 

1- i 
The sun tom terms <= —- 
oe 2 

1 

LO Pe 

(1-5) 

_ 1 

one 1° 


From this result it appears that however many terms be 
taken the sum of the above series is always less than 2. Also we 
see that, by making » sufhciently large, we can inake the fraction 


1 } i 
gaz 28 smal] as we please. Thus by taking a sufficient number 
ond 


of terms the sum can be made to differ by as little as we please 
from 2. 
In the next article a more general case is discussed. 


i _ fn 
57. From Art. 55 we have s - . 
a ar" 
l-r l-r' 


Suppose r is a proper fraction; then the greater the value of 


% 


’ ar 
nm the smaller is the value of 7", and consequently of —— ; and 


l-r 
therefore by making n sufficiently large, we can make the sum of 


m terms of the series differ from iy by as sinall a quantity as 


we please. 
This result is usually stated thus: the sum of an infiness 


¢ . e es a 
number of terms of a decreasing Geometrical Progression ts ae 


s 
t 


: pape ten. Ge 
or more briefly, the sum to infinity is ‘cert 


Example 1. Find three numbers in G. P. whose sum is 19, and whowe 
product is 216. 


Denote the numbers by = a, ar; then = x axar=216; hence a=6, and 


the numbers are , 6, 6r. 
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“. 6-187+6r=0; 
; eho? 
whence r =50r 5. 


Thus the numbers are 4, 6, 9. 


Eaangite 9 The sum of an infinite number of terms in G, P. is 15, and 
the san of them squares is 45; find the series. 
Yet a denote the first term, r the common ratio; then the sum of the 
2 


‘worms is im and the sum of their squares is ees 


l-r- 
” Waite Lot 15 (1), 
: weer (2). 
Dividing (2) by (1) ; pe? (3), 
and from (1) and (3) tT e5; 
whence r=. , and therefore a=5. 
10 20 


Thus the series is 5, 3° 9? 


EXAMPLES. V.a. 


; 1 i 2 
1, Sum 3°37 go" to 7 terns. 
2 Sum —2, 24, —3},... to 6 terms. 
3. Sum 5, 14, 3,... to 8 terms. 
4. Sum 2, —4, 8,... to 10 terms. 
5. Sum 16:2, 5-4, 1°8,... to 7 terms. . 
6. Sum 1, 5, 25,... to p terms. 
7. Sum 3, —4, ; y-. to Qn terms. 
8. Sum ], ./3, 3,... to 12 terms. 

1 

9, Sum 75 > - 2, <Fgyr=+ bo 7 terms 
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3 


10. Sum ~ 50 - gee to 7 terms. 


11. Insert 3 geometric means between 2} and : ; 
12. Insert 5 geometric means between 3% and 404. 


13. Insert 6 geometric means between 14 and — Ls 


G4 - 
Sum the following series to infinity : 
8 
14. 5? ~1, ae 15. +45, °015, 0005,... 
16, 1°665, —1°11, ‘74,... 17, 3°}, 37%, 3-3... 
18, 3, ./3, 1,... 19, 7, /42, 6,... 


20, The sum of tho first 6 terms of a G. P. is 9 times the sui of 
the first 3 terms; find the common ratio. 


21. The fifth term of a G. P. is 81, and the second terin is 24; find 
the series. 

22, Thesum of a G. P. whose common ratio is 3 is 728, and the 
last term is 486; find the first term. 

23. Ina dG. P. the first term is 7, the last term 448, and the sum 
889; find the common ratio. | 

94, The sum of three numbers in G. P. is 38, and their product is 
1728; find them. 


25. The continued product of three numbers in G. P. is 216, and 
the sum of the product of them in pairs is 156; find the numbers. 


26. If S, denote the sum of the series 1+7°+7°P+,.. ad inf, and 

s, the sum of the series 1 — M47 —,.. ad inf. prove that 
Sp + $y = ZS y- 

27. If the p'", g't, 7 terms of a G. P. be a, 6, ¢ respectively, prove 
that ai~r hr-PeP-I==], 

28. The sum of an infinite number of terms of a G. P, is 4, and the 
sum of their cubes is 192; find the serics. 

58. Recurring decimals furnish a good illustration of infinite 
Geometrical Progressions. 


Example. Find the value of °423. 


498 = °4232823...... 
4 28 28 
ms io a 1000 ag 160000 Po iace 
4 2B 8 


=jot i938 * igst @oenes ; 
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that is, 423 = 59 + ips 1+ jot 19st ee 


_4& , 23 1 
“10 103° 1- 1 
102 
= eg, 49 10 
~ 10° 103° 99 
_4, 33 
= 16 * 990 
_ 419 
pa] 990 Py 
which agrees with the value found by the usual arithmetical rule. 


4 23 1 1 ) 


59, The general rule for reducing any recurring decimal to 
a vulgar fraction may be proved by the method employed in the 
last example ; but it is easier to proceed as follows. 


To find the value of a recurring decimal. 


Let P denote the figures which do not recur, and suppose 
them py in number; let @ denote the recurring period consisting of 
q tigures ; let D denote the value of the recurring decimal ; then 


DEP OOO icdecsion : 
10 x D= PQQQ. on ccccceee 
and 10P**# x D.. PO-QQ@ . . ..--3 
therefore, by subtraction, (10’T'- 10") D=Py-T1’; 
that is, 10° (10'-1) D= PQ-P; 
PQ-P 
tage 


Now 10'- 1 is a number consisting of g nines; therefore the 
denominator consists of g nines followed by p ciphers. Hence 
we have the following rule fur reducing a recurring decimal to a 
vulgar fraction : 


For the numerator subtract the integral number consisting of 
the non-recurring figures from the integral number consisting of 
the non-recurring and recurring figures; for the denominator take 
a number consisting of ae many nines as there are recurring figures 
Jollowed by as many vighers as there are non-recurring figures. 
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60. Zo find the sum of n terms of the series 
a, (atd)r, (a+ 2d)r’, (a+ 3d)r’*,........ 


tn which each term is the product of corresponding terms in an 
arithmetic and geometric series. 


Denote the sum by S; then 
S=a+(atd)rt(at+2d)r74...+(atn—ld)r""; 
Se ar + (at+d)r?+...+(at w—2Qd) r+ (wt nw —1d)r". 
By subtraction, 
S(l-1r)=a+4 (drt dr? +... 4+dr""') —(a+n—1d)r" 





- at 2 ae Me (ot n—ld)r"; 
l-?r 
yg % | dr(l—9r""') (a+ = 1d) r" 
os) (=r? l-r : 
Cor. Write in the form 
a dr dr" (a+n—1d)r"_ 


lr" (1-7)? (=n)? 
then if r<1, we can make 7" as small as we please by taking 2 


sufticiently great. In this case, assuming that all the terms which 
involve r® can be made so small thut they may be neglected, we 


. a dr 
obtain i- % + (F5) 
to this point again in Chap, XXT. 


, for the sum to infinity. We shall refer 


In summing to infinity series of this class it is usually best to 
proceed as in the following example. 


Example 1. If x<1, sum the series 
1+ 22 +8274 473+. .... to infinity. 
Let S=1427+8272+43+4...... : 
“cas= o4+22774+8234 2.0 | 
“. S(l-xz)=l+aet¢zt+a5+...... 
1 


eas ee 
1 


oe S= tp ameacr oe 
(1 - x)? 
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Example 2. Sum the series Cee eee . to n terms. 
; 4 7 10 3n -2 
Let Salt pt pgt gets et pea 3 
oe 1 4 7 8n-5 38n-2 
. 59> Bt 5a t 537 aes of pnai 2 5a 
ee a: 8 Bn — 2 
Soper et Vet i Sena) pa 
3 1 1 1 3n-2 
et eed ar ee ae 
1 
3 t- Bes Bn- 2 
ea a ae 
5 
3 1 3n-—2 
-149 (1-5) Bn 
7 12n47. 
~ 4 4,5’ 
y . 38 12n+7 
"16 16, 61" 


EXAMPLES. V. b. 


Sum 1+ 2a4+3a?+4aI+.,.. to 2 terms. 
, 3 7 153i 
Sum l+it a6 toast oat: 


Sum 1+ 3.04 5.2? + 7254 924+... to infinity. 


.. to infinity. 


es Se SE 


2 
Sum 1+, 


si : + * to 2 t 8 
y T 92 +... to » torms, 


gs 


; 3.5 7 ee 
5. Sum I+ t+ atgt ... to infinity. 


6. Sum 14+32460°4 1034+... to infinity. 


_ 7 _ Prove that the (2 + 1)" term of a G. P., of which the first term 
in wand the third term b, is equal to the oe 1) term of a G. P. of 
which the first term is a and the fifth term 0. 


8, The sum of 22 terms of a G. P. whose first term is a and com- 
mon ratio r is equal to the sum of 7 of a G. P. whose first term is 6 and 
common ratio 7. Prova‘that 6 is equal to the sum of the first two 
terms of the first series. 
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9, Find the sum of the infinite series 
1+(1+6)r+(1+b4+0) 7 +(1+54+5%+ 8%) +..,, 
rand b being proper fractions. 


10. The sum of three numbers in G. P. is 70; if the two extremes 
be multiplied each by 4, and the mean by 5, the products are in A. P.; 
find the numbers. 


11. The first two terms of an infinite G. P. are together equal to 5 
and every term is 3 times the sum of all the terms that follow it; find 


the series. 
Sum the following series : 
12, «+a, v*42a, 29+3a... to nx terms. 
13. v(aty)t+a7 (2+ y+ 0 (52+y5)+... ton terms. 


14. oe, Ba sa + ; +... to 2p terms. 


12 
i ee es ee ee ee 
15. 3 T 32 + aa + 34 + 3st get to infinity. 
is 5 4 5 4 5 * . 
16. 5 ce tay vi tcs — Get to infinity. 


17. Ifa, b,c, d bein G. P., prove that 
(b-—c)?+(c—a)?4+(d— by = (a —a)*. 
18, Ifthe arithmetic mean between a and b is twice as great as the 
geometric mean, shew that a : b=2+,/3 : 2-./3. 


19, Find the sum of » terms of the series the 7" term of which is 
(2r-+1) 2". 
20. Find the sum of 2 terms of a series of which every even term 
is a times the term before it, and every odd term e¢ times the term 
before it, the first term being unity. 


21. If S, denote the sum of » terms of a G. P. whose first term is 
a, and common ratio 7, find the sum of S,, Sy, S5,...Sun—. 


22, If S,, S,, S3...8, are the sums of infinite geometric series, 
whone first terms are 1, 2, 3,..2, and whose common ratios are 
Ee ooh respective! 
B39 4°" pti pectively, 
prove that S, +S, +S5+...+5,=4 (p+3). 
23, If + <1 and positive, and m is a positive integer, shew that 
(2m +1)r™(1—r)< 1-741, 
Hence shew that 2% is indefinitely small when 2 is indefinitely great. 


CHAPTER VI. 


HARMONICAL PROGRESSION. THEOREMS CONNECTED WITH 
THE PROGRESSIONS. 


61. Derinirtion. Three quantities a, 6, ¢ are said to be in 
a a~-b 
Tarmonical Progression when - = Foe: 
c b~c 
Any number of quantities are said to be in Harmonical 
-rogression when every three consecutive terms are in Har- 
nonical Progression. 


62, The reciprocals of quantitres 11 Harmonical Progression 
ure in Arithmetical Progression. 


By definition, if a, b, ¢ are in Harmonical Progression, 


a a-b- 
c b=c’ 
, &(b—c) = ¢(«- 5), 
lividing every term by abc, 
1 1 


Poiiiul 
c bb a’ 


which proves the proposition. 


63. Harmonical properties are chiefly interesting because 
of their importance in Geometry and.in the Theory of Sound: 
nm Algebra the proposition just proved is the only one of any 
mportance. There is no general: formula for the sum of any 
aumber of quantities in Harmonical Progression. Questions in 
H. P. are generally solved by inverting the terms, and making use 
of the properties of the correspomding <A. P. . 
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64. To find the harmonic mean between two given quantities. 
Let a, & be the two quantities, Z7 their harmonic mean; 


1 1 1 ; 
then, Hw? 3 ren Ag Pe; 
1 lol 
"Ha 6b) Ff’ 
2 01/1 
Hoa 6b’ 
2ab 
sea ane 


Example. Insert 40 harmonic means between 7 and - ; 
9) 
Here 6 is the 42"' term of an A, P. whose first term is - ; ; let d be the 
common difference; then 
6=) + 41d; whence d = : 


7 
3 41 


Thus the arithmetic means are or ee 7 ; and therefore the har- 


: 7 
monic means are 34, 2}, . 41° 


65. If A, G, WZ be the arithmetic, geonetric, and harmonic 
means between a and b, we have proved 


ath 
Pe tia seth ase (1). 
GLOW acces (2). 
2ab hope 
Hz oy Ae (3). 
Therefore ae ene ab. G*; 
2 a+b 
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vhich is positive if @ and 6 are positive; therefore the arithmetic 


,of any two positive quantities is greater than their geometric 
be 


Also from the equation G’-- AI, we see that G is inter- 
liate in value between A and //; and it has been proved that 
_ therefore G> 1; that is, the arithinetic, geometric, and 


onic means between any two positive quantities are in descending 
‘of magnitude. 


6. Miscellaneous questions in the Progressions afford scope 
Bkill and ingenuity, the solution being often neatly effected 


ae special artifice, The student will find the following 
[hints useful. 


| 1. If the same quantity be added to, or subtracted from, all 
_the terms of an A.P., the resulting terms will form an A.P. with 
; the same common difference as before. [Art. 38.] 


Tf all the terms of an A.P. be multiplied or divided by 
the same quantity, the resulting terms will form an A.P., but 
with a new common difference. [Art. 38.] 


3. If all the terms of a G.P. be multiplied or divided by the 
same quantity, the resulting terms will form a G.P. with the 
kame common ratio as before. [Art. 51.) 





4, Tfa, b,c, d... are in G.P., they are also in continued pro- 
wtion, since, by definition, 
a b e¢ ] 


— 


hoa a ae as 


Conversely, a series of quantities in continued proportion may 
represented by a, ar, ar’, 


ae 1. If a7, b}, cl are in A.P., shew that bic, cta, a+) are 
a: 6 P, 


. By adding ab+uc+ dc to each term, we soe that 
a® +-ab +ac + be, b?+ ba + be +ac, c+ ca+cb +ab are in A.P.; 


i (a+b) (a+c), (b “: c) (+a), (+a) (c+) are in A. P. 
p dividing each term by (a + b)(b+c) (c+ a), 


1 1 1 


at is 


{.P, 
H. H, A. 
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Example 2. If l the last term, d the common difference, and s the sum 
of x terms of an A. P. be connected by the equation 8ds= (d+ 21), prove that 


d=2a. 

Since the given relation is true for any number of terms, put n=1; the 

axles. 

Hence by substitution, 8ad=(d + 2a)’, 

or (a — 2a)? =0 
*, d==2a. 
Hrample 3. If the p™ »q*,r*,s terms ofan A.D. are in G, P., shew that 
P-G 9-7, 7-8 are in G. P, 

With the usual notation we have 
at(p-1)d_at+(q-ljd_at(r Md 
at(q-1)d a+(Q}-Vd at(s-I)a 

*. each of these ratios 
_ ftt(p- dd} — fa e(g-V dy _ fat g~-I dy -fat(r-1) a} 
{a (q~ 1) a} — {at (7-1) dy ~ fut (r-1) d} ~ fat (v—1) a} 
Pet 29s? 


= 


' q-" 1-8" 


[Art. 66.  (4)); 





Hence p- 4, 9—-7, 7-8 are in GP. 


67. The numbers 1, 2, 3,...... are often referred to as the 
natural numbers ; a term of the series is a, and the sum of 


the first 2 terms iss “(n + 1). 


68. Zo find the sum of the squares of the first n natural 
numbers. 


Let the sum be denoted by S; then 
S= 1? + 2° 4 3F4 0 4 
We have w—(n—1) - 3n?-3n41; 
and by changing 2 into x — 1, 
(a—1)?—(n—2)*: 3(u—1)?-3(n-1)4 1; 
similarly (n— 2)? — (n — 3)® -- 3(m — 2)? — 3(m — 2) 41; 
3° 2.-3.37- 3.3841; 
-—1°..3.2°-3.241; 
}’=0* 3. 1*— 3, 1 +1, 


THE NATURAL NUMBERS. ol 


Hence, by addition, 
n?— 3(1°4+274+ 374+... +7)-31 4243 ke, +9) + 7 


._ BY — ni’) + Me 


38 atone? ag ») 
~w(n+1)(v—14 3), 
w(ut+1) (Qu 41) 


Xe S 6 


69. Zo foul the sun of the cubes of the first n natural 
queers. 
Let the sum be denoted by S; then 
etl eo) eS twin. +, 
We have n'—(w—1)*~ 40? — On? + 4-1; 
(w-1)'—-(w—2)8 4 (n—1)'-6 (n— 1)? +4 (w--1)-1; 


ose avvreeneve 


B8— vt 4.3°-6.3°+4.3-1; 
24-14. 4.9°-6.27°44.9-1; 
1*—-O* 4.1°-6.1°+4.1-1. 
Hence, by addition, 
w= 45-6(1? + 2 +o. tu) +4 (1 t24+.. +n)—n; 
AS = af + 046 (1? + 274.407) -—4 (1424... +2) 

=m ++ (m+ 1) (Qn + 1) — 22 (041) ts 

- (m4 1) (nF —9e 4+ 14+ 204 1 -- 2) 

=n (n+1) (n+); 


. m* (w+ 1)" {a(t 1)y 
ee Eg eS 


4 
Thus the sum of the cubes of the first n natural numbers is 
equa! to the square of the sum of these numbera. 


The formuls of this and the two preceding ‘articles may be 
apphied to find the sum of the squares, and the gum of the cubes 
of the terms of the series mn 


a, at+d, at 2d... 
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70. In referring to the results we have just proved it will 
be convenient to introduce a notation which the student will fre- 
quently meet with in Higher Mathematics. We shall denote the 
series : 

1424+34...+2 by Sn; 
174+ 274 3? + ....407 by Bn’; 
| 1° 4 274 374+... 407 by Sn’; 
where & placed before a term signifies the sum of all terms of 
which that term is the general type. 


Example 1. Sum the series 
1.242.343. 44+...to 1 terms. 

The n® term=2(n4+1)=n?4+n; and by writing down each term in a 
similar form we shall have two columns, one consisting of the first n natural 
numbers, and the other of their squares. 

.. the sum = Dn3+ Sn 
m(n+1)(2n+1) 9 a (n-+-1) 
TS ne ee + Phage Le 
6 v 
_N(m+d) pntd 
— 3 
_ n(n+1) (x42) 
_— ie aka . 


+h 


Example 2, Sum to n terms the sories whose 2" term is 2"! +4 83 — 6n?, 
Let the sum be denoted by S; then 
SZ 29-14 BEn3 - 6 Zn? 
a Mt, Bat (nt ly? _ bn (w+) n+) 
2-1 4 6 
= 2"—1+n (n+ 1) {2n(n+1) -(2n+1)} 
= 2*-1+4+n (n+1) (2n?-1). 





EXAMPLES. VI. a. 


1. Find the fourth term in each of the following series: 
(1) 2, 2%, 34,... 
(2) 2, 2h, 3,... 
(3) 2, 24, 3},... 

9 Insert two harmonic means between 5 and 11. 


3, Insert four harmonic means between : and . : 
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4. If 12 and 93 are the geometric and harmonic means, respect- 
ively, between two numbers, find them. 


5. If the harmonic mean between two quantities is to their geo- 


metric means as 12 to 13, prove that the quantities are in the ratio 
of 4 to 9. 


6. Ifa, b,c bein H. P., shew that 
a:a—-b=ate:a-e, 
7. If the m term of a H.P. be equal to n, and the n™ term be 
equal to m, prove that the (m+2)™ term is equal to ace 


m+n 
8. If the p®, g, o*" terms of a Hl. P. he a, 6, ¢ respectively, prove 
that (g—1r) be+(r—p) cat+(p—q) ab=0., 
9. If bis the harmonic mean between @ and ¢, prove that 


Hig. Mic ea 
b-a b-c «a ¢° 


Find the sum of 7 terms of the series whose 7" teri is 


10. 3n?~ 2, 11, nb +3 n, 12, n(n+2). 


13, ?(2n+3). 14, 3"—9", 15. 3 (4"42n?) — 42°. 

16, If the (av+1)", (2+1)", and (r+1)™ terms of an A.P. are in 
GP. and m, 2,7 are in H. P., shew that the ratio of the common 
difference to the first term in the A. P. is — - 


17. If 2, m, 2 are three numbers in G. P., prove that the first term 


of an A. P. whose 2, m™, and n™ terms are in If. P. is to the common 
difference ax m+ 1 to 1. 


18. If the sum of » terns of a series be a+bn+en*, find the x 
term and the nature of the series. 
19, Find the sum of 2 terms of the series whose 2'® term is 
4n (nv? +1) — (62? + 1). 
20, If between any two quantities there be inserted two arithmetic 


means A,, d,; two geometric means (,, G4; and two harmonic means 
H,, H,; show that G,@,: ,U,=4,+4,: W+iM. 


21. If p be the first of » arithmetic means between two numbers, 
and g the first of 2 harmonic means between the same two numbers, 


: 2 
prove that the value of g cannot lie between p and GA) p. 


22, Find the sum of tho cubes of the terms of an A. P., and shew 
that it is exactly divisible by the sum of the terms. 
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Pinks oF SHOT AND SHELLS. 


71. To find the number of shot arranged in a complete 
pyramid on a square base. 


Suppose that each side of the base contains 2 shot; then the 
number of shot in the lowest layer is 2”; in the next it is (#—1)%; 
in the next (2 —- 2)’; and so on, up to a single shot at the 
top. 


Nant (vn —1)t+(n— 2) 


_ (nt 1) (22 +1) 


6 [ Art. 68, | 


72. To find the number of shot arranged in a complete 
pyramid the base af which is an equilateral triangle. 


Suppose that each side of the base contains a shot; then the 
number of shot in the lowest layer is 


m+ (n—1)+(m—2)4 0.0... +1; 
; a(nt]) 1, , 
that is, ay ONG (ae 4-22), 
od 
In this result write 2-1, 2 -2,...... for m, and we thus obtain 
the number of shot in the 2nd, 3rd,...... layers, 


oo Ne 4 (2* + Xx) 


n (n+ 1) (a+ 2) 
ee ee [Art, 70.} 


73. Zo find the number of shot arranged in a complete 
pyramid the base of which ts a rectangle, 


Let m and 2 be the number of shot in the long and short side 
respectively of the base. 


The top layer consists of a single row of m—(n—1), or 
m—n2+1 shot; 


in the next Jayer the number is 2 (an —n + 2); 
in the next layer the number is 3 (m —m + 3) ; 
and*sp on ; 


ip the lowest layer the number is n(m—n +n). 


PILES OF SHOT AND SHELLS, 55 
“ S=(m—n+1)4+2(m—n +2) 4+ 3(m—n+ 3)+...+n(m—n+n) 
=(m—n) (142434... +n) + (174+ 274374... 40%) 
(m—n)n(n+1) n(n4+1)(2n+1) 
ey eee tg ee 


dee nth) {3 (m—n) +24 1} 


_n(nt1) (8m—n +1) 
a Sa 


74, To find the number of shot arranged in an tincomplate 
pyramid the base of which is a rectangle. 


Let a and J denote the number of shot in the two sides of the 
top layer, n the number of layers. 


In the top layer the number of shot is ab ; 
in the next layer the number is (a4 + 1) (641); 
in the next layer the number is (@ + 2) (64 2); 
and so on ; 
in the lowest layer the number is (a + — 1) (6 +n-1) 
or ab + (a +b) (a- 1) + (v—1)*. 
we Se abn + (a+b) X (we —1) + Se - 1)? 


= UDR + dn ee 


= {Gab + 3 (a +b) (v— 1) + (1-1) (22-1). 


75. In numerical examples it is generally easier to use the 
following method. 


fixample. Find the number of shot in an incomplete square pile of 16 
courses, having 12 shot in each side of the top. 


If we place on the given pile a square pile having 11 shot in each side of 
the base, we obtain a complete square pile of 27 courses; 


27 x 28 x 55 





and number of shot in the complete pile = aa =6980; [Art. 71] 
also number of shot in the added pilo= = "278 _ 506 ; 


_«, number of shot in the incomplete pile = 6424. 
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Find the number of shot in 
1, A square pile, having 15 shot in each side of the base. 
2. A triangular pile, having 18 shot in each side of the base. 


3. <A rectangular pile, the length and the breadth of the base con- 
taining 50 and 28 shot respectively. 


4. An incomplete triangular pile, a side of the base having 25 shot, 
and a side of the top 14, 


5, An incomplete square pile of 27 courses, having 40 shot in each 
side of the base. 


6, The number of shot in a complete rectangular pile is 24395; if 
there are 34 shot in the breadth of the base, how many are there in its 
length ? 


7. The number of shot in the top layer of a square pile is 169, 
and in the lowest layer is 1089; how many shot does the pile contain ? 


8, Find the number of shot in a complete rectangular pile of 
15 courses, having 20 shot in the longer side of its base. 


9. Find the number of shot in an incomplete rectangular pile, 
the number of shot in the sides of its upper course being 11 and 18, 
and the number in the shorter side of its lowest course being 30. 


10, What is the number of shot required to complete a rectangular 
pile having 15 and 6 shot in the longer and shorter side, respectively, of 
its upper course! 


11. The number of shot in a triangular pile is greater by 150 than 
half the uumber of shot in a square pile, the number of layers in each 
being the same; find the number of shot in the lowest layer of the tri- 
angular pile. . 

12. Find the number of shot in an incomplete square pile of 16 
courses when the number of shot in the upper course is 1005 less than 
in the lowest course, 


13. Shew that the number of shot in a square pile is one-fourth the 
number of shot in a triangular pile of double the nuiber of courses. 

14, If the number of shot in a triangular pile is to the number of 
shot in a square pile of double the number of courses as 13 to 175; find 
the number of shot in each pile. 

15. The value of a triangular pile of 16 1b. shot is £51; if the 
value of iron be 108. 6d. per cwt., find the number of shot in the 
lowest layer. 

16. If from a complete square pile of 2 courses a triangular pile of 
the same number of courses be formed ; shew that the remaining shot 
will be just sufficient to form another triangular pile, and find the 
mumber of shot in its side, 


CHAPTER VII. 


SCALES OF NOTATION. 


76, The ordinary numbers with which we are acquainted in 
Arithmetic are expressed by means of multiples of powers of 10; 
for instance 

25=2x 1045; 
4705 =: 4 x 10°+7 x 10°+0« 104+5. 


This method of representing numbers is called the common or 
denary scale of notation, and ten is said to be the radix of the 
scale. The symbols employed in this system of notation are the 
nine digits and zero. 


In like manner any number other than ten may be taken as 
the radix of a scale of notation ; thus if 7 is the radix, a number 
expressed by 2453 represents 2x 7°+4 x 7°+5x7+43; and in 
this scale no digit higher than 6 can occur. 


Again in a scale whose radix is denoted by r the above 
nuinber 2453 stands for 27* + 47°+ 5r+3. More generally, if in 
the scale whose radix’is r we denote the digits, beginning with 
that in the units’ place, by a,, @,, a,,...¢,; then the number so 
formed will be represented by 


a-] 2 


ar +a °° 


aad | 


n— a3 
+ ay? + eee -f- a + ur + Qos 


where the coefficients a,, a,_,,...@, are integers, all less than 7, of 
which any one or more after the first may be zero. 


Hence in this scale the digits are + in number, their values 
ranging from 0 to r— 1. 


77. The names Binary, Ternary, Quaternary, Quinary, Senary, 
Septenary, Octenary, Nonary, Denary, Undenary, and Duodenary 
are used to denote the scales corresponding to the values two, 
three,...twelve of the radix. 
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In the undenary, duodenary,... scales we shall require symbols 
to represent the digits which are greater than nine, It is unusual 
to consider any scale higher than that with radix twelve; when 
necessary we shall pete the symbols ¢, e, 7’ as digits to denote 
‘ten’, ‘eleven’ and ‘twelve’, 


It is especially worthy of notice that in every scale 10 is the 
symbol not for ‘ten’, but for the radix itself. 


78. The ordinary operations of Arithmetic may be performed 
in any scale; but, bearing in mind that the successive powers of 
the radix are no longer powers of ten, in determining the carrying 
Jigures we must not divide by ten, but by the radix of the scale 
in question. 


Example 1. In the scale of eight subtract 371532 from 530225, and 
multiply the difference by 27. 


530225 136473 

371532 27 

136473 1226235 
275166 
4200115 


Explanation, After the first figure of the subtraction, since we cannot 
take 3 from 2 we add 8; thus we have to take 3 from ten, which leaves 7; then 
6 from ten, which leaves 4; then 2 from eight which leaves 6; and go on. 

Again, in multiplying by 7, we have 

8 x T=twenty one=2x8+5; 
we therefore put down 5 and carry 2. 

Next 7x7+2= fifty one=6 x 84 3; 

put down 3 and carry 6; and so on, until the multiplication is completed. 


In the addition, 
8+6=nine=1x8+1; 


we therefore put down 1 and carry 1. 


Similarly 2+641=nine=1x8+1; 
and 64+141l=eight=1x8+0; 
and so on. 
Example 2, Divide 15¢t20 by 9 in the scale of twelve. 
9)15et20 
~ 1¢e96,..6. 


Explanation. Since 15=1 x T'+6=seventeen=1 x 9+8, 
we put down 1 and carry 8. 

Also 8 x 7 +¢=one hundred and seven=e x 948; 
we therefore put down ¢ and carry 8; and so on. 
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Example 8, Find the aquare root of 442641 in the scale of seven. 
449641(546 
ores 
134| 1026 
602 


1416) 12441. 
12441 


EXAMPLES, VII. a. 


Add together 23241, 4032, 300421 in the scale of five. 

Find the sum of the nonary numbers 303478, 150732, 264305, 
Subtract 1732765 from 3673124 in the scale of eight, 

From 3e756 take 2¢46¢2 in the duodenary scale. 


Divide the difference between 1131315 and 235143 hy 4 in the 
scale of six. 


ook wo pe 


6. Multiply 6431 by 35 in the scale of seven. 
7. Find the product of the nonary numbers 4685, 3483. 
8. Divide 102432 by 36 in the scale of seven. 


9. In the ternary scale subtract 121012 from 11022201, and divide 
the result by 1201. 


10, Find the square root of 300114 in the quinary scale. 

11, Find the square of ¢é/¢ in the scale of eleven. 

12, Find the G. C. M. of 2541 and 3102 in the scale of seven. 
13. Divide 14332216 by 6541 in the septenary scale, 


14. Subtract 20404020 from 103050301 and find the square root of 
the result in the octenary scale. 


15. Fiud the square root of eet001 in the scale of twelve. 


16. The following numbers are in the scale of six, find by the ordi- 
nary rules, without transforming to the denary scale: 


(1) the G.C. M. of 31141 and 3102; 
(2) the L. C. M. of 28, 24, 30, 32, 40, 41, 43, 50. 


79. To express a given wnutegral numper in any proposed scale. 


Let V be the given number, and x the radix of the proposed 
scale, 


Let a,, a, @,,...4, be the required digits by which WV is to be 
expressed, beginning ‘with that in the units’ place ; then 
N=zar +a +... tar : 


We have now to find ‘the galliee of @,, @,, @,)...@, 
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Divide W by x, then the remainder is a,, and the quotient is 
ar +a t+. Fart a. 


If this quotient is divided by 7, the remainder is a, ; 
Uf the Next Quotient. cccscisssackws-sc- sesmevtavnnusnswes cine (3 
and so on, until there is no further quotient. 


Thus all the required digits a,, a,, @,,...a, are determined by 
successive divisions by the radix of the proposed scale. 


Example 1, Express the denary number 5213 in the scale of seven. 


7)5213 
7)144......5 
7)106......2 
7)15......1 
rs | 
Thus 52138 =2x 741 x B+ 1x P+@x74+5; 


and the number required is 21125. 


Example 2. Transform 21125 from scale seven to scale eleven. 


e)21125 
e)lz44..t 
e)61,.....0 
Biel 


.. the required number is 3702. 
Explanation. In the first line of work 
21=2x 741 = fifteen=1xe4+4; 
therefore on dividing by e we put down 1 and carry 4. 
Next 4x7+1l=twenty nine=2x«e+7; 
therefore we put down 2 and carry 7; and so on, 


Ezample 3. Reduce 7215 from scale twelve to scale ten by working in 
seale ten, and verify the result by working in the scale twelve. 


( 7215 t)7215 
12 1)874......1 er 
86 rig n acale 

In scale Odo ., 0 of twelve 
often | __ 1? 1)10......4 

| 1033 i career 

J 
| at 


Thus the result is 12401 in each case, 


_ Explanation. 17215 in scale twelve means 7 x 128+ 2 x 127411246 in 
soale ten. The calculation is most readily effected by writing this expression 

in the form [{(7 x 12+2)} x eee x12+5; thus we multiply 7 by 12, and 
add 2 to the product; then we multiply 86 by 12 and add 1 to the product; 
then 1038 by 12 and add 5 to the product. 
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80. Hitherto we have only discussed whole numbers; but 
fractions may also be expressed in any scale of notation ; thus 
5 


2 
‘25 in scale ten denotes — + —,: 
10 1u"? 


; ; 2 
25 in scale six denotes = + 55; 
6) «6 
5 
“3 e 


‘25 in seale x denotes — + 


3] to 
8 


Fractions thus expressed in a form analogous to that of 
ordinary decimal fractions are called radix-fractions, and the point 
is called the radix-point. The general type of such fractions in 
scale 7 18 


b b b 
j 2 3 . 

a 9 4 84 oo, 
r Po a 

where 6, 8, 6,,... are integers, all less than 7, of which any one 

or more may be zero. 


81. Lo express a given raduc fraction in any proposed scale. 


Let F he the given fraction, and r the radix of the proposed 
scale. 
Let b,, 5,, 6,,... be the required digits beginning from the 
left; then 
b 


b b 
F.- +-3+ 44+ er 
rr 


We have now to find the values of b,, b,, b,,.....- 


Multiply both sides of the equation by 7; then 
b 


b 
rBh=b,+%+ 3+ teats ; 

Hence 6 is equal to the integral part of r/"; and, if we denote 
the fractional part by #’,, we have 


elt again by 7; then, as before, 6, is the integral part 
’ Saar ¢ Mgt ane 
of r#’; and similarly by successive multiplications by 7, each of 
the digits may be found, and the fraction expressed in the pro- 
posed scale. | 
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If in the successive multiplications by 7 any one of the 
products is an integer the process terminates at this stage, and 
the given fraction can be expressed by a finite number of digits. 
But if none of the products is an integer the process will never 
terminate, and in this case the digits recur, forming a radix- 
fraction analogous to a recurring decimal, 


3 : ce 
Example 1. Express . as a radix fraction in seale six. 
1B g 3X8 _ 7 
iGo ge 
7 7x3 . J 
geo gee 
1 , 13 1 
Fela -=1ys 3 
; x69, 
; : 4 5 J z 
.. the required fraction 6 t 62 t gat 6s 
= *4513. 


Example 2. Transform 16064-24 from scale cight to scale five, 
We must treat the integral and the fractional parts separately, 


5)16064 24 
5)2644...0 5 
5)440...4 144 
5)71...8 5 
5)13...2 264 
| 5 
A-O4 

5 

0-24 


After this the digits in the fractional part recur; hence the required 
number is 212340-1246, 


9 y ie a , ri 2 a : . . 
82. In any scale of notation of which the radia ia y, the sum 
of the digits of any whole number divided by r-1 will leave the 
same remainder as the whole number divided by r — 1, 


Let NV denote the number, a,, a,, a,,...... a, the digits hegin- 
ning with that in the units’ place, and S the sum of the digits; 
then 

N=a,+artayr t+... + tes 
S=a, +d, +0, + 0... +@ +a, 


WV ~S=a, (7-1) +4, (7? 1) +000... 4a, (27! -1) +4, (r* ~1). 
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Now every term on the right hand side is divisible by r—1; 


N-S : 
s ee an integer ; 
hat is, a -—-I 2 


+ Beene 
r—l g—1?’ 
vhere J is some integer; which proves the proposition 


Hence a number in scale 7 will be divisible hy 7 — 1 when the 
um of its digits is divisible by r—1. 


83. By taking 7- 10 we learn from the above proposition 
hat a number divided by 9 will leave the same remainder as the 
iuin of its digits divided by 9. The rule known as “casting out 
the nines” for testing the accuracy of multiplication is founded 
om this property. 


The rule nay be thus explained : 


Let two numbers be represented by 944 6 and 9¢+d, and 
heir product by 2; then 


P = S8lac + 9be + Dad + bd. 


Hence 2 has the same remainder as ae wnd therefore the 
sum of the digits of P, when divided hy 9, gives the same 
remainder as the sun of the digits of bd, when divided by 9. If 
on trial this should not be the case, the multiplication must have 
been incorrectly performed. In practice b and d are readily 
found from the sums of the digits of the two numbers to be 
multiplied together. 


Example. Can the product of 31256 and 8427 be 263390312? 


The sums of the digits of the multiplicand, multiplier, and product are 17, 
21, and 34 respectively; again, the sums of the digits of these three numbers 
are 8, 8, and 7, whence bd-8x8=24, which has 6 for the sum of the 


digits; thus we have two different remainders, 6 and 7, and the multiplication 
is incorrect. 


84. If N denote any number in the scale of y, and D denote 
the difference, supposed positive, between the sums of the digits in the 


acre the even places; then N-—D or N+D its @ multiple of 
r+, 
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Let a,, a, a, «0.5 a, denote tho digits beginning with that 
in the units’ place; then 

Nera, + arta, + ar +o... +4, 7 ' +a.r". 
o. V-a,+a,—-a,+a,-...=0,(r+1) +a, ("?-1) +a, (7? +1)+...; 


and the last term on the right will be a, (r’4 1) or «, (7"—- 1) 
according as 2 is odd or even, Thus every term on the right is 
divisible by r+ 1; hence 


N-(a,-a,+@,-a,+...... ’ 
fae oe a ae - an integer. 
r+] 
Now U,—-@, +4, - AF ee. + D; 
Nx D 





ig an integer ; 
r+ 


which proves the proposition. 


Cor. If the sum of the digits in the even places is equal to 
the sum of thie digits in the odd places, D - 0, and ¥ is divisible 


by r+. 


caged 1. Provo that 4°41 is a square numbcr in any scale of notation 
whose radix is greater than 4. 


Let r be the radix; then 
a41ed+s4 55 (2 + *) i 
ror r 
thus the given number is the square of 2-1. 


Ezample 2. In what scale is the donary number 2:1375 represented by 
2°13? 


Let r be the scale; then 


1 38 7 
Qt + a2 h875= 255; 
whence Tr? —-167r ~48=0; 
that is, (Tr + 12) (r —4)=0. 


Hence the radix ix 4. 
Sometimes it is best to use the following method. 


Example 3. In what seale will the nonary number 25607 be expressed 
by 101215 ? 


The required scale must be less than 9, since the new number appears 
the greater; also it must be greater than 5; therefore the required scale 
must be 6, 7, or 8; and by triad we find that it is 7. 


Exam 
rectan 
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le 4. By working in the duodenary scale, find the height of a 
solid whose volume is 364 cub. ft. 1048 cub. in., and the area of 


whose base is 46 aq. ft. 8 sq. in. 


The volume is 3643948 cub. ft., which expressed in the scale of twelve is 
264:784 cub. ft. 


The area is 46,3, sq. ft., which expressed in the scale of twelve is 3¢°08, 
We have therefore to divide 264-734 by 3t-08 in the scale of twelve. 


3t08)26473-4(7-e 
22148 
36274 
36274 


Thus the height is 7ft. 1lin. 


er oON 


~~ 
BK ODON MAN 


he ps 
Ww S&S 


ee 
am 


ee 
san 


18. 


EXAMPLES. VII. b. 


Express 4954 in the scale of seven. 

Express 624 in the scale of five. 

Express 206 in the binary scale. 

Express 1458 in the scale of three. 

Express 5381 in powers of nine. 

Transform 212231 froin scale four to scale five. 

Express the duodenary number 398¢ in powers of 10. 
Transform 6¢12 from scale twelve to scale eleven. 
Transform 213014 from the senary to the nouary scale. 
Transform 23861 from scale nine to scale eight. 
Transform 400803 from the nonary to the quinary scale. 
Express the septenary number 20665152 in powers of 12. 
Transform ¢ttteee from scale twelve to the common scale. 

: 3 
Express 10 
Transform 17°15625 from scale ten to scale twelve. 
Transform 200-211 from the ternary to the nonary scale. 
Transform 71°03 from the duodenary to the octenary scale. 


axa radix fraction in the septenary scale. 


Express the septenary fraction 7 é a8 as a denary vulgar fraction 


iu its lowest terms. 


19, 


20, 
21, 


Find the value of -4 and of -42 in the scale of seven. 
In what scale is - denoted by 222? 


In what soale is 7 7 denoted by 03027 


H. H. AL 5 
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92. Find the radix of the scale in which 554 represents the square 
of 24. 

23, In what scale is 511197 denoted by 17463351? 

24, Find the radix of the scale in which the numbers denoted by 
479, 698, 907 are in arithmetical progression. 

25. In what scale are the radix-fractions ‘16, ‘20, ‘28 in geometric 
progression | 

26. The number 212542 is in the scale of six; in what scale will it 
be denoted by 174867 

27. Shew that 148°84 is a perfect square in every scale in which the 
radix is greater than eight. 

28, Shew that 1234321 is a perfect square in any scale whose radix 
is greater than 4; and that the square root is always expressed by the 
same four digits. 

29, Prove that 1:331 is a perfect cube in any scale whose radix is 
greater than three. 

30. Find which of the weights 1, 2, 4, 8, 16,... lbs. must be used to 
weigh one ton. 

31. Find which of the weights 1, 3, 9, 27, 81,... Ibs. must be used 
to weigh ten thousand Ibs., not more than one of each kind being used 
but in either scale that is necessary. 

32. Shew that 1367681 is a perfect cube in every scale in which the 
radix is greater than seven. 

33. Prove that in the ordinary scale a number will be divisible by 
8 if the number formed by its last three digits is divisible by eight. 

34, Prove that the square of rrrr in the scale of 8 is rrrg0001, where 
g, *, 8 are any three consecutive integers, 

35. If any number WV be taken in the scale r, anda new number ’ 
be formed by altering the order of its digits in any way, shew that the 
difference between WV and N’ is divisible by r~1, 

36. If a number has an even number of digits, shew that it is 
divisible by +1 if the digits equidistant from each end are the same. 

37. Ifin the ordinary scale 4, be the stun of the digits of a number 
N, and 38, be the sum of the digits of the number 3.Y, prove that the 
difference hetween S, and S, is a multiple of 3. 

38, Shew that in the ordinary scale any number formed by 
writing down three digits and then repeating them in the same order 
is a multiple of 7, 11, and 13. 

_ 39. In a scale whose radix is odd, shew that the sum of the 
digits of any number will be odd if the number be odd, and even if 
the number be even. 

40. If bo odd, and a number in the denary scale be formed 
by writing down nm digits and then repeating them in the same order, 
shew that it will be divisible by the number formed by the » digits, 
and also by 9090...9091 containing n ~ 1 digits. 


CHAPTER VIII. 


SURDS AND IMAGINARY QUANTITIES. 


85. Inthe Hlementary Algebra, Art. 272, it is proved that 
s e (7 
the denominator of any expression of the form Sb er can be 
c 


rationalised by multiplying the numerator and the denominator 
by ,/b— ,/e, the surd conjugate to the denominator. 
a 
Similarly, in the case of a fraction of the form -;——____.. 
” Jet Je+ Ja’ 
where the denominator involves three quadratic surds, we may by 
two operations render that denominator rational. 


For, first multiply both numerator and denominator by 
Jb+/ce—J/d; the denominator becomes (./b+./c)?—(/d)* or 
b+c-d+2/be. Then multiply both numerator and denominator 
by (b+ ¢-—d)—2 /be; the denominator becomes (b + ¢ - d)* — 4be, 
which is a rational quantity. 


; ; 12 
Example, Simplify Pegs acer 
8+,/5—2,/2 


; 12 (8+.,/5+2,/2) 

T Pees ll. eet Romig 
he expression (3+ 0/5)8— (2/2) 
-, 12 (3 +./5 + 2,/2) 

~ 6+6/5 > 


2 (84/5 + 2/2) (/5 — 1) 


(541) (5-1) 
__ 24+ 2,/5 + 2/10 - 2,/2 
So eg 


=14+,/5+,/10- Sav .. 
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86. To sind the factor which will rationalise any given bino- 
mial surd. 
Case I. Suppose the given surd is v/a — ,7/b. 


Let Z/a=a, {/b--y, and let » be the u.cm. of » and q; then 
x and y" are both rational. 


Now a" — y" is divisible by x — y for all values of , and 
amy" (a—y) (ar tary tia By +. +y"'). 
Thus the rationalising factor is 


an] 


et ay 4 ty? $e, ty" ; 


and the rational product is «" — y". 
Cask IT. Suppose the given surd is 2/a+ 2b. 
Let x, y, 2 have the same meanings as before; then 


(1) Tf 2 is even, 2" - y" is divisible by # + y, and 


x” — yf" = (x +- ¥) (a*"! ae ety Eee + ay"? ~y""'), 
Thus the rationalising factor is 
7 ii is) i ree tay my"; 


and the rational product is a” — y". 


(2) If 2 is odd, 2" + ¥" is divisible by a + y, and 


a + yf = (a + y) (0 ay + — oxy’? +y"""). 
Thus the rationalising factor is 
a — ety + ree —ay r+ y"! ; 


and the rational product is 2" +". 
Example 1, Find the factor which will rationalise ./3 + 2/5. 


} 1 
Let x= 34, y=6*; then x4 and y‘ are both rational, and 
ah — y8 z= (e+ y) (2? ~ aty + aby? — vy + cys —y); 


thus, substituting for «and y, the required factor is 
a a ae or a i cae 
42 — 32, 58 4. 82, 5e $2 , Be + 32, 53 5, 
5 i. 4 8 1 4 665 


6 8 
and the rational produ 7 B3 529, 
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:1 1 1 1 

Example 2. Express (52498) + (52 - 93) 

as an equivalent fraction with a rational denominator. 
1 1 h 

To rationalise the denominator, which is equal to 59-34, put 5?=z, 

th yt (2—y) (+ ay + ry? +9") 
8 2 1 1 2 8 

57 + 5%, 344 5% 844 35; 


hie 


3*=y; then since 


the required factor is 
4 


4 
and the rational denominator is 52 — 34.= 52-3 = 29, 
Lays 2. Pe 
(5345i) (524.52, 344 52, 344.33) 
fetccucl i meee 99 ‘att stl * . - 


.. the expression 


4 3.1 2 2 1 3 4 
— B42, 62.8442, 5%. 3442.54. 34434 
22 

3 1 ee ey 
14457, 3445. 8% + 5. 34 
Sh a 


87, We have shewn in the Hlementary Alyebra, Art. 277, 
how to find the square root of a binomial quadratic surd. We 
may sometimes extract the square root of an expression contain- 
ing more than two quadratic surds, such as @+ ,/b+ j/e+ fd. 


Assume fa+ /o+ Jet J/d= fat Jyt Jo; 
at fot Jet fdaatytst2 Jay +2 Jaz+2 fyz. 


Ifthen 2 fay = /b, 2 [xz = g/t, 2 / Ye = Jd, 
and if, at the saine time, the values of 2, y, x thus found satisfy 
e+Yy+%=a, we shall have obtained the required root. 


Example. Find the square root of 21 - 4,/5+8,/3 - 4/15. 

Assume Jf 21 ~ 4/5 + 8/3 — 4/15 = /etaly-a/z3 

HH oo. ad ee 
121 -4,/5 48/3 - 4/16 =a ty tz t Qefry — 2) x2 - Qf yz. 

Put Qfay=8/3, Wnfrze=4/15, 2/yz = 4/5; 
by multiplication,  xyz=240; that is /ryz =4,/15; 
whence it follows that fre 2f3, /y=2, fe=nJ/5. 

And since these values satisfy the equation x+y+:=21, the required 

root is 2,/8+2—,/5. 
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88. If Jat /b=x+/y, then will Ja— fo=x— Sy. 
For, by cubing, we obtain 
+ f/b=a% + 32x" /yt+ 3xyty Jy. 
Equating rational and irrational parts, we have 
a=x'+d3ay, /b=3x* /yt+y/y; 
» @- /b= 2° — 38a8 Jy + 8ay—y Sy; 
that is, Ja- Jb=a—- Sy. 


Similarly, by the help of the Binomial Theorem, Chap, XTIT, 
it may be proved that if 


la+ Jb=x2+,/y, then Ja- Jb=n- JY; 
where 7 is any positive integer. 


89. By the following method the cube root of an expression 
of the form a*,/b may sometimes be found. 


Suppose Sut Jb=a+ Jy; 
then Ja- /b=a— Jy. 
Bey (1). 


” 


Again, as in the last article, 

ena ie Rc) ee RO ee eee a (2). 
The values of # and y have to be determined from (1) and (2). 
In (1) suppose that (/a?—b=c; then by substituting for y in 


(2) we obtain 
a=x'+d3u(x*—c); 


that is, 4a? — 3cx = a, 


If from this equation the value of « can be determined by 
trial, the value of y is obtained from y = 2" — ¢, 


Nors. We do not here assume ,/r+,/y for the cube root, as in the 
extraction of the square root; for with this assumption, on cubing we should 


have 

a+ f/b=x,/2 +3a,/y + By /c+yn/y, 
and since every term on the right hand side is irrational we cannot equate 
rational and irrational parts, 
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Example. Yind the cube root of 72 ~ 32,/5. 


Assume 72-32 /5=2—./y; 

then S72 + B2A/5 ext a/y, 
By multiplication, 2/5184 - 1024 x 5=27- y; 

that is, Be SA ie etl ie haan aa Mace, (1). 
Again 72 — 82,/5 = x3 — 3x2 /y + Bry - yalys 

whence TES OY cuca les deis ceitlasectoniaeniees (2). 
From (1) and (2), 72 = a3 + Bx (x* — 4); 

that is, 3 ~ B2=18,. 


By trial, we find that x=3; hence y=5, and the cube root is 3 - ,/5. 


90, When the binomial whose cube root we are seeking 
consists of tao quadratic surds, we proceed as follows. 


Example. Yind the cube root of ate + 11,/2. 


Sie ceumeaes 1 cain 
11 2 
cane = 
anise a 
By proceeding as in the Jast article, we find that 
Res patente ck 
ll 2 2 
fs+ ib [ears nf §3 


‘, the required cube root  =,/3 (1 a Re) 
== /3 + /2. 


91. We add a few harder examples in surds. 


; : : 4 
Example 1. Express with rational denominator a2 SEV 
sf he 





The expression => 
33 - 38 +1 
4 (38 $1) 


“Gy 1) (33 - a) 
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Kzample 2. Find the square root of 
3 ae as 
5 (e-U) t+ /2e- Te 4, 


1 
2 


The expression = — {3¢- 342 if (22 +1) (a — 4)} 


1, 
= 520 +1) 4 (e-4) 42 f (20 +1) (e-4)} ; 
hence, by inspection, the square root is 
| oer See 
5 (/20 +14 f/x 4). 
NN od 
Example 3. Given ./5=2-23607, find the value of 


J3-J5 
Mil T B/S” 
Multiplying numerator and denominator by ./2, 
the expression = _vV6- 6 - 2a/ 5 
244/ 14 - 6/5 


oat 
Tee Berg Bi 


a el 
Je SS = +4472), 


EXAMPLES. VIII a. 


Express as equivalent fractions with rational denominator : 


ee ae er 
Ape 2413/5” 
1 2Va4+] 
JatJ/b+-Vatb " Va-1- -V9a+/a+l 
5 v10+/5-V3 g, (Y8B+V5) (5 + /2) 
*  4/84+,/10- /5° , 24/84/50 | 
Find a factor which will rationalise : 
1 1 
7. 3—,/2. 8, 2/5 + 2/2. 9. a +i, 


10, #3-1. 1, 247. 12, 75-92. 
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Express with rational denominator : 





3—I1 w/9 - 6/8 i243 

1. Tas) - aah 16. eG. 
J3 [8+ 0/4 27 

1 em I. gy: 18. 9. 


Find the square root of 

19. 16~2,/20-2./284+2,/35. 2. 2444,/15~4./21 - 2/35. 
21, 64+,/12 —,/24-—./8. , 22 5-O-/15+./6. 

23, a+3b4+444/a—4/3b~2/3ab. 

M4, 214+3,/8-6/3—-6 /7—/24- /5642,/21, 

Find the cube root of 

25. 104+6/3. 96. 384+174/5. 27. 99-70./2. 

28. 38,/14-100,/2. 29, 54,/3441./5. 30. 135,/3-87 ./6. 


Find the square root of 


31. atetn 2ar +22. 32. 2a ~a/Ba? — Qab — 0, 
1 .} 
33, l+a?+(l+a?+a')*. 34. 14(1-a?) 2% 
1 1 
adn ae ae gl TB. 
35, If a= 5 ~73? b a4" find the value of Ta? 4 lab — 7b 


Ba. ‘ 
36. If pasta y= Ng Ne , find the value of 32? — 52y + 3y?. 
Ne Rate 


Find the value of 


26-15 ,/3 ce 
87, 38, 
BNE 33—19,/3 ° 


2 
89. (28- 104/3)% (7 + 44/3) 2 40. (26415 3)8 — (26+ 154/38) % 
41. Given ./5 = 2:23607, find the value of 
10,/2 J/10+./18- 
JI8-V34+./5 JB49/3—./5 
42. Divide 22+1+432 9/2 by v—14+2/2. 
43, Find the cube root of 9ab? + (b? + 24a?) 4/b? — 8a2. 


Evaluate eh » When 2a7==,/a+ sy 


& 
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IMAGINARY QUANTITIES. 


92. Although from the rule of signs it is evident that a 
as quantity cannot have a real square root, yet imaginary 


tities represented by symbols of the form /—a, /—1 are of 

uent occurrence in mathematical investigations, and their 

leads to valuable results. We therefore proceed to explain 
in what sense such roots are to be regarded. 

When the quantity under the radical sign is negative, we can no 
longer consider the symbol ,/as indicating a possible arithmetical 
operation ; but just as ,/a may be defined as a syinbol which obeys 
the relation ,/a x ,/a =a, so we shall define /-a to be such that 

—~ax,/—a=.~—a, and we shall accept the meaning to which this 
assumption leads us. 

It will be found that this definition will enable us to bring 
imaginary quantities under the dominion of ordinary algebraical 
rules, and that through their use results may be obtained which 
can be relied on with as much certainty as others which depend 


solely on the use of real quantities. 


93. By definition, J/-1 x f-1:--1. 
i Ja. f-ix Ja. Jf- =a (—1); 
that is, (Ja. J/-1)? =-a. 


Thus the product ,/a. J-1 inay be regarded as equivalent to 
the imaginary quantity ,/— a. 


94. It will generally be found convenient to indicate the 
imaginary character of an expression by the presence of the 


symbol ,/—1; thus 
J-4= f4x(H]) 229-1, 
Jf-Ta? = J 7a* x (-l)=a fal 


95. We shall always consider that, in the absence of any 
statement to the contrary, of the signs which may be prefixed 
before a radical the positive sign is to be taken. But in the use 
of imaginary quantities there is one point of importance which 
deserves notice. | 


» 
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Since (- a) x (— b) = ab, 
by taking the square root, we have 
ae 
Thus in forming the product of ,/— a and /—b it would appear 


that either of the signs + or — might be placed before ,/ab. 
This is not the case, for 


IG a pan Jett 
Jab (J =1) 
te 
96. It is usual to apply the term ‘imaginary’ to all expres- 
sions which are not wholly real. Thus a+6,/—1 may be taken 


as the general type of all imaginary expressions. J/ere a and b 
are real quantities, bat rt necessarily rational. 


97. In dealing with imaginary quantities we apply the laws 
of combination which have been proved in the case of other surd 
quantities. 


Ezamplel, a+b -la(etdf-l)=atct (bed) —1. 
Example 2. The product ofa+b,/-landec+d./- 1 


=a — bd + (be + ad) i i 


98. Ifa+hb/—1-=0, thena=0, and b= 0. 
For, if a1 b,f—1 0, 
then bf—-l=-a; 
oS Sas 
we +0 =0. 


Now a’ and 8’ are both positive, therefore their sum cannot 
be zero unless each of them is separately zero; that is, a=0, 
and 6 = 0, 


99. Tfat+b/-l=c+d/-1, thena=c, and b=d. 
For, by transposition, a —¢+(b—d),/-1=0; 


therefore, by the last article, a—c=:0, and’—d=0; 
that is a=c,and b= d, 
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Thus in order that two imaginary expressions may be equal et 
ts necessary and srufficient that the real parts should be equal, and 
the imaginary parts should be equal. 


100. Derrnition. When two imaginary expressions differ 
only in the sign of the imaginary part they are said to be 
conjugate. 


Thus a—b,/—1 is conjugate to a+,/-1. 
Similarly /2+3// —1 is conjugate to /2-3,/-1. 


101. The sum and the product of tivo conjugate imaginary 
expressions are both real. 


For a+b f—14+a—b Ja) = Qa. 
Again = (a4 ,f—1)(«- 6,/=1) =a? (-6) 
se? 4. h°, 


102. Derinition. The positive value of the square root of 
a’ +07 is called the modulus of each of the conjugate expressions 


a+bf/—1anda-b/-1, 


103. he modulus of the product of two imaginary expres- 
sions 18 equal to the product of their moduli. 


Let the two expressions be denoted by a+b,/—1 and e+df—1. 


Then their product = ac —bd + (ad+be)./—1, which is an 
imaginary expression whose modulus 


af (ac ~ bd)’ + (ad + be)* 
= J @e t+ Pad? + ad? + be 


= 4/(a? + bY) (c? + dd’) 


which proves the proposition. 


104, If the denominator of a fraction is of the form a+ bf/-1, 
it may be rationalised by multiplying the numerator and the 


denominator by the conjugate expression a —b ,/~ 1. 
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For instance 


e¢dJ/-1 (c+dJ—1)(a-bJ-1) 


fete eee - me en eerie eee Same 


a+bf/-1 (a+bJ-1)(«-bf-1) 
Be ac + bd + (ad — be) J-1 


a’? +6? 


dc+bd ad —be < 
errs uaa 





Thus by reference to Art. 97, we see that the sum, difference, 
product, and quotiwnt of two imaginary expressions 18 vn each case 
an tmaginary ecpression of the same form. 


105. Zo find the square root of a+b /=1. 
Assume Ja +hV—-lewi yV-1, 
where 2 and y are real quantities. 


By squaring, a+6 f—1ow y+ ey f/-1; 
therefore, by equating real and imaginary parts, 


Be 5, SAE nema peie bean burner news (1), 
ND: gauss dasundatarduntaassanad (2) ; 
(er ty’ (a = yy? + (2aey)’ 
a + BF; 


. ae a y= fat Fe Anes acaeoeean ween (3). 


From (1) and (3), we obtain 


2, Be 2, DF 
waver +@ a +0 Sa 











7] 3 9 b) 
{ve Oty a (faa B ss 
e ba 3 == ‘97 . 


Thus the required root is obtained. 


Bince « and y are real quantities, x+y? is positive, and therefore in (3) 
the positive sign must be prefixed before the quantity ,/a?+0*. 


Also from (2) we see that the product xy must have the same sign as dD; 


hence z and y must have like signs if b is positive, and unlike signs if 6 is 
negative, 
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. Example 1. Find the square root of —-7-24,/—1. 
Assume J-7-24f-l=2+y J/-1; 
then ~7-24,/-L=2t-y?+2ry/-1; 
DA AIP sean] edna gtlhawans® sac ruc ea (1), 
and Qey= - 24. 
"(cP yh = (2? ~ y?)9 4 (2rry)? 
= 49 +976 
= 625; 
Sgt Seay es 20), -Srousnuaiees ue, adseacad a: Ganley aaa (2). 


From (1) and (2), 27=9 and y?=16; 
° r= 43, yo +4. 


Since the product .ry is negative, we must take 
z=3, y= -4; orx=-3, y=. 


Thus the roots are 3-4,/-land -3+4,/-1; 
that is, fp i a ay, 


Example 2. To find the value of af — 644, 
o/b f Daa] Hi 
Se Ji tal 1. 
It remains to find the value of of to) = i 


Assume / 5 feed =rty/-i; 


then +f -l=2?-y *42ry.f-1; 
*.2?—y?=0 and 2ry=1; 


i ee ee ae 1. 
whence sae) Y= ja? cae hy ae 
AY rae og ee al) a Ls 
Jrisadas: 
Similarly WJ =1s ae “g(t -,/~-1) : 


teal taf des Sinigt 1); 


and finally f ~ 64at= sane, 7 ~1). 
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106. The symbol ,/ — 1 is often represented by the letter ¢; but 
until the student has had a little practice in the use of imaginary 


quantities he will tind it easier to retain the symbol ,/—1. It is 
useful to notice the successive powers of ,/—1 or ¢; thus 


(J/-1) =/-1, t=t; 
(J=1)'==1, nn 
(J=-1P=-f51, 0 #2-34; 
(Jay ec, cee & 


and since each power is obtained by multiplying the one before it 
by af — 1, or 2, we see that the results must now recur. 


107. We shall now investigate the properties of certain imagi- 
nary quantities which are of very frequent occurrence. 


Suppose a-: 3/1; then2’=1], ora®—1=0; 
that is, (a~-1) (a +”%4+1)=0. 
*. either x-lL=0, ora®?+a41-.-0; 


—-l# Jj -—3 
whence “w=l,or x=——>——., 


ad 


It may be shewn by actual involution that each of these 
values when cubed is equal to unity. Thus unity has three cube 
roots, 


’ 4 


~-14+/-3 -~1-/-3. 
ay ay"; 


two of which are imaginary expressions, 


Let us denote these by a and B ; then since they are the roots 
of the equation 
wv+ae+1--0, 
their product is equa] to unity ; 


that is, aB = 1; . 
 a@B- a’; 
that is, B=a*, since a®=- 1. 


Similarly we may shew that a = £’. 


108. Since each of the imaginary roots is the square of the 
other, it is usual to denote the three cube roots of unity by 1, a, w*. 
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Also w satisfies the equation 27+2+1=0; 
o Ll+eotu’®=0; 
that is, the sum of the three cube roots of unity ts zero. 

Again, ww == w+. ]; 

therefore (1) the product of the two imaginary roots is unity ; 
(2) every integral power of w° 18 unity. 

109. It is useful to notice that the successive positive 
integral powers of o are 1, w, and 7; for, if 2 be a multiple of 3, 
it must be of the form 37; and w*-- w""-= 1. 

If 2 be not a multiple of 3, it anust be of the form 3+ 1 or 
3m + 2 

lf m= dae 4+ 1, ww aw" ow = 


‘ im 42 ; 2 
If w= 3dm4+2, wo =F 22 ay", oF = oF. 


110. We now see that every quantity has three eube roots, 
two of which are imaginary. For the cube roots of a* are those 
of a’? x 1, and therefore are a, aw, aw*, Similarly the cube roots 
of 9 are 2/9, w 2/9, w? 2/9, where 2/9 is the cube rvot found by the 
ordinary arithmetical rule. In future, unless otherwise stated, 
the symbol 2/a will always be taken to denote the arithinetical 
cube root of a. 


dezample 1. Reduce oe th ae to the form 44 Bf - 1. 
4-941 J -1 

2+,f-1 
_(-84+12,/-1) 2-,/-)) 

(24+ /-1)(2-./-1) 


-104+12+29,/-1 
7 ener 


The expression 


which is of the required form. 
Example 2. Resolve x*+-y3 into three factors of the siret degree, 
nue ot yre (x+y) (2t-ry ty") 


+ yh= (x+y) (r+ wy) (x + wy); 
for w+wi= ~1, and wi=1. 
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Ezample 8. Bhew that 
(a+ wb + wc) (a+ wl + we) =a? + 0? +0? — be ~ ca - ab. 
In the product of a+wh+w%e and a+wb+ we, 
the coefficients of J? and c? are w, or 1; 
the coefficient of be =w?+wtew? t+ w= —1; 
the coefficients of ca and ab=u*+w= -1; 
we (A+ wb + wc) (a+ wb + we) =a? + 0? + c7 - be — ca ~ ab, 
Example 4, Shew that 
(L+w—-w’)~(l-w+w)=0. 


Since 1+w+w*?=0, we have 
(1+ w — w*)3 — (1 — w+ w?)3 = ( — 2w?)3 - (- 2w)? 
= — 8w* + Bw 
= ~—8+4+8 
= 0. 


EXAMPLES. VIII. b. 


1, Multiply 2./-34+3/—-2 by 4 f~3-5/-2 
2, Multiply 3/—7-5./-2 by 87 —-74+5—2. 
3. Multiply eN“lae-N-1 by eN te NAT, 


L+7-3 1—/-3 
4. Multiply eee by w- -- eee 
Express with rational denominator : 
1 BY -24+2V-5 
5. SS ns 6. ai or 
3-/-2 37 -2-27—5 
34+27~1 3-2-1 ata—-1 a-w«V/-1 
7. SP a amie, Al 8. team SS a er 
2-5V7—-1 2457-1 a-w«V—-1 atav-i 


9 (tv IP (@-V=1! yp (tv iP“ Vv 1) 
w-f—-1 wt -1 0 (at =1t-(a- 1) 
11. Find the value of (—«/ —1)™*3, when n is a positive integer. 
12, Find the square of /9+ 40 V-1+./9-40¥ —1. 
BBA. a 
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Find the square root of 

13. -54+127-1. 14 -11-GO/7-1l. 15, -47487-3, 
16. —8/—1. 17, w?-142a —1. 

18. 4ab—2(a?- b%)/ —1. 


Express in the form .f +72 


3452 3-1/2 1+i 
ae rr 913-1 f2" ae 
(1+7) (a+uh)?  (a—iby 
a2. 3-i * 23. a- ib a+ib ° 
If 1, @, w? are the three cube roots of unity, prove 
24. (1+w*)t=o. 25. (l-wto?) (l+o—*) = 4. 


26. (l—o) (l-@ (1-0) (1 ww) 9. 
27. (2+ Sw + 2w")! -- (2 + 2w + Sw?) = 72H, 
28. (L—wtw’) (1-w? +04) (1 — w+")... to 2 factors = 22, 


29. Prove that 
Opyit 3 Brys= (ty ts) (r+ yo 4 cw?) (w+ yw*+ zw). 
30, If r=a+b, y=dotbo%, <=ae*+ ba, 
shew that 


(1) ayz=a3 +bi, 
(2) at+y%+2?=6ab. 
(3) 2493428=3 (u5+b*), 
31, If arteytbe=X, ev+byt+ac= VY, br+ay +oc= fy 


shew that (a? + b?#4 - — be—ca—ab) (2? + 24 22 — ys zr ~ vy) 
= N24 P24 4°- V7Z-NZ- NY, 


CHAPTER IX. 
THE THEORY OF QUADRATIC EQUATIONS. 


111. Arter suitable reduction every quadratic equation may 
be written in the form 


(ie FOLGE “icant (1), 
and the solution of the equation is 
— ba fF 440 
abelian ‘ 
Dg rn neeetnnes 9), 


We shall now prove soine important propositions connected 
with the roots and coetticients of all equations of which (1) is 


the type. 


112. A quadratic equation cannot have more than two roots, 


For, if possible, let the equation ax* +bx+c=0 have three 
diferent roots a, B, y. Then since each of these values must 
satisfy the equation, we have 


ao + bates 0 isccie isn cewtaseiauans (1), 
GB OB POU erherte heats (2), 
ay+by tes O.. .. ee (3), 


From (1) and (2), by subtraction, 
a (a’ — B*) + b(a—B)=0; 
divide out by a— £8 which, by hypothesis, is not zero; then 
a(a+B)+b=0. 
Similarly from (2) and (3) 
| a(B+y)+b=0; 
.. by subtraction a{a-y)=90; 


which is impossible, since, by hypothesis, a is not zero, and a is 
not equal to y. Hence there cannot be three different roots. 


6—2Z 
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113. In Art, 111 let the two roots in (2) be denoted by a and 
B, so that 
= Re Ay, 
a= -b +,/b* - 4ac ‘ B By 


2a 


—~b— ,/b*=4ac. 
oe aaa 
then we have the following results : 


(1) If b’-4ac (the quantity under the radical) is positive, 
a and B are real and unequal. 


(2) If 6°-4ac is zero, a and B are real and equal, each 


es . e b 
reducing in this case to — —. 
2a 


(3) If 0? — 4ac is negative, a and B are imaginary and unequal. 
(4) If b°~ 4ae is a perfect square, a and B are rational and 
unequal. 
By applying these tests the nature of the roots of any 
quadratic may be determined without solving the equation. 
Example 1, Shew that the equation 2z°—6r+7=0 cannot be satisfied 
by any real values of zx. 
Here a=2, b= -6, c=7; 80 that 
b? ~ dac =: (- 6)? -4.2.7= -— 20. 
Therefore the roots are imaginary. 
Example 2. If the equation z?+ 2 (k+2) <+9k=0 has equal roots, find k. 
The condition for equal roots gives 
(k + 2)3= 9k, 
k? -5k+4=: 0, 
(k-4)(k-1)=0; 
. k=4, orl, 
Example 3, Shew that the roots of the equation 
x? — 2px +p? - g?+2qr-r=0 
are rational. 
The roots will be rational provided (-- 2p)?~4(p?-q*+2qr—r?) is a 
ect square, But this expression reduces to 4 (q?~ 2gr +r), or 4(g—r)!. 
ce the roots are rational. 








at — b+, fb? 4a —b~,/b*— hae 
114. Since a= “Se -, B=--- peo 


we have by addition 
-b+,/b?— 4ac — b — ,/b* —4ac 
Br ae gn 


a+ B= 
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and by multiplication we have 


ap = (ot Jl" = Ace) (— b — fb" — 4ae) 
ha? 
_ (— 5)? — (0° — 4ac) 
ae 
2 a ee (2) 


By writing the equation in the form 
b 
gta gegen), 
a a 
these results may also be expressed as follows. 


In a quadratic equation where the coefficient of the first term ts 
unity, 


(i) the sum of the roots is equal to the coefficient of a with 
its sign changed ; 


(ii) the product of the roots is equal to the third term. 


Note. In any equation the term which does nut contain the unknown 
quantity is frequently called the absolute term. 


b c 
] 15. 1 iH SS, ee i ae — — 
Since ae B, and = af, 


the equation 2*+ : x + = O may be written 


xv —(a+ B)e+aB=O oc eeees (1). 
Hence any quadratic may also be expressed in the form 
a* — (sum of roots) x + product of roots=0......... (2). 
Again, from (1) we have 
(ea) (eB) 0 chins iets om (3). 


We may now easily form an equation with given roots. 


Example 1. Form the equation whose roots are 3 and — 2, 
The equation is (w ~ 8) (2+ 2)=0, 
E ci—-g¢—-6=0. 


When the roots are irrational it is easier to use the following 
method. . 
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Example 2. Yorm the equation whose roots are 2+,/3 and 2 —,/3. 


We have sum of roots= 4, 
product of roots=1; 
.. the equation is x? — 4r4+1=0, 


by using formula (2) of the present article. 


116. By a method analogous to that used in Example I of 
the last article we can form an equation with three or more given 
roots, 


Example 1. Form the equation whose roots are 2, ~ 3, and f ; 


The required equation must be satisfied by each of the following sup- 
positions : 


oj 


x-2=0, 7+3=0, x--=0; 


an 


therefore the equation must be 
, 7 
(c — 2) (2c 4-3) (« _ 5) = (0; 


that is, (x ~ 2) (+3) (5x - 7) =0, 
or 503 -- 20? — 877 +42=0. 
Example 2. Form the equation whose rvots are 0, +a, ; : 


The equation has to be satisfiod by 


Cc 
T=, Te ~- Ud, ES) 5 


r=0 i 


therefore it is 
x (c+a)(r- a) ( ~ i) a 


that is, x (x? ~a*) (bx ~c)=0, 
or bat = cx) ~ aba? + ater = 0. 


117. The results of Art. 114 are most important, and they 
are generally sufficient to solve problems connected with the 
roots of quadratics. In such questions the roots should never be 
considered singly, but use should be made of the relations ob- 
tained by writing down the sum of the roots, and their product, 
in terms of the coeflicients of the equation. 

Example 1, Ifa and £ are the roots of 2?- px+q=0, find the value of 
(1) a® + §?, (2) a+ 5%. 
We have a+B8=p, 
afS=q. 
*, at+ #=(a+f)?— 208 
=p. 
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Again, a? + A? = (a+ B) (a? + A - af) 
=p {(a+B)°- 8af; 
=p (p? - 39). 
Example 2. Ifa, 8 are the roots of the equation Iz? +mz+n=0, find the 
equation whose roots are j : 


B _a?+p° 
ap , 


We have sum of roots a + 
roduct of roots =~ B =1; 
Pp ~ Bp a r] 


*, by Art, 115 the required cyuation is 


wu? (<3*) z2+1=0, 
ap 


or afc” — (a? + 8") r+ a8=0. 





m* ~ Qnl 


As in the last example a? + 8*= — - po? and ap =") 


2 
*, the equation ix e¢ i ae - Le de x +) 


or nlc? — (m? — 2nl) x+nl=0, 


=0, 


3+) 
Example 3. When «=—-~~— = eS 7 , find the value of 2.73 + 227- 7x 4-72; 


and shew that it will be unaltered if poe) be substituted for x. 





Form the quadratic equation whose roots are = — ; 
the sum of the roots =a s 
the product of the roots ee ae 
hence the equation is 2c? -62+17-0; 


“. 2283-62417 is a quadratic expression which vanishes for either of the 





‘ | 
values 3 5. - 1 ‘ 
2 
Now 229422? —7x472=2 (227 -6x417) 4 4 (207 - Gx 4+17)44 
=2x044x044 
on 4y 


which is the numerical value of the expression in each of the supposed cases. 
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118. To find the condition that the roots of the equation 
ax'+bx+c=0 should be (1) equal in magnitude and opposite 
an sign, (2) reciprocals. 


The roots will be equal in magnitude and opposite in sign if 
their suin is zero; hence the required condition is 


ot: or b=0. 
a 


Again, the roots will be reciprocals when their product is 
unity ; hence we must have 


c 
—=l, ore=a. 
a 


The first of these results is of frequent occurrence in Analyti- 
cal Geometry, and the second is a particular case of a more 
general condition applicable to equations of any degree. 


Example. Find the condition that the roots of az?+br+c¢=0 may be (1) 
both positive, (2) opposite in sign, but the greater of them negative. 


b € 
We have = + =-, 
a+B 7 aB - 


(1) If the roots are both positive, a8 is positive, and therefore c anda 
have like signs. 


Also, since a +-£ is positive, - is negative; therefore b and a have unlike 
signs. 

Hence the required condition is that the signs of «a and c should be like, 
and opposite to the sign of b. 


(2) If the roots are of opposite signs, af is negative, and therefure c and 
4 have unlike signs. 


Also since a +8 has the sign of the greater root it is negative, and there- 


fore : is positive; therefore } and « have like signs. 


Hence the required condition is that the signs of « and b should be like, 
and opposite to the sign of c. 


EXAMPLES, IX. a. 


Form the equations whose roots are 


1, ~*, S, 2. ae me 3. Pod | ae 
( nr m prqd P-Y 


4, 742,/5. 5B. +2./3-5, 6. —pt+2V 39. 
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7. -345i. 8 -atib. 9, +i(a—d). 
7 2 1 2 
10, -3,5,5- 3° 0-5. 12, 2+4,/3, 4. 


13. Prove that the roots of the following equations are real: 
(1) 2-2%ar+a?—b?- c?=0, 
(2) (a—b+c)a*+4(a-b)x+(a-b-c)=0. 


14, If the equation 2? ~ 15 —m (2% -—8)=0 has equal roots, find the 
values of m. 


15. For what values of a will the equation 
g? — 2x (143m) +7 (34+2m) =0 
have equal roots ? 
16. For what value of 2 will the equation 


w—be m1 


“ax-c) m+l 
have roots equal in magnitude but opposite in sign 4 
17. Prove that the roots of the following equations are rational: 
(1) (at+te—b) 2°74 2er+(b+c—a)=0, 
(2) abc?z? + 3a%er + bor — 6a? — ab + 2b?=0. 


If a, 8 are the roots of the equation av? + be+c=0, find the values of 
2 
18. = + 2 ' 19. aff’ +a7pt. 20. € _ e 
a” = B a 
Find the value of 


21. a344?—-274+22 when v=1 4 27, 
22, x3 ~3r2-8r4+15 when v=347. 
r — 
23, a8 — ax? + 2a%r + da? when ae 1-,/-3. 
24, Ifa and § are the roots of 22+ pr7+9=0, form the equation 
whose roots are (a — 8)? aud (a+ 8)". 
25. Prove that the roots of (v—a)(2—b)=/? are always real. 


26. If.x,, 2, are the roots of a2?+ bx +¢=0, find the value of 
(1) (aay +b)-?+ (arg tb)~%, 
(2) (ax, +b)-3+ (ary +) 
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97, Find the condition that one root of azv?+b7¢c+c=0 shall be 
2 times the other. 


28. Ifa, 8 are the roots of a? +br+e=0, form the equation whose 
roots are a?+ 8? and a~?+ 872. 


29, Form the equation whose roots are the squares of the sum and 
of the difference of the roots of 
Qxt42 (m+) w+ m+ n?=0, 


30, Discuss the signs of the roots of the equation 
pxer+gque+r=0. 


119. The following example illustrates a useful application 
of the results proved in Art. 113, 


; : , : -11 
Example. If x is a real quantity, prove that the expression = ig) 


can have all numerical values except such as lie between 2 and 6. 


Let the given expression be represented by y, so that 
De TE is 
Q(z-3) ~43 
then multiplying up and transposing, we have 
x? + 22 (1-y)+6y -11=0. 

This is a quadratic equation, and in order that x may have real values 
4(1-y)?~4(6y—11) must be positive; or dividing by 4 and simplifying, 
y? — 8y +12 must be positive; that is, (y — 6) (y ~2) must be positive. Hence 
the factors of this product must be both positive, or both negative. In the 


former case y is greater than 6; in the latter y is less than 2. Therefore 
y cannot lie between 2 and 6, but may have any other value. 


In this example it will be noticed that the quadratic expression 
y’ — 8y + 12 is positive so long as y does not lie between the roots 
of the corresponding quadratic equation y* ~ 8y + 12 = 0. 


This is a particular case of the general proposition investigated 
in the next article. 


120. Jor all real values of x the expression ax*+bx +c has 
‘he same sign as a, except when the roots of the equation ax*+bx+c-0 
re real and unequal, and x has a value lying between them, 


Cask I. Suppose that the roots of the equation 
ax’ +ba+e=0 
are real; denote them by a and £, and let a be the greater. 
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- b c 
Then at bu tena(at+ 7°) 


I! 


a{x'—(a+ B)x+ af} 
=a(a~a) (#8). 


Now if w is greater than a, the factors w-a, a—B are both 
positive ; and if a is less than £, the factors a —a, «— 8 are both 
negative ; therefore in cach case the expression («— a) (a — B) is 
positive, and ax’? +be+c has the same sign asa. But if a has a 
value lying between a and £, the expression (a — a) (x— B) is 
negative, and the sign of ax* + bx 4-¢ is opposite to that of a. 


Case Il. Ifa and B are equal, then 
ax’ + bu+c=a(e— a)’, 
und (a —a)’ is positive for all real values of w; hence an’ + ba+e 
has the same sign as a. 


Cask II]. Suppose that the equation aa?+bx+c=0 has 
Imaginary roots; then 


a 


b : dac—b’| 
wr («+ x) aocat 


But b° — 4dac is negative since the roots are imaginary ; hence 
4ac — 6° 
4a’ 


( h y dac-— bv? 
2+) 4+ -——-— 


is positive for all real values of a; therefore az’ +be+e¢ has the 
same sign as @ This establishes the proposition. 


: Oo c 
aa + bate atae 4 - at 
a 


is positive, and the expression 


121. From the preceding article it follows that the expression 
az" +bz+c will always have the same sign whatever real value « 
may have, provided that b* — 4ac is negative or zero; and if this 
condition is satistied the expression is positive or negative accord- 
ing as a is positive or negative. 


Conversely, in order that the expression ax’ +ba+e may be 
always positive, 6°— 4ac must be negative or zero, and @ must be 
positive ; and in order that aa*+bx+c¢ may be always negative 
b?— dac must be negative or zero, and a must be negative, 


92 HIGHER ALGEBRA. 


Example. Find the limits between which a must lio in order that 


an 1e+ 
ba? -Te+a 
may be capable of all values, x being any real quantity. 
ar’ —%r + 5 
Put ~Tz¢a7 3 
then hee es )~ay)=0. 


In order that the values of x found from this quadratic may be real, the 
expression 
49 (1 — y)? -4(a - by) (5- ay) must be positive, 


that is, (49 — 20a) y?+ 2 (207+ 1) y + (49 — 20a) must be positive; 


hence (2a? + 1)? — (49 -20u)? must be negative or zero, and 49 — 20a must be 
positive. 


Now (2a? +1)? — (49 — 20a)? is negative or zero, according as 
2 (a? — 10a + 25) x 2 (a? + 10a - 24) is negative or zero; 
that is, according as 4 (a—5)?(a+12) (a — 2) is negative or zero. 


This expression is negative as long as « lies between 2 and —12, and for 
such values 49 — 204 is positive; the expression is zero when a=5, — 12, or 2, 
but 49 - 20a is negative when a=5. Hence the limiting values are 2 and 
~ 12, and a may have any intermediate value. 


EXAMPLES. IX. b. 


1. Determine the limits between which » must lie in order that 


the equation 
Qax (ax +ne)+(n? ~2)¢c?=0 


may have real roots. 


2. Ifa be real, prove that cere Bed must lie between 1 and — A 


3. Shew that *, ees asa Fee between 3 ne Be forall real values of x. 


3 
x + B40 — 
4. If x be real, prove that 490. 7 can have no value between 
5 and 9. 
, Nc 
5. Find the equation whose roots are ---* ae 
a/ at VA a-—b 


6. Ifa, f are roots of the equation x? — pr+qg=0, find the value of 
(1) a? (a?8~1~ 8) +B? (B’a™! — a), 
(2) (a-p)-*+(B-p)~*. 
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7. Ifthe roots of lz? +nx+2=0 be in the ratio of p : g, prove that 


[e+ af Z =0. 
g i 


(w7+m)* —-4mn 


8. If x be real, the expression 5 (w z = 


admits of all values 
except such as lie between 2x and 2m, 
9. If the roots of the equation az?+2be+c=0 be a and B, and 
those of the equation Av?+2Bce+C=0 be at+éand 8+, prove that 
| b-ac BY AC 


— 
=— 


7 eae ae 
10. Shew that the expression pe les will be capable of all 
y+ 30 — 42° 
values when wv is real, provided that p las any value between 1 and 7, 
, +2 
ll. Find the greatest value of — rece a g for real values of 2. 


12. Shew that if. is real, the expression 
(2? — be) (Qu —b—e)7! 


has no real values between Db and e. 


13. If the roots of w?+2be+c=0 be possible and different, then 
the roots of 


(a+) (av? + 2ba +c) =2 (ae — 0°) (227 +1) 
will be impossible, and vice versd. 


i = = on °) ill be capable of all 


values when wv is real, if a? — 0? and ¢?— ave ihe game sign. 





14, Shew that the oxpression 


*122. We shall conclude this chapter with some miscellaneous 
theorems and examples, It will be convenient here to introduce 
a phraseology and notation which the student will frequently 
meet with in his mathematical reading. 


Derinition. Any expression which involves «, and whose 
value is dependent on that of a, is called a function of x. 
Functions oe x are usually denoted ‘by symbols of the form /(2), 
B(x), > (2). 

Thus the equation y= f(x) may be considered as equivalent 
to a statement that any change made in the value of x will pro- 
duce a consequent change in y, and vice versd. The quantities x 
and y are called variables, and are further distinguished as the 
independent variable and the dependent variable. 
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An independent variable is a quantity which may have any 
value we choose to assign to it, and the corresponding dependent 
variable lias its value determined as soon as the value of the inde- 


pendent variable is known. 


*123. An expression of the form 
pet pe t+ pa + tp et p, 
where n is a positive integer, and the coefficients p,, 7, Py.--p, 40 
not involve x, is called a rational and integral algebraical function 
of x. In the present chapter we shall confine our attention to 
functions of this kind, 


*124. A function is said to be linear when it contains no 
higher power of the variable than the first; thus ac + 6 is a linear 
function of x <A function is said to be quadratic when it 
contains no higher power of the variable than the second ; thus 
aa + ba +c is a quadratic function of # Functions of the third, 
Jourth,... degrees are those in which the highest power of the 
variable is respectively the third, fourth,..... Thus in the last 
article the expression is a function of a of the 2" degree. 


*125, The symbol /(a, y) is used to denote a function of two 
variables 2 and y; thus ax+by+c, and ax’+ bay +cy*+ du+ ey +f 
are respectively linear and quadratic functions of a, y. 


The equations f(x) =0, f(r", y) = 0 are said to be linear, quad- 
ratic,... according as the functions f(x), f(x, y) are linear, quad- 
ratic,.... 


*126. We have proved in Art. 120 that the expression 
ax'+bx+c admits of being put in the form a(x—-a) (#— £), 
where a and £ are the roots of the equation az? + ba+e~- 0. 

Thus a quadratic expression az’+bax+c is capable of being 
resolved into two rational factors of the first degree, whenever 
the equation az’+bx+c -0 has rational roots; that is, when 
b? — 4ac is a perfect square. 


*127. Zo find the condition that a quadratic function of x, y 
may be resolved into two linear factors. 


Denote the function by f(a, y) where 
S (a, y) = aa’ + 2hay + by’ + 2ga+ By + ¢. 
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Write this in descending powers of x, and equate it to zero; 
thus 
aa" + Qa (hy + y) + by? + 2fy+e=0. 
Solving this quadratic in x we have 
ee ty +9) = hy +g) = a (by + By +e) 
ab d 


or axcthy+g=" Jy (h*— ab) + 2y (hg — af) + (g* — ac). 


Now in order that f(x, y) may be the product of two linear 
factors of the form px+qy+7, the quantity under the radical 
must be a perfect square ; hence 


(hg — af)’ = (h? — ab) (yg? — ac). 
Transposing and dividing by a, we obtain 
abe + 2fgh — af? — bg’? — ch? - 0; 
which is the condition required. 


This proposition is of great importance in Analytical Geometry. 


*128. To find the condition that the equations 
ac’ +bx+c=0, aa’? + b'a+ c= 0 
may have a common root. 
Suppose these equations are both satistied hy a=a; then 
aa*+ba+c=0), 
wa'+bat+e =0; 
., by cross multiplication 


a® a l 


be -Ve ew — ca ab! — a’ 
To eliminate a, square the second of these equal ratios and 
equate it to the product of the other two; thus 
a Re eee ee 
(ca'—c'a)* (be — b’c) * (ab — ab)’ 
.*. (ca’ ~ c'a)* = (be’ — b’c) (ab’ — wb), 
which is the condition required. 
It is easy to prove that this is the condition that the two 


- 


quadratic functions az* + bay + cy" and a’a* + b'wy + c'y* may have 
& common linear factor. 
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*EXAMPLES. IX. c. 


1, For what values of m will the ex) 2ssion 
of + Qry + 224+ my -—3 
be capable of resolution into two rational factors 7 


2, Find the values of # which will make 2.2? + mcy +3," - by -2 
equivalent to the product of two linear factors, 


3. Shew that the expression 
A (v2 —y*) — ry (B-C) 
always admits of two real linear factors. 
4, If the equations 
w+ pr+q=0, vit piety’: O 
have a common root, shew that it must be either 
ML APY op 
» saa ae og 
5. Find the condition that the expressions 
la?+mry+ny?, Uat+miryt+an'y? 
may have a common linear factor. 
6. Ifthe expression 
30? + BP vy + Qy? + 2ar—- ty4+1 
ean be resolved into linear factors, prove that 7 must be one of the 
roots of the equation P?+ 4a P + 2a?+6==0. 
7, Find the condition that the expressions 
a? + Qhvy + by?, a’x® + Wary tU'y* 
may be respectively divisible by factors of the form y— m2, my +.. 
8, Shew that in the equation 
x? — 3xy + 2y? ~ 2x —3y — 35 =0, 
for every real value of « there is a real value of y, and for every reaF 
value of y there is a real value of x. 
9, Ifa and y are two real quantities connected by the equation 
9x? + Qry +4? — 920 — 20y + 244=0, 
then will « lie between 3 and 6, and y between 1 and 10. 


10, If (ax? +h~+c)y+a'x'+b'z+¢ <0, find the condition that 
may be a rational function of y. 


CHAPPER OX. 
MISCELLANEOUS EQUATIONS, 


129. In this chapter we propose to consider some muis- 
cellaneous equations; it will be seen that many of these can be 
solved by the ordinary rules for quadratic equations, but others 
require some special artifice for their solution. 


8 8 


Example 1, Solve 8x2" — Br "= 63. 


8 
Multiply by +3* aud transpose; thus 


3 Le 
8x" — 63.77" - B- 0; 
& A 
(22* — 8) (82" +1) =0; 
4 e 
r2n= 8, or — > 


° — on 7 
. 72, or gen 


Example 2. Bolve 2 fiat 3 ve = 4 + es , 
a roa b 
Let Jari then Nort 
a vrsy 


+75 

y a ob 

2aby? — Bary — b*y + 38ab 30; 
(2ay — b) (by - 8a)=0; 


_b o 3a | 

y= oa? b? 
a bP 9a? | 
ty = Tb or he? 

b? 9a? 


that is, 


et gen a 


~1 


H. H. A. 
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Krample 3. Solve (4-5) (# - 7) (2 +6) (w +4) =504, 
We have (a? - « — 20) (a? ~ 2 - 42) = 504; 
which, being arranged as a quadratic in x?- 2x, gives 
(x? — 2)? — 62 (a2 - x) +836 =0; 
*, (a? — 2-6) (2? - a - 56)--0; 
. wa -6=0, or z2-a- 56-0; 


whence raB, -2, 8, —7. 


130. Any equation which can be thrown into the form 
aa + ba +o+ p 2a) ae + be te— q 
may be solved as follows. Putting y= si) a + be +c, we obtain 
yf” + py -gq= 0. 


Let a and £ be the roots of this equation, so that 


tt ern 


from these equations we shall obtain four values of x. 


When no sign is pretixed to a radical it is usually understood 
that it is to be taken as positive; hence, if a and B are both 
positive, all the four values of a satisfy the origina’ equation. 
If however a or 6 is negative, the roots found from the resulting 
quadratic will satisfy the equation 

ax? +batc—p Jar + be+e- q, 


but not the original equation. 


EFrample. Solve x?-52+2,/r?- 5e+3=12. 
Add 8 to each side; then 
x? — bat 342 fe? be+8=15, 


Putting ./z?-b2+3=y, we obtain y2+2y—15=0; whence y=38or - 5, 


Thus ./z?-5r+8= +8, or fax? —b24+3= ~5. 
Squaring, and solving the resulting quadratics, we obtain from the first 
5/113 ; 
a=6 or —1; and from the second pa leNih . The first pair of values 


satisfies the given equation, but the second pair satisfies the equation 


at — Br 2 fot - br +8=12, 
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131. Before clearing an equation of radicals it is advisable 
to examine whether any common factor can be removed by 
division. 


Eaample. Solve /c?—- Tax + 10a? — /2?+ az — 6a? = - a, 
We have 
<p (2 — 2a ) (a - 5a) _ gh (x — 2a) (+ 3a) =a — 2a. 
The factor y x ~ 2a can now be removed from every term; 
« afz- Bax Jet 80s Jz 2a: 
x—Sa-+-2+3a-2 f(x —6a) (x +3a)=2 - 2a; 
@H0jJesdae- toa 
37 — Bar — 60a2=0; 
(xv — Ga) (82 4+ 10a) =0; 


‘ 10a 
v=ba, or — > 


Also by equating to zero the factor ,/.c — 2a, we obtain x =u. 
On trial it will be found that x=6a does not satisfy the equation: thus 


the roots are - ar and 2a. 


The student may compare a similar question discussed in the Klementary 
Algebra, Art. 281, 


132. The following artifice is sometimes useful, 


Example. Solve J 3.2 — 4a + 34+ / Ba? 4-9 oe ee, (1). 
We have identically 
(327 — 4a + 34) - (32? - 4a -W) = 4500, (2). 


Divide cach member of (2) by the corresponding member of (1); thus 


Now (2) is an identical equation true for allwalues of .c, whereas (1) is an 
equation which is true only for ecrtain values of 7; hence also equation (3) 
is only true for these values of x. 


From (1) and (8) by addition 
/ 8x2 — 42 4+34=7; 


5 
whence #=3, or “3° 
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133. The solution of an equation of the form 
aa’ = ba? + ca’ bz +a = 0, 
in which the coetlicients of terms equidistant from the beginning 
and end are equal, can be made to depend on the solution of a 
quadratic. Equations of this type are known as reciprocal equa- 
tions, and are so named because they are not altered when a is 


e e . ] 
changed into its reciprocal - . 


For a more complete discussion of reciprocal equations the 
student is referred to Arts. 568-—570. 


Example. Solve 1224 - 5623+ 89.7 — 567412 =0. 


Dividing by «* and rearranging, 


12 (24 7) ~ ob (++ ) + 89-0, 
H is 


Put ere then -r? +- Pgh g: 
r oe? 
» 12 (2? - 2) - 5624+ 89=0; 
5 
whence we obtain Epes , or 13 , 

2 6 
1 5 13 

r+- = 5, 0r 


1 3 2 


By solving these equations we find that x= 2, yay: 


134. The following equation though not reciprocal may be 
solved in a similar manner. 


Example, Solve Gat — 2573 +1222 + 2544 6=0. 


We have 6 (#455) - 25 (« ae ) +12-0; 


whence 6( 2 s) - 25 (2-7) +24=0; 
2(e -;)- 3-0, or 8( a - - 5) -8=0: 
a % 
1 1 
whence we obtain x= 2, -9) 8, - 3° 


135. When one root of a quadratic equation is obvious by 
inspection, the other root may often be readily obtained by 
making use of the properties of the roots of quadratic equations 
proved in Art. 114, 
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Example. Solve (1 - a?) (+a) — 2a(1— 27) —0. 
This is a quadratic, one of whose roots is clearly ua. 
Also, since the equation may be written 
2Qax? + (1 -a*).c - a (1 +a*)—0, 


2 1+a? 
the product of the roots is - ae ; and therefore the other root in — - oan 


EXAMPLES. X. a. 


Solve the following equations : 


1, wo 4#-QeI=8, 2 U+e7 flown, 
1 . J 1 
3. 2/u+Q0 t= 4, Gel—Tel -Qe 4 
2 1 3 
5. ate en 6. Bak et — 2=V. 
3 Wr ae lew 
P en ed =? %. ; = = —_% . 
7. 9) fit ‘ we 22% 8 a ae | RA 4 k 
- b 
9, 6f/e=5e 7-13. 10, 1482949828 0. 
1], 3%49=10. 3+ 12, 5(5*4+5 *)—26. 
13, 24 +84] = 32. 2°, 14, 22*+3_- 57 =65(2*— 1). 
1 3 nf Qa" 
e 2% —= a. 7 J SS SS ede ‘ 
15 a! + 9% 2 16 or 5 Y70 


lV. (@—7) (w@ —3) (@ +5) (a+ 1) =1680. 
18. (749) (v— 3) (w - 7) (w+ 5) = 385. 
19, (Qv+1) (v7 — 2) (20-3) = 63. 

20. (2v—7) (22-9) (2v4+5)=91. 

Q1. 22+ 2./r?+ 6r= 24-62. 

22, 302-404 /32%-427—-6=18. 

23, 307-743 +3 /30 ~ 162 + 21=1b.. 


ea 


au — 2 
2” 3 


+ /2a8—be4+8=—— 
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44, 


49. 


50, 


51. 
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S388 Bet] ( 8 y 


: es 

fda? — Tax — 15 — fa? = 8a= ae 
en 8G (a? — —7.e+6)— dE: ~ 62 —1=0. 
Jatt Qun - 32% — Ja? fax — 6vt =: / 2a? + 8au — 9x. 
Jf 2n7 + bu —-2— /2u2+50—-9= 1. 
ss ener te + ue Bu? — 20-4513. 
jas Seces Tau = 30 - fate — Vee os H = 4 = i) : 
w+ — 44+ 74+1=0, 


ay. : 7+ 1 = 8034+ Bu. 37, at $1 -3 (08 +.0) = 22%, 


10 (at +1) — 63x (a? — 1) + 522% =0. 








wt 12a _ Vat ut 2+ Jut-- du? be 

w—/12a—x ~ fan-l sg hel Pa data: a 
2 & fat Lae eee 

at +2? ~1 - ks : 5 = Bu fv? a Ov + 2. 


um iene Lo oat faut —1 


~1l § s ¢ 
Jeans Nea! a 43. vt paet we 








Jue 2 ~| av 
Qn": 92% 8 : 1, 45, (a? 4-1) = (a + at)a, 
8./a—5 _N30-7 47, 18(7e-8) _ 250 /2e+1 
3. — 7 e-5 | " Qu) Ba Tie 8 ; 


1 


(ata3+4 (a~ c= 5 (v2) 
RP ers On eee rear eee 


t+ et /xt—] T- e—Jat ae 
w—fat-1 w+ ct Jut—l 
at ~ 223 4 7 = 380, 52. 2729+21v+8=0 


a = HG, 
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We shall now discuss some simultaneous equations of 


two unknown quantities. 


(w+ 2)? + (y +3)? + (c+ 2) (y +3) =741. 
Put c+2=u, and y+3=v; then 


hence, from (1) and (2), we obtain by division, 


From (1) and (3), 
and 
or 


whence 
thus 


Example 2. Solve 


Put 
then from (2) we obtain 


Substituting in (1), 


whence 
and 


Thus 


Example 8. Solve 


UP VES UVHRBD ccc cceccccecccc csc cee eee eenens (1), 
WF PUY = TAL, cicada vetsavens wahewale)y 
U+tu—- Juv =19 ee rae ee Te re (3). 
u+v=29; 
Juv =10, 
uv = 100; 


w= 25, or 4; v=4, or 25; 


w=: 23, or 2; y=1, or 22. 


BOAO De csr ees Cites beth iaoa se (1), 
pe | B= eee ae Re a eee ree Cy (2). 
L=Uutv, and y=u-v; 
v=l, 
(w+1)34+(u—1)4= 82; 
. 2 (u4+ Gu? +1) =82; 
ui+6u?—40=0; 
w=4, or —10; 
u= £2, or + ./-10. 
o=38, -11+ / -10; 
y=i, -3, -1+ J -10. 
2e+y £-Y _o. 
bra ety Thee sites Aatersearumtehnnteone (1), 
fire 3) eae 1) SaOee eneme ee ORere eree (2). 


From (1), 15 (2x7 + 8xy + y? — 827 + 4zy — y*)=38 (8.0? + 2ry — y?); 
o. 12927 - 29ry ~ 88y?=0; 
wv. (Bx - 2y) (482 4+ 19y) =0. 
Hence 
or 4382 = = 19y eee er eer ee (4). 
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x 7x +5 
From (3), P) nee i nae a 


=1, by equation (2). 
*.. c=2, y=3. 


: 4 
Again, from (4), = ee a 


19° ~ 43" —82 
= — by equation (2), 
d51 1247 
t= — Yor --. 


B27 7 ye 
sol 1247 


Hence r=2, y=3; or c= - go =p - 


Example 4. Solve dr 4 3r%y + y®=8, 
2x3 — Qr2y + ry? =1. 
Put y= mz, and substitute in both equations. Thus 
£944 38mbmP) Hb ices 6 Gswsai iad (1). 


OUD 2 A) eed x teresa seed asi geaneel (2). 
_ 443m+4+ m3 _ 


""9-2m+ m2 
m$ — 8m?4+19m —12=0; 


that is, (m—1) (m— 3) (m- 4)=0; 
*, m=1, or 3, or 4. 


(i) Take w=1, and substitute in either (1) or (2). 


From (2), w=1; 2. z=; 


and y=mz=c=l. 


(ii) Take m=3, and substitute in (2); 


afl 

8 /J 

and y=me= 3.023 nls 
5 


(iii) Take m=4; we obtain 


a/1 
10z*=1; oe z= 4/63 


d ve 
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Hence the complete solution is 
1 a | $71 
very ns 5? 10° 
8 /l 371 
Neal, 3 ye 4 J ie 
Notre. The above method of solution may always be used when the 
equations are of the same degree and homogencous. 
Example 5. Solve 3la*y?-Ty*-112ry+64=0 0, (1), 
ete Try ty? + 80 sis iccaicsscicsennen ees (2). 
From (2) we have —8=2?-Try+4y?; and, substituting in (1), 
3la*y? — Ty*+ ldcy (x? - Tey + 4y?) + (a? - Try + 4y*)*=0; 
2. Blx2y? — Ty$ + (x7 - Tay + by") (l4acy + 2? — Try +4y") =0; 
2. Blaty? — Ty + (a? + 4y?)? - (Try)? =0; 


that is, eh Om yt Oy 0 | oceans taneneel (3). 
". (a? — y?) (x? - By") = 0; 
hence y= ty, or r= +3y. 


Taking these cases in succession and substituting in (2), we obtain 


rmy= £2; 


c= —-yot np 


r= +38, y= +1; 


Ory 5 ane BS 
a i ae me ‘i 


Nore. It should be observed that equation (3) is homogeneous. The 
method here employed by which one equation is made homogeneous by a 
suitable combination with the other is a valuable artifice. It is especially 
useful in Analytical Geometry. 


Lowe’ 


& 
Example 6. Solve (r+ y)3 +2 (c- y)3 == 3 (x? - y2)s ot fas desman (1). 
BS ZY SUS ol ciiweindis avira tnereeoins (2). 


Divide each term of (1) by (x?- 4), or (£ +y)3 (c- y)*; 


1 1 

& ka Hy 

oe (==¥) + 2 (3 y = 8. 
a-y a+y 
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1 
This equation is a quadratic in (Et f ) , from which we easily find, 


ay 


1 
: 3 
G~”) =2orl; whence pou ee orl ; 
r-y Cc 2 


“. Te=9y, or y=0. 
Combining these equations with (2), we obtain 


t= 9, y=Ty or =, y = 0. 


EXAMPLES. XX. b. 


Solve the following equations : 





1, 3v-2y=7, 2 bu —y=3, 3. du-3y=1, 
vy == 20. of? — 6a? = 25. 1Q0y + 13y7 = 25. 
4, wt+ 277? +y7!=931, 5. att ary +y?=S4, 
vee wy +7=19. vm Jey +y =6. 
6. tvyty = 65, 1 vty =T4alery, 
ce wy py? == 2275. wi yrs: 133 — xy. 
8, 8x2 —5y%=7, 9, Sy*—Tat=17, 10. 3u%+165=16.ry, 
3cy — 4y* = 2. Say — Gr? = 6, Tay + dy? = 132. 
ll. de bay + y= 15, 120 wty?—8=3ry, 
Slay — 3x? — 5y? = 45. 2u°-6+y"=0. 
13. 24+74=706, 14. wt+yt= 272. 15, 26 — y= 992, 
B+ y= 8. wm Y=. vm Y= 2. 
4 wv yd ( 
16, 7+-=], 7. —4+2 a5, 18, S47 =5 
y YY 6 2 2°05 
4 3 2 5 5 
4 — = 26, a=], _ — ot 
Its C+y ; u a 6 
1 1 2 4 
19. x«+y=1072, 20. vy? + yr? = 20, 21. t+ yt = 5, 


zs 5 8 a, ee 
a3 + y= 16, xh + t= 65. 6(c t+y *) a5, 
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22. ee 4, 23. eee 
‘y - Ju — Sy ei 17 
m/s + fee a otis andy 
eee vty? = 706. 


26. wv? +4y?-15c=10(8y-8), wy=6. 
27. w?y24+400=4dlay, y*=5xy — 40%, 
28, 4? +5y=6420vy —25y24+22, Te—lly=17. 
29, 9074+332 -12=1]Qey—4y?+22y, wt-awy—18, 
30. (ut —y*) (v—y)=l6xry,  (at—y') (2? - 7?) = 6400/4. 
Sl, 20? — vy + a Qu? + doy =5y. 

Oty —y Abe 
32. ry aye 8° 
33. (y? — Bary —4)4+24=:0, wy? ~ dey 4+ Qe) 48-0, 
34, 82° — Bay? +P 421=0, a? (y—a:)==1. 
35,0? (da? - 108) = 2 (w3- 9/7), Qo24+ Vey +? = 108. 
36. Gate’ y? + 16=20 (l2e+y), a tay i= 
37, wlata)=y(b+y), av+by=(at+y). 
38, aytab=2an, aty?+ ab? = 2b4y"*, 

w-ad y-b 1 aq 1 

mee Cage aa eh ya ee 
40, be =10wbet 8u5y, wp =10ab-y + Bb, 
41. 20 (0 1) det tg ue a? 


9a as 


Su — Ty =. 


137. Equations involving three or more unknown quantities 
can only be solved in special cases. We shall here consider some 
of the most useful methods of solution. 


Ewcample 1. Solve oe oa) Re of Bl oh ee anes Oo Tene ne (1), 
te SOD isara rer ae (2), 
DY 10 cgesswosidiet aweeente eens na (3) 

From (2) and (3), (c+ y)* + 27= 80. 


Put uw for x+y; then this equation becomes 


we +27 85. 


108 HIGHER ALGEBRA. 


Also from (1), ut+z=13; 
whence we obtain w=7 or 6; <=6 or 7. 
Thus we have ce y= 7; and Cty = a 
zy=10 xy =10 


Hence the solutions are 
xr=0, or 2,) a=82/-1, 


y=2, or 5, or y=340'-1, 
z=6 > Pees 
Example 2. Solve (x+y) (uv +2) = 30, 


(y +z) (y +x) =16, 
(z+a) (z+y)=18. 
Write u,v, w for yt+z, z+x, z+y respectively ; thus 
vw=30, wu=15, w= 18 0... ee . (1). 
Multiplying these equations together, we have 


u?v*w? = 30 x 15 x 18 =15? x 6; 
ee UW= + 90. 
Combining this result with each of the equations in (1), we have 


u=3, v=6, w=5; or w=-—3, v=-6, w=-5; 


we Yt2=3, y+z2=-3, 
ie=6| or ran 6 
r+y=5; r+y=— 3, 
whence e=4, y=l, z=2; or c=~4, y=-]1, z=-2. 
Ezample 3. Solve OF heap ee Ne il seis at kai oS cc) aeaauser es (1), 
Se ees age ee Sere eee (2), 
a a a ee (3). 


Subtracting (2) from (1) 
y? ~a8+2(y-—z)=30; 


that is, (Y~X)(Z+YHAZ) HBO cece ee eee (4). 
Similarly from (1) and (3) 
(2—x)(@ ty +2) 210 occ ae (5). 
Hence from (4) and (5), by division 
Y= 3, 
2-2 


whence y = 82-2. 


Substituting in equation (3), we obtain 


From (2), 
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x? — 8272 4+8z2=13. 


z+ wz+ 22=19. 


Solving these homogeneous equations as in Example 4, Art. 136, we obtain 


g=2+2, z= +3; and therefore y= +5; 


or 


Example 4. 


T- *&-- = 


11 ‘6 
JST’ ae Jt’ and therefore y = Fig 


Solve 2?-yz=a, y2-zae=b?, 22-ay=c?, 


Multiply the equations by y, z, x respectively and add; then 


Cr Oy O82 0 on ceneh sng gdeeed aan iiaeecnawentes (1). 
Multiply the equations by z, z, y respectively and add; then 
DEF Cp O20 bi eass Sixes (2). 


From (1) and (2), by cross multiplication, 


ar y z 
at—I2e2 bt 2a? 


Substitute in any one of the given equations; then 
k? (a8 + 08 + c8 ~ 3a*b?c?) =1 ; 


ut y z 
* at U2 04 a? 


EXAMPLES. 


Solve the following equations : 


1. 


5. 


7. 


Qr+y —8z=0, 2. 


Av — 8y+72=0, 
Yet aut cy = 47, 


v-y~c=2, 4, 


vc? + y? — 24? = 22, 

ry =. 

wi+y? — P= 21, 6. 
302+ 3yz — Way = 18, 
e+y—z=5, 

uv? + Qay + 30z = 50, 8. 
2y? + 3yz+ y= 10, 

322 + 22+ Qzy = 10. 


1 


ane * / G4 16 4 cB — BW 
Jah 4 D8 4 06 ~ Barbec- 


xX. Cc 
37+ y —2:=0, 
42 —-y-—3:=0, 


v3 + y3 + 23 = 467, 


w+2y—-z=11, 

vw — 4y2+22= 37, 
re= 9h. 

v2 vy + c= 18, 
y+ yetye+12=0, 
22 +20 + 2y = 30. 

(y —2) (z+.r) = 22, 
(g+2) (%—-y) = 33, 
(ty) (y¥-2)=6 
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9, a2yctu= 12, a®yrzut=8, aPyctut=1, Bay2zPu? = 4, 


10. aty2z=12, adyst= 54, rtysz? = 72. 


ll rytert+y=23, 12, Qay—4r+y--17, 
v+e+c=Al, 3y2+y4 ~ 62 = 52, 
Yor yps=27. Gus + 32 + Qare 29. 


13, wety=Ts, yotu=8s, ot y+c= 12. 
14, P4743ed3, P+ y+ced’, atyteoea. 
15, wt+y?+Peyrter+ay= a, Bv-ytsa/3, 


16.0 2? ty2 += 21a, ystor— cy =Ga?, Bry — Qo2 Bu. 


INDETERMINATE EQUATIONS. 


138. Suppose the following problem were proposed for solu- 
tion : 


A person spends £461 in buying horses and cows; if each 
horse costs £23 and each cow £16, how many of each does he buy? 


Let a, y be the number of horses and cows respectively ; then 


2304+ Gy = 461. 


Here we have ove equation involving two unknown quantities, 
and it is clear that by ascribing any value we please to x, we can 
obtain a corresponding value for y; thus it would appear at first 
sight that the problem admits of an infinite number of solutions. 
But it is clear from the nature of the question that # and y must 
be positive integers; and with this restriction, as we shall see 
later, the number of solutions is limited. 


If the number of unknown quantities is greater than the 
number of independent equations, there will be an unlimited 
number of solutions, and the equations are said to be indeter- 
minate. In the present section we shall only discuss the simplest 
kinds of indeterminate equations, confining our attention to posi- 
tive integral values of the unknown quantities; it will be seen 
that this restriction enables us to express the solutions in a very 
simple form. 


The general theory of indeterminate equations will be found 
in Chap. XXvI. 
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Fzxample 1. Solve 7x +12y = 220 in positive integers. 
Divide throughout by 7, the smaller coefficient ; thus 








by 3 
F tne | Mids 
rt+yt 7 1+ 73 
5y — 3 
aty +n 2 ee ee (1) 
Since x and y are to be integers, we must have 
by =o = integer : 
7 
loy-Y 
and therefore te = Integer ; 
. y-2., 
that is, 2y-1+4+ cs == integer ; 
y-2 
and therefore va = integer = p suppose, 
6 Y-2=Tp, 
or SA TAO e 2g al surosnpnucastatisanck ace (2). 


Substituting this value of y in (1), 
t+ip+2+hp41=31; 
that ig, ad Disa oe ncded attoaces en eae anie woes (3). 
If in these results we give to p any integral value, we obtain corresponding 
inteyral values of x and y; but if p> 2, we see from (3) that x is negative ; 


and if p is a negative integer, y is negative. Thus the only positive integral 
values of « and y are obtained by putting p=0, 1, 2. 


The complete solution may be exhibited as follows: 
p= 0, 21, 2, 
7=28, 16, 4, 
y= 2, 9, 16. { 
- 3 


" 
Notr, When wo obtained “t “=:integer, we multiplied by 3 in order 


to make the coefficient v y differ by unity from a multiple of 7. A similar 
artifice should always be employed before introducing a symbol to denote 
the integer. 


Example 2. Solve in positive integers, I4x~lly=29..........0..00. (1). 


Divide by 11, the smaller coefficient; thus 


3x ee 
is coe Ba 


geen per y = integer ; 
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hence 122 — 28 _ integer ; 
11 
; 2-6. 
that is, r-24+—. =integer ; 
11 
r-6 





= integer = p suppose ; 


, seen 
and, from (1), y= l4p+5 
This is called the general solution of tha equation, and by giving to p 


any positive integral value or zero, we obtain positive integral values of x 
and y; thus we have 


a0. Me 8 UB siiedieroes 
ear Oe VT) 285-80 nacre ; 
y=5, 19, 83, 47,2... 
the number of solutions being infinite. 
Example 3, In how many ways can £5 be paid in half-crowns and florins? 
Let 2 be the number of half-crowns, 7 the number of florins; then 
5a + ‘ = 200; 


oy rey tG = 60; 


x, 
. 47 integer =p suppose ; 


‘. a=4p, 
and y =50- 5p. 

Solutions are obtained by ascribing to p the values 1, 2, 3, ...9; and 
therefore the number of ways is 9. If, however, the sum may ‘be ‘paid either 
in half-crowns or florins, p may also have the values 0 and 10. If P= =0, 
then x= 0, and the sum is paid entirely in florins; if p=10, then y=0 ,and 


the sum is paid entirely in half-crowns. Thus if zero values of « and y are 
admissible the number of ways is 11. 


Example 4. The expenses of a party numbering 43 were £5. 14s. Gd.; if 
each man paid 5:., each woman 23. 6d., and each child 1s,, how many were 
there of each? 


Let z, y, z denote the number of men, women, and children, respectively ; 
then we have 
BAYH AB ricci siseeseeaiiennians (1), 


10x + 5y + 2z = 229. 
Eliminating z, we obtain 8x +3y = 143. 
The general solution of this equation is 
x= 8p+1, 
y = 45 — Bp; 
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Hence by substituting in (1), we obtain 
z=dp- 8. 
Here p cannot be negative or zero, but may have positive integral values 
from 1 to5. Thus 


ped, 2; 8, 4. 4; 
z= 4, 7,10, 13, 16; 
y = 37, 29, 21,138, 5; 
ea 2, 1, 42; 41 22- 


EXAMPLES. X. d. 
polve in positive integers : 
1. 3v48y=103. 2. 5e+2y=53. 3. Fv+12y=152. 


4, iBetlly=414. 5, 23804+25y=915. 6. 4le447y=2191. 


Find the general solution in positive integers, aud the least values 
of w and y which satisfy the equations: 


7, 50-Ty=3. 8, Gu - 13y=1. 9, 8e-2ly=33. 
10. 17y—-137=0. ll. 19y—23v=7. 12. 77y —30x=295. 


13. <A farmer spends £752 in buying horses and cows; if each horse 
costs £37 and each cow £23, how many of each does he buy ? 


14, In how many ways can £5 be paid in shillings and sixpences, 
including zero solutions ? 


15. Divide 81 into two parts so that one may be a multiple of & 
and the other of 5. 


16. What is the simplest way for a person who has only guineas 
to pay 10s. 6c. to another who has only half-crowns ? 


17. Find a number which being divided by 39 gives a remainder 16, 
and by 56 a remainder 27, How many such numbers are there ? 


18. What is the smallest number of florins that must be given to 
discharge a debt of £1. Gs. Gu, if the change is to be paid m half-crowns 
only ? 


19. Divide 136 into two parts one of, which when divided by 5 
leaves remainder 2, and the other divided by 8 leaves remainder 3. 


20. I buy 40 animals consisting of rains at £4, pigs at £2, and oxen 
at £17: if I spend £301, how many of cach do T buy ¢ 


21, In my pocket J have 27 coins, which are sovereigns, half-crowns 
or shillings, and the amount I have is £5. Us. 6d.; how many coins of 
each sort have I? 


H, H. A. 8 


CHAPTER XI. 
PERMUTATIONS AND COMBINATIONS. 


139, Eacn of the arrangements which can be made by taking 
some or all of a number of things is called a permutation. 


Each of the groups or selections which can be made by taking 
some or all of a number of things is called a combination. 


Thus the permutations which can be made by taking the 
letters a, b, c, d two at a time are twelve in number, namely, 


ab, ac, ad, be, bd, ed, 
ba, ca, da, ch, db, de; 


each of these presenting a different arrangement of two letters. 


The combinations which can be made by taking the letters 
a, b, c, d two at a time are six in number: namely, 


a, ac, ad, be, bd, ed; 
each of these presenting a different selection of two letters. 


From this it appears that in forming combinations we are only 
concerned with the number of things each selection contains ; 
whereas in forming permutations we have also to consider the 
order of the things which make up each arrangement, for instance, 
if from four letters a, b,c, d we make a selection of three, such 
us abe, this single combination admits of being arranged in the 
following ways : 

abe, acb, bea, bac, cab, cba, 


and 80 gives rise to six different permutations. 
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140. Before discussing the general propositions of this 
chapter there is an important principle which we proceed to 
explain and illustrate by a few numerical examples. 


If one operation can be performed in mm ways, and (when it 
has been performed in any one of these ways) a second operation 
can then be performed in 1 ways, the number of ways of per- 
forming the two operations will bem x n. 


If the first operation be performed in any one way, we can 
associate with this any of the n ways of performing the second 
operation : and thus we shall have 2 ways of performing the two 
operations without considering more than one way of performing 
the first; and so, corresponding to each of the m ways of per- 
forming the first operation, we shall have » ways of performing 
the two; hence altogether the number of ways in which the two 
operations can be performed is represented by the product 
mx n. 


Example 1, There are 10 steamers plying between Liverpool and Dublin; 
in how many ways can a man go from Liverpool to Dublin and return by a 
different steamer? 


There are ten ways of making the first passage; and with each of these 
there is a choice of nine ways of returning panes the man is not to come back 
by the same steamer); hence the number of ways of making the two journeys 
is 10 x 9, or 90. 


This principle may easily be extended to the case in which 
there are more than two operations each of which can be per- 
formed in a given number of ways. 


Example 2. Three travellers arrive at a town where there are four 
hotels; in how many ways can they take up their quarters, each at a 
different hotel? 


The first traveller has choice of four hotels, and when he has made his 
Rélection in any one way, the second traveller has a choice of three; there- 
fore the first two can make their choice in 4 x 3 ways; and with any one such 
choice the third traveller can select his hotel in 2 ways; hence the required 
number of ways is 4 x 8 x 2, or 24. 


he 


141, Zo find the number of pernutations of n dissimilar thine 
taken v at a time. 


This is the same thing as finding the number of ways 
we can fill up 7 places when we have n different t!y pyor 


disposal. ong thems 


_ The first place may be filled up in » ways * 
things may be taken; when it has been 
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these ways, the second place can then be filled up in 2-1 ways; 
and since each way of tilling up the first place can be associated 
with each way of filling up the second, the number of ways in 
which the first two places can be filled up is given by the product 
a(n~-1). And when the first two places have ven filled up in 
any way, the third place can be filled up in 2 —2 ways. And 
reasoning as before, the number of ways in which three places can 
be filled up is 2 (2 — 1) (v= 2). 

Proceeding thus, and noticing that a new factor is introduced 
with each new place filled up, and that at any stage the number 
of factors is the same as the number of places filled up, we shall 
have the number of ways in which 7» places can be filled up 
equal to 

w(m—1)(w—2)...... to 7 factors ; 
and the 7 factor is 
n-(r-1), or n-rt). 
Therefore the number of permutations of 2 things taken 7 at 


a time 1s 
(2 — 1) (m—2)...... (1-7 +1). 


Cor. The number of permutations of 7 things taken all at 
a tine is 
n(w— 1) (m—2)...... to » factors, 


or . (n—1)(m—2)...... Se 
It is usual to denote this product by the symbol ja, which is 
read ‘factorial 2.” Also 2! is sometimes used for  |2. 


142. We shall in future denote the number of permutations 
of « things taken r at a time by the symbol "2, so that 


"P= (n—-1)(m— 2)... (w—7+1); 
also "P= |n. 
In working numerical examples it is useful to notice that the 


affix in the symbol "J? always denotes the number of factors in 
the rarmula we are using. 


143, The number of permutations of » things taken 7 at 
a time may als be found in the following manner. 


Let "P. represvat the number of permutations of 1 things 
taken 7 at a time. 


PERMUTATIONS AND COMBINATIONS. 117 


Suppose we form all the permutations of » things taken 7 — 1 


at a time; the number of these will be "P_.. 


With each of these put one of the remaining 2—7 + 1 things. 
Each time we do this we shall get one permutation of » things 
ry ata time; and therefore the whole number of the permutations 
of » things 7 at a time is "P__, x (v—r4+1); that is, 


u rp 2 
Pi="P_ x(n—7r +1), 
By writing  — 1 for x in this formula, we obtain 


n> ap . 9° 
Pii="P__i x (n—7r + 2), 
sinilarly, "P= "P_ x (n— 743), 


eee eee saeone ese awne seen onae 


up "Pox (n = 2), 
"Plo="P x(m— 1), 
aa 


Multiply together the vertical columns and cancel like factors 
from each side, and we obtain 


"P =n(n—1) (a — 2) 2... (2 — 7+ 1). 


Example 1. Four persons enter a railway carriage in which there are six 
seats; in how many ways can they take their places ? 


The first person may seat himself in 6 ways; and then the second person 
in 5; the third in 4; and the fourth in 3; and since each of these ways may 
he associated with each of the others, the required answer is 6“ 4x 4x3, 
ar 360, 


Example 2. How many different numbers can be formed by using six out 
of the nine digits 1, 2, 3,...9? 
Here we have 9 different things and we have to find the number of per- 
mutations of them taken 6 at a time; 
.. the requirod result = "J, 
=9xXRxXTxbx5x4 
== 60480. 


4 
144. Jo find the number of combinations of n dissimi a 
things taken v at « time. 


Let "C, denote the required number of combinations. 


Then each of these combinations consists of a grot 
dissimilar things which can be arranged among them: 


jr ways. [Art. 142.] 
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Hence “Cx |r is equal to the number of arrangements of n 
things taken 7 at a time; that. is, 


"CX ae fal 
=n(u—1) (e— 2)... (2-741); 
a(n—-l)(m—2)...(n-74+1 
ee Ute (1), 
\2 
Cor. This formula for "C, may also be written in a different 


form ; for if we multiply the numerator and the denominator by 
‘2 — 7 we obtain 


n(n—1)(n- 2)...(m—7 1 Lyx ur 


rjye- 7 


BO 


The numerator now consists of the product of all the natural 
numbers from x to Ll; 


a” A ae 
e ° (" - é Pel, . 
lv jv—r 


It will be convenient to remember both these expressions for 
"C., using (1) in all cases where a numerical result is required, 
and (2) when it 1s sufficient to leave it In an algebraical shape. 


Norr. If in formula (2) we put r=n, we have 


|R 1 
oe n 10 = /9” 
but "C,,=1, 80 that if the formula is to be true for r—n, the symbol |0 must 
be considered as equivalent to 1. " 


Example. From 12 books in how many ways can a selection of 5 be 
made, (1) when one specified book is always included, (2) when one specified 
90k is always excluded ? 


$ 


(1) Since the specified book is to be included in every selection, we 
only to choose 4 out of the remaining 11. 


Hence the number of ways="'C, 


_11x10x9> 8 
1«2, 3x4 


=: 330, 
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@) Since the specified book is always to be excluded, we have to 
select the 5 books out of the remaining 11. 


Hence the number of ways="'C, 


_Mx10x9x8x7 
~ 1 x2x38x4x5 


= 462, 





145. The nwmber of combinations of n things rv at a time ta 
equal to the number of combinations of n things n—r at a time. 


In making all the possible combinations of 2 things, to each 
group of x things we select, there is left a corresponding group of 
a—?r things; that is, the number of combinations of » things 
7 ata time is the same as the number of combinations of 2 things 
n-r ata time ; 

ee eee Os 


The proposition may also be proved as follows : 


ln, 


nyt Sah, wit, OM eens etd ot ” 
eG [Art. 144.] 
m 
“[aar le 


r 


Such combinations are called complementary. 
Norr. Put r=n, then "C,=*C,=1. 


The result we have just proved is useful in enabling us to 
abridge arithmetical work. 


st 
Hazample. Out of 14 men in how many ways can an eleven be chosen ied 


The required number =!4C,, « 
mMC, 
Hx 1Bx2 
E258 
: BOA, 
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146. To find the number of ways in which m +n things can be 
divided into two groups containing m and n things respectively. 

This is clearly equivalent to finding the number of combi- 
nations of m+ things m at a time, for every time we select 
one group of m things we leave a group of 2 things behind. 


; lane + 7 
Thus the required number = —=== 
bbe 

Nors. If n=m, the groups are equal, and in this case the number of 


2m 


pm jm 2? for in any one way it is possible 
to interchange the two groups without obtaining a new distribution. 


different ways of subdivision is —— 


147. To find the number of ways in which m +n + p things can 
be divided into three yroups containing m, n, p things severally. 


First divide m+2+p things into two groups containing m 
and 2+ p things respectively : the nuinber of ways in which this 
; ae + 94 + p 
can be done is ET 
| [me + p 


~ ee nner 


Then the number of ways in which the group of 2+ 7 things 
can be divided into two groups containing 2 and » things respec- 
: ; hae os 
tively is SR an 
|r Pp 
Hence the number of ways in which the subdivision into three 
groups containing m, 2, p things can be made is 


als ae n+p |r + 20 + p 


[me rtp” | Ip as |r |r \p 


ees 


m [me m’ 


different all the possible orders in which the three groups can oceur in 
one mode of subdivision. And since there are \3 such orders cor- 


onding to each mode of subdivision, the number of different ways in 
[Sav 


|p jm jm [3° 
The pate ways in which 15 recruits ean be divided into 
5 


Nore, If we put »=p=m, we obtain ; but this formula regards 


subdivision into three equal groups can be made is 


re 
imps is Bp eB and the number of ways in which they 


15 


three different regiments, five into each, is 1B Je B 1 (5° 
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148. In the examples which follow it is important to notice 
that the formula for permutations should not be used until the 
suitable selectuons required by the question have been made. 


Example 1. From 7 Englishmen and 4 Americans a committee of 6 is to 
be formed; in how many ways can this be done, (1) when the committee con- 
tains exactly 2 Americans, (2) at least 2 Americans ? 


(1) We have to choose 2 Americans and 4 Englishmen. 


The number of ways in which the Americans can be chosen is *C’,; and 
the number of ways in which the Englishmen can be chosen is ’C,. Each of 
the first groups can be associated with each of the second; hence 
the required number of ways=4C, x 7C, 


if 
~ 22" [4/3 
= =i to. = 210. 
j2j2|8 


(2) The committce may contain 2, 3, or 4 Americans. 


We shall exhaust all the suitable combinations by forming all the groups 
containing 2 Americans and 4 Englishmen; then 3 Americans and 3 English- 
men; and lastly 4 Americans and 2 Englishmen. 


The sum of the three results will give the answer. Hence the required 


number of ways = 40, x70, 440g x TC +4, x Cy 
el ee i 
= [913 “Tala * jp” [slat “72/5 


=: 210+ 140+ 21=371. 


In this Example we have only to make use of the suitable formulm for 
combinations, for we arc not concerned with the possible arrangements of the 
members of the committee among themselves. 


Example 2. Out of 7 consonants and 4 vowels, how many words can be 
made each containing 3 consonants and 2 vowels? 


The number of ways of choosing the three consonants is 7C;, and the 
number of ways of choosing the 2 vowels is ‘C,,; and since each of the first 
groups can be associated with each of the second, the number of combined 
groups, each containing 3 consonants and 2 vowels, is °C, x *C,. 


Further, each of these groups contains 5 letters, which may be arranged 
among themselves in |5 ways. Hence 


the required number of words =’C, x #C,, x [o 


lt git og 
~ {Bi4 [2] 0 


=5*x |7 


== 25200. 
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Example 3. How many words can be formed out of the letters article, so 
that the vowels occupy the even places? 


Here we have to put the 3 vowels in 3 specified places, and the 4 conso- 
nants in the 4 remaining places; the first operation can be done in |3 ways, 
and the second in |4. Hence = 


the required number of words = |3 x |4 
=144, 


In this Example the formula for permutations is immediately applicable, 
because by the statement of the question there is but one way of choosing the 
vowels, and one way of choosing the consonants. 


EXAMPLES XI. a. 


1. Jn how many ways can a consonant and a vowel be cliosen out of 
the letters of the word courage? 


2. There are 8 candidates for a Classical, 7 for a Mathematical, and 
4 for a Natural Science Scholarship. Tn how many ways can the 
Scholarships be awarded ! 


F BP wp 2a 19¢ 
3, Find the value of ®/,, “P,, 2*C,, PC\4. 


4. How many different arrangements can be inade by taking 6 
of the letters of the word eguation ? 


§. If four times the namber of permutations of 2 things 3 together 
iy equal to five times the number of permutations of 2-1 things 
3 together, find 2. 


6. How many permutations can be made out of the letters of 
the word triangle? How many of these will begin with ¢ and end 
with e? 


7. How many different selections can be made by taking four of 
the digits 3, 4, 7, 5, 8,1? Wow many different numbers can be formed 
with four of these digits? 


8. If ™C, : "C,=44 : 3, find x, 
9, How many changes can be rung with a peal of 5 bells ? 


10. How many changes can be rung with a peal of 7 bells, the tenor 
always being last 


11, On how many nights may a watch of 4 men be drafted from a 
crew of 24, so that no two watches are identical? On how many of these 
would any one man be taken? 


12. How many arrangements can be made out of the letters of the 
word draught, the vowels never being separated ? 
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13. In a town council there are 25 councillors and 10 aldermen ; 
how many committees can be formed each consisting of 5 councillors 
and 3 aldermen ? 


14. Out of tho letters A, B, C, », g, 7 how many arrangements can 
be made (1) beginning with a capital, (2) beginning and ending with a 
capital! 


15. Find the number of combinations of 50 things 46 at a time. 
16. If "C\,="C,, find "C},, @C,. 


17. In how many ways can the letters of the word rorrels be 
arranged, if the letters oe can only occupy odd places ? 


18. From 4 officers and 8 privates, in how many ways can 6 be 
chosen (1) to include exactly one officer, (2) to include at least one 
officer ? 


19. In how many ways can a party of 4 or more be selected from 
10 persons ? 


20, If 8C.='C.,., find "C,. 


21. Out of 25 consonants and 5 vowels how many words can be 
formed each consisting of 2 consonants and 3 vowels? 


22, Ina library there are 20 Latin and 6 Greek books; in how 
many ways can a group of 5 consisting of 3 Latin and 2 Greek books be 
placed on a shelf? 


23. In how many ways can 12 things be divided equally among 4 
persons ? 


24, From 3 capitals, 5 consonants, and 4 vowels, how many words 
can be made, each containing 3 consonants and 2 vowels, and beginning 
with a capital ? 


25, At an election three districts are to be canvassed by 10, 15, and 
20 men respectively. If 45 men volunteer, in how many ways can they 
be allotted to the different districts? 


26. In how many ways can 4 Latin and 1 English book be placed 
on & shelf so that the English book is always in the middle, the selec- 
tion being made from 7 Latin and 3 English books? 


27. A boat is to be manned by eight nién, of whom 2 can only row 
on bow side and 1 can only row on stroke side; in how many ways can 


the crew bo arranged ? 


28. There are two works each of 3 volumes, and two works each of 
2 volumes ; in how many ways can the 10 books be placed on a shelf so 
that volumes of the same work are not separated ? 


29. In how many ways can 10 examination papers be arranged so 
that the best and worst papers never come together ? 
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30. An eight-oared boat is to be manned by a crew chosen from 11 
minen, of whom 3 can steer but cannot row, and the rest can row but can- 
not steer, In how many ways can the crew be arranged, if two of the 
men can only row on bow side? 


31. Prove that the number of ways in which p positive and 2 
negative signs inay be placed in a row so that no two negative signs shall 
be together is ?+!C\,, 


32, TEP HP. -80800 31, find x. 


33, How many different signals can be made by hoisting 6 differ- 
ently coloured flags one above the other, when any number of them 
may be hoisted at once? 

34, If Cy. ACL. y= 225 211, find ». 

149. Witherto, in the formule we have proved, the things 
have been regarded as wnlike. Before considering cases in which 
some one or more sets of things may be fir, it is necessary to 
point out exactly in what sense the words lke and wulike are 
used, When we speak of things being dissimilar, different, wn- 
hike, we imply that the things are visibly wnlike, so as to be 
easily distinguishable from each other. On the other hand we 
shall always use the term dike things to denote such as are alike 
to the eye and cannot be distinguished from each other. For 
instance, in Ex. 2, Art. 148, the consonants and the vowels may 
be said each to consist of a group of things united by a common 
characteristic, and thus in « certain sense to be of the same kind; 
but they cannot be regarded as like things, because there is an 
individuality existing among the things of cach group which 
makes them easily distinguishable from each other. lence, in 
the final stage of the example we considered each group to 
consist of five dissimilar things and therefore capable of [5 
arrangements among themselves. [Art. 14] Cor.] - 


150. Suppose we have to find all the possible ways of arrang- 
ing 12 books on a shelf, 5 of them being Latin, 4 English, and 
the remainder in different languages. 


The books in each language may be regarded as belonging to 
one class, united by a common characteristic; but if they were 
distinguishable from each other, the number of permutations 
would he |12, since for the purpose of arrangement among them- 


selves they are essentially different. 
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If, however, the books in the same language are not dis- 
tinguishable from each other, we should have to find the number 
of ways in which 12 things can be arranged among themselves, 
when 5 of them are exactly alike of one kind, and 4 exactly alike 
of a second kind: a problem which is not directly included in any 
of the cases we have previously considered. 


151. Vo find the number of ways in which n things may be 
arranged among themselves, taking them all at a tame, when p 
of the things are exactly alike of one kind, q of them exactly 
alike of another kind, rv of them exactly alike of a third kind, and 
the rest all different. 


Let there he n letters; suppose p of them to be a, g of them 
to be b, r of them to be ¢, and the rest to be unlike. 


Let 2 he the required number of permutations ; then if in 
any one of these permutations the p letters @ were replaced by p 
unlike letters different from any of the rest, from this single 
permutation, without altering the position of any of the remaining 
letters, we could form |p new permutations. Hence if this change 


were made in each of the # permutations we should obtain a x jp 
Lemme 
permutations. 


Similarly, if the ¢ letters b were replaced by q unlike letters, 
the number of permutations would be 


mx ip x VE 


In like manner, by replacing the x» letters ¢ by 7 unlike letters, 
we should finally obtain « x jp x |q x |r permutations. 


But the things are now all different, and therefore adumit of | 
permutations among themselves. Hence 


! i i . 
“uex{pxX ge ire pre 
[p a i | a 
|r 
that is, —— : 
Pp ja" 
which is the required number of permutations. 


Any case in which the things are not all different may he 
treated similarly. 
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Example 1. How many different permutations can be made out of the 
letters of the word assassination taken all together ? 


We have here 18 letters of which 4 are s, 3 are a, 2 are 7, and 2 are n. 
Hence the number of permutations 


13 
= j4/312\2 
=13.11.10.9.8.7.3.5 
= 1001 x 10800 = 10810800, 





Example 2. How many numbers can be formed with the digits 
1, 2, 3, 4, 3, 2, 1, so that the odd digits always occupy the odd places? 


The odd digits 1, 3, 3, 1 can be arranged in their four places in 


4 
L WAY Hissesd Siesta tia tie at iasemtios (1). 
fe 


The even digits 2, 4, 2 can be arranged in their three places in 


Each of the ways in (1) can be associated with each of the ways in (2). 


3 
Hence the required number = 2/2 x | a> 6x 3=18. 
one hema, 


152. To find the number of permutations of n things rata 
tint, when each thing may be repeated once, twice,...... up tor 
times in any arrangement. 


Here we have to consider the number of ways in which r 
places can be filled up when we have a different things at our 
disposal, each of the n things being used as often as we please in 
any arrangement. 

The first place may be filled up in » ways, and, when it has 
been filled up in any one way, the second place may also be filled 
up in % Ways, since we are not precluded froin using the same 
thing again. Therefore the number of ways in which the first 
two places can be filled up is 2m or 2°. The third place can 
also be filled up in 2 ways, and therefore the first three places in 
n° ways. 

Proceeding in this manner, and noticing that at any stage the 
index of n is always the same as the number of places filled up, 
we shall have the number of ways in which the 7 places can be 


filled up equal to 7”. 
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Example. In how many ways can 5 prizes be given away to 4 boys, when 
each boy is eligible for all the prizes? 


Any one of the prizes can be given in 4 ways; and then any one of the 
remaining prizes can also be given in 4 ways, since it may be obtained by the 
boy who has already received a prize. Thus two prizes can be given away in 
49 ways, three prizes in 4° ways, and so on. Hence the 5 prizes can be given 
away in 45, or 1024 ways. 


153. Zo find the total number of ways in which it is possible 
to make a selection by taking some or all of 1 things. 


Fach thing may be dealt with in two ways, for it may either 
be taken or le oft and since either way of dealing with any one 
thing may be associated with either way of dealing with each one 
of the others, the number of selections is 


GS el aol el ea to 2 factors. 


But this includes the case in which all the things are left, 
therefore, rejecting this case, the total number of ways is 2"—1, 

This is often spoken of as “the total number of combinations” 
of » things. 


Example. A man has 6 friends; in how many ways may he invite one or 
more of them to dinner? 


He has to select some or all of his 6 friends; and therefore the number of 
ways is 2°—1, or 63. 


This result can be verified in the folowing manner. 


The guests may be invited singly, in twos, threes,...... ; therefore the 
number of selections =8C',+®C,+8C,+ °C, +6C, + 6C, 


=64+154204154+641=63, 


154. Zo find for what value of r the number of combinations 
of n things r at a time is greatest. 


nm (n—1)(n—2)......Q-7 + 2) (4-741 3 





pier See 1.2.3.....@-I)r 
n n(w—~1) (iv — 2) reer (nm — 7 +9 
~~ aie 1.2.3......(7=1) : 
"Oat n—r+l 





The multiplying factor aS may be written a —1, 


which shews that it decreases as 7 increases. Hence as r receives 
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the values 1, 2, 3...... in succession, "Cis continually increased 


until a 1 —1 becomes equal to | or less than 1. 


m+ 
Now —l>1], 
T 
ntl, 
sO long as ae 
VM 
: wei 
that is, 5. ee 
od 


We have to choose the greatest value of r consistent with 
this Inequality. 


(1) Let 2 be even, and equal to 2a; then 


m+1l Q2m441 pee 
0 = gy Pe 3° 


and ad 


and for all values of + up to m inclusive this is greater than r. 


e 22 e 
Hence by putting r  m— 5, we find that the greatest number of 
o/ 


combinations is "C,,. 
2 


(2) Juet n be odd, and equal to 2+ 15 then 


w+l 2mat+2 a] 
wen x ee =x }} id 
- ¥ Me ; 


od 


and for all values of ¢ up to a inclusive this 1s greater than 7; 
but when 7 m+ 1 the multiplying factor becomes equal to 1, and 


is Caen - "C, ) that Ih, Onan ! "C,,.. 1 ) 
ed 2 
and therefore the nuinber of combinations is greatest when the 
ntl — 
ae 
same in the two cases. 


° 1 e id 
things are taken at a time; the result being the 


155. The formula for the number of combinations of 2 things 
rat atime may be found without assuming the formula for the 
number of permutations. 

Let "C, denote the number of combinations of 2 things taken 
y at a time; and Jet the » things be denoted by the letters 
Le a ay | ea 
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Take away a; then with the remaining letters we can form 
"1 _, combinations of 2—1 letters taken r—1] at atime. With 
each of these write a; thus we see that of the combinations 
of » things 7 at a time, the number of those which contain 
ais ""C_.; similarly the number of those which contain 
bis"'C__,; and so for each of the 7 letters. 


Therefore nx"~'C,_, is equal to the number of combinations 
y at a time which contain a, together with those that contain J, 
those that contain c, and so on. 


But by forming the combinations in this manner, each par- 
ticular one will be repeated r times. For instance, if 7 = 3, the 
combination abe will be found among those containing a, among 
those containing 6, and among those containing c. Hence 


_ nv 
ee Oca x 3 : 


By writing 2 — 1 and 7-1 instead of 2 and 7 respectively, 


n~-l 
umd _ wrasy bi Bs 
C..= Cees en Oa 
sy 
peas <6 ee oh er 
Snuilarly, ‘ "C3 = " ee ™ id _ 9 ) 
a 7 == ad 
ess i ee mally 6 aed aes 2 ‘ 
27 as ” , 
and finally, sr tly eso Le 


Multiply together the vertical columns and cancel like factors 
from each side ; thus 


So ae iid eet eae 





156. Zo find the total number of ways in which it is possible 
to make a selection by taking some or all out of p+ a+r to. 
things, whereof p are alike of one kind, q alike of a second kind, r 
alike of a third kind; and so on. 


The p things may be disposed of in »+1 ways; for we may 
take 0, 1, 2, 3, ...... p of them. Similarly the q things may be 


disposed of in g+1 ways; the r things in r+1 ways; and 
80 on. 


H. H. A, 9 
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Hence the number of ways in which all the things may be 
disposed of is (p+1)(q+1) (r41)...... ; 

But this includes the case in which none of the things are 
taken; therefore, rejecting this case, the total number of 
ways is 


(pt (qt i) 4)... — 1, 


157. A general formula expressing the nwmber of permuta- 
tions, or combinations, of 2 things taken 7 at a time, when the 
things are not all different, may be somewhat complicated ; but a 
particular case may be solved in the following manner. 


Ezample, Find the number of ways in which (1) a selection, (2) an ar- 
rangement, of four Ictters can be made from the letters of the word 


proportion. 
There are 10 letters of six different sorts, namely o, 0,0; p,p; rry tty a. 
In finding groups of four these may be classificd as follows: 


(1) Three alike, one different. 

(2) Two alike, two others alike. 

(3) Two alike, the other two different. 
(4) All four different. 


(1) The selection can be made in 5 ways; for each of the five letters, 
p, r,t, i, n, can be taken with the single group of the three like letters o. 


(2) The selection can be made in °C, ways; for we have to choose two out 
of the three pairs 0,0; p,p; 7,7. This gives 3 selections. 


(8) This selection can be made in 3 x 10 ways; for we select one of the 
3 pairs, and then two from the remaining 5 letters, This gives 30 selections. 


(4) This selection can be made in °C, ways, as we have to take 4 different 
letters to choose from the six 0, p, r, t, i, n. This gives 15 selections, 


Thus the total number of selections is 54+3+30+15; that is, 53, 


In finding the different arrangements of 4 letters we have to permute in 
all possible ways each of the foregoing groups. 


4 
(1) gives rise to 5x 7 , or 20 arrangements. 


4 
(2) gives rise to 3 x 2, , or 18 arrangements. 


4 
(3) gives rise to 30 x ‘ , or 360 arrangements. 


—_— 


(4) gives rise to 15 x 4, or 860 arrangements. 
Thus the total number of arrangements is 20 +18 + 3604360; that is, 758. 
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EXAMPLES. XI. b. 


1, Find the number of arrangements that can be made out of the 
letters of the words 
(1) wdependence, (2) superstitions, 
(3) tnstitutions. 


2. In how a ways can 17 billiard balls be arranged, if 7 of 
them are black, 6 red, and 4 white? 


3. A room is to be decorated with fourteen flags; if 2 of them are 
blue, 3 red, 2 white, 3 green, 2 yellow, and 2 purple, in how many ways 
can they be hung? 


4, How many numbers greater than a million can be formed with 
the digits 2, 3, 0,3, 4, 2, 3? 


§, Find the number of arrangements which can be made out of the 
letters of the word Algebra, without altering the relative positions of 
vowels and consonants. 


6. On three different days a man has to drive to a railway station, 
and he can choose from 5 conveyances; in how many ways can he make 
the three journeys ? 


7. J have counters of 2 different colours, red, white, blue,...... sin 
how many ways can | make an arrangement consisting of 7 counters, 
supposing that there are at least r of each different colour? 


8. In a steamer there are stalls for 12 animals, and there are 
cows, horses, and calves (not less than 12 of each) ready to be shipped ; 
in how many ways can the shipload be made? 


9. In how many ways can » things be given to p persons, when 
there is no restriction as to the number of things each may receive? 


10. In how many ways can five things be divided between two 
persons ? 


_ ii. How many different arrangements can be made out of the letters 
in the expression @b%ct when written at full length? 


12, A letter lock consists of three rings each marked with fifteen 
different letters; find in how many ways it is pussible to make an 
unsuccessful attempt to open the lock. 


13. Find the number of triangles which can be formed by joining 
three angular points of a quindecagon. 


14, <A library has a@ copics of one hook, b copies of each of two 
books, ¢ copies of each of three books, and single ues of d books. In 
how many ways can those books be distributed, if all are out at once? 

_ 15. How many numbers less than 10000 can be made with the 
eight digits 1, 2, 3, 0, 4, 5, 6, 74 


16. In how many ways can the following prizes be given away to a 
class of 20 boys: first and second Classical, first and second Mathe- 
matical, first Science, and first French ? 


9—2 
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17. A telegraph hus 5 arms and each arm is aeleais of 4 distinct 
positions, including the position of rest; what is the total number of 
signals that can be made? 

18. In how many ways can 7 persons form a ring? Tn how many 
ways can 7 Englishmen and 7 Americans sit down at a round table, no 
two Americans being together? 

19, In how many ways is it eas to draw a sum of money from 
a bag containing a sovereign, a half-sovereign, a crown, a florin, a shilling, 
a penny, and a farthing? 

20. From 3 cocoa nuts, 4 apples, and 2 oranges, how many selec- 
tions of fruit can be made, taking at least one of each kind? 


21. Find the number of different ways of dividing m2 things into 
n equal groups, 


22. Tleow many signals can be made by hoisting 4 flags of different 
colours one above the other, when any number of them may be hoisted 
at once?) How many with 5 flags? 


23, Find the number of permutations which can be formed out of 
the letters of the word series taken three together? 


24. There are p points ina plane, no three of which are in the same 
straight line with the exception of g, which are all in the same straight 
line; find the number (1) of straight lines, (2) of triangles which result 
from joining them. 

25. There are p points in space, no four of which are in the same 

lane with the exception of g, which are all in the saine plane; find 
how many planes there are each containing three of the points, 


26. There are » different books, and y copies of cach; find the 
number of ways in which a selection can be made from them. 
27, Find the number of selections aud of arrangements that can be 
made by taking 4 letters from the word expression. 
28. How many permutations of 4 letters can be made out of the 
letters of the word examination f 
29. Find the sum of all numbers greater than 10000 formed by 
using the digits 1, 3, 5, 7, 9, no digit being repeated in any number. 
90, Find the sum of all numbers greater than 10000 formed by 
using the digits 0, 2, 4, 6, 8, no digit being repeated in any number. 
31. If of pt+yir things p be alike, and q be alike, and the rest 
different, shew that the total number of combinations is 
(p+1)(g+1) 27-1. 
32. Show that the number of permutations which can be formed 


from 2 letters which are cither ws or b’s is greatest when the number 
of a’g is equal to the number of b’s. 


33, Ifthe 2+1 numbers a, }, c, d,...... be all different, and each of 
them @ prime number, prove that the number of different factors of the 
expression @"bed,..... is (m+ 1) 2"—1, 


CHAPTER XII. 
MATHEMATICAL INDUCTION. 


158. Mayny important mathematical formule are not easily 
demonstrated by a direct mode of proof; in such cases we fre- 
quently tind it convenient to employ a method of proof known as 
mathematical induction, which we shall now illustrate. 


Example 1. Suppose it is required to prove that the sun of the cubes 


of the first 1 natural numbers is equal to | a b 


We can easily see by trial that the statement is true in simple cases, such 
as when 2=1, or 2, or 3; and from this we might be led to conjecture that 
the formula was true in all cases. Assume that it is true when 2 terms are 
taken ; that is, suppose 


- 1))- 
13 4.274.334 00000, to n terms= " he " ‘ 


Add the (1+ 1)" term, that is, (a 4-1)5 to each side; then 


a 
194.27 4 3340000, to n+1 terms = ire +(n-+-1)8 


2 
=(z+1) (5+ N+ 1) 


= (n +1)? (n? + 4+ 4) 
ae ae : 


= fertnsy, 
= > : 


which is of the same form as the result we assumed to be true for n terms, 
n+ taking the place of n; in other words, if the result is true when we take 
& certain number of terms, whatever that number may be, it is true when we 
increase that number by one; but we see that it is true when 8 terms are 
taken; therefore it is true when 4 terms are taken; it is therefore true when 
_ 6 terms are taken; and so on, Thus the result is true universally. 
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Example 2, To determine the product of n binomial factors of the form 
T+ a, 


By actual multiplication we have 
(x +a) (a+b) (ate)= 23+ (a+b+c¢) 2? + (ab+be+ca) x + abe; 


(x+ a) (x +b) (ete) (v+ da) =at+(at+bte+d) x3 
+(ab+ac+ad + be+ bd +. cd) x? 
+ (abe + abd + acd + bed) x + abed, 
In these results we observe that the following laws hold: 


1. The number of terms on the right is one more than the number of 
binomial factors on the left. 


2. The index of x in the first term is the same as the number of 
binomial factors; and in each of the other terms the index is one less than 
that of the preceding term. 


3. The coefficient of tho first term is unity; the coefficient of the second 
term is the sum of the letters a, Ub, ¢,...... ; the coefticient of the third 
term is the sum of the products of these letters taken two at a time; 
the coefficient of the fourth term is the sum of their products taken three at 
a time; and so on; the last term is the product of all the letters. 


Assume that these laws hold in the case of n-—1 factors; that is, suppose 
(eta) (etd). (rth) sat! 4 pyar? pyet 3 + pyr At Dyes 


where ppeatb+e+.h; 
pot ab+act... tah be + bd oo... ‘ 
ps abe + abd +... ; 


Ce ee 


Multiply both sides by another factor +k; thus 
(u-+a) (a+b)... (a+ h) (r+h) 
= ant (py +h) a1 4 (ppt pik) e+ (py t pyk) a 3 +. + py yhe 
Now pytkha(atb+eet+..4hjtk 
=sum of all the n letters a, b, ¢,...43 
Pot pyk=pyotk(atbe... th) 


-=sum of the products taken two at a time of all the 
n letters a, b, c,... k; 


ra 


Pyt Pok=pyt+ k(ab+act+.,.tah+he+...) 
==sum of the products taken three at a time of all | 
the n letters a, b, c,... k; 


Pn-,*k = product of all the n letterg a, b, c, ... k. 
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If therefore the lawa hold when n-1 factors are multiplied together, 
they hold in the case of n factors. But we have seen that they hold in the 
case of 4 factors; therefore they hold for 5 factors; therefore also for 6 
factors; and so on; thus they hold universally. Therefore 

(xt a) (a4 b) (e+e)... (et hk) att Set) + Sct + Soc! 3 4 +S, 
where S,=the sum of all the n letters u, b,c... k; 
S,=the sum of the products taken two at a time of these n letters. 


Oe ee ee oe eo 


S,,= the product of all the n letters. 


159. Theorems relating to divisibility may often be esta- 
blished by induction. 


Example. Shew that «*—1 is divisible by x-1 for all positive integral 

values of 2. 
ae a eee ee 

By division eer Nae iis Slaroore a 
if therefore 2*~! — 1 is divisible by 2-1, then x” - 1 is also divisible by 2-1. 
But z?-1 is divisible by «-1; therefore «?-1 is divisible by c-1; there- 
fore z*— 1 is divisible by z -- 1, and so on; hence the proposition is established. 

Other examples of the same kind will be found in the chapter on the 
Theory of Numbers, 


160. From the foregoing examples it will be seen that the 
only theorems to which induction can be applied are those 
which admit of successive cases corresponding to the order of 


« 


the natural numbers 1, 2, 3, ...... 1. 


EXAMPLES, XII. 


e Prove by Induction : 


l 143454... + (22 -- 1) =n", 
9 ys a ] 

2 17427432400... trie n(n + l)(Qu4 1). 
3. 24274274 0, + 2" = 2(2" — 1), 

1 1 1 n 
a es oe ae ers = —— 

tat 9 3tagrgter to 2 terms Fert 
5. Prove by Induction that 2*—y" is divisible hy «+ y when 2 is 
even. 


CHAPTER XIII, 


BINOMIAL THEOREM. PosItivE INTEGRAL INDEX. 


161. Ir may be shewn by actual multiplication that 
(x + a) (2 +b) (a+c) (a+ d) 
se+(atb+e+d) x’ + (ab+ac+ adt bet bd + ed) a" 
+ (abe + abd + acd + bed) x + abed oo... cee scares: (1). 


We may, however, write down this result by inspection ; for the 
complete product consists of the sum of a number of partial pro- 
ducts each of which is formed by multiplying together four 
letters, one being taken from each of the four factors. [f we 
examine the way in which the various partial] products are 
formed, we see that 


(1) the term 2‘ is formed hy taking the letter a# out of each 
of the factors. 

(2) the terms involving 2* are formed by taking the letter x 
out of any three factors, in every way possible, and one of the 
letters a, b,c, d out of the remaining factor. 


(3) the terms involving a? are formed by taking the letter a 
out of any two factors, in every way possible, and two of the 
letters a, b, c, d out of the remaining factors. 

(4) the terms involving « are formed by taking the letter x 
out of any one factor, and three of the letters «, b, c, d out of 
the remaining factors. 

(5) the term independent of x is the product of all the letters 
a, b, ¢, d. 


Example 1. (x — 2) (2 +8) (2 — 5) (x +9) 
sat+(~ 243-549) 23+ (- 6410-18-15 + 27 -— 45) x? 
+ (80 - 54490 — 135) 2+ 270 
sz x4 Ba ~ 472% ~ B92 +270. 
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Example 2. Find the coefficient of 2° in the product 
(x — 8) (x +5) (x — 1) (w+ 2) (a - 8). 

The terms involving z* are formed by multiplying together the x in any 
three of the factors, and two of the numerical quantities out of the two re- 
maining factors; hence the coefficient is equal to the sum of the products 
of the quantities - 3, 5, -1, 2, —8 taken two at a time. 

Thus the required coefficient 

= ~154+3-6424-5+10-40-248-16 
= — 89. 


162. If in equation (1) of the preceding article we suppose 

b=c=d- a, we obtain 
(a: + @)* = a + 4aa* + Gara? + da’a + at. 

The method here exemplified of deducing a particular case 
from a more general result is one of frequent occurrence in 
Mathematics ; for it often happens that it is more easy to prove 
n general proposition than it is to prove a particular case of it. 

We shall in the next article employ the same method to prove 
a formula known as the Binomial Theorem, by which any binomial 
of the form «+a can be raised to any assigned positive integral 
power, 


163. Zo find the expansion of (x+a)* when n is a positive 
anteger. 


Consider the expression 
(a + a) (0 +b) (+0)... (x +k), 
the number of factors being x. 


The expansion of this expression is the continued product of 
the 7 factors, +a, 7+, w+, ...... a+ k, and every term in the 
expansion is of 2 dimensions, being a product formed by multi- 
plying together 7 Jetters, one taken from each of these 2 factors. 


The highest power of x is x", and is formed by taking the 
letter x from each of the 2 factors. 


The terms involving 2""' are formed by taking the letter x 
from any n—1 of the factors, and one of the letters a, 5, ¢, ... 
from the remaining factor; thus the coefficient of x"”’ in the 
final product is the sum of the letters a, b, c,...... k; denote it 
by 8. 

The terms involving «"~* are formed by taking the letter x 
from any n—2 of the factors, and two of the letters a, b,c, ...% 
from the two remaining factors; thus the coefficient of 2*~* in 
the final product is the sum of the products of the letters 
a, b, ¢, ...k taken two at a time; denote it by §,. 
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And, generally, the terms involving a"~" are formed by taking 
the letter a from any n—r of the factors, and r of the letters 
a,b, c,...k from the » remaining factors; thus the coefficient of’ 
x”~" in the final product is the sum of the products of the letters 
a, b, c,...k taken 7 at a time; denote it by 5. 


The last term in the product is abc... k; denote it by 8). 
Hence (x +a)(a+b)(a+e) ...... (x +k) 


et Sa Sat Pe + Se 


In S, the rember of terms is n; in S, the number of terms is 
the same as the number of combinations of 2 things 2 at a time; 
that is, "C,; in 4S, the number of terms is "C,,; and so on. 

Now suppose 2}, ¢, ... k, each equal to a; then S, becomes 
"Ca; S, becomes "C,a*; S, becomes "Ce"; and so on; thus 


l 3 


(2+ a)" = a2" + "C aa"! + "Cea +"Ca 


substituting for "C,, "C,,... we obtain 


n(m—1) , 4» m(m—1)(m—-2) , 
ee ag Eb a i or 
Tum 1.2.3 ; 
the series containing 2+ 1 terms. 


This is the Binomial Theorem, and the expression on the right 
is said to be the expansion of (a +a)". 


et Ca; 
n 


-} 


(x+a)* = x" + aux" 4 


164. The Binomial Theorem may also be proved as follows ; 

By induction we can find the product of the factors 
e+a, 2+b, a+e,...¢+k as explained in Art. 158, Ex. 2; we 
can then deduce the expansion of (a+ a)" as in Art. 163. 


165. The coefficients in the expansion of («+a)" are very 
conveniently expressed by the symbols "C,, "C,, "C,, ... "C,. 


We shall, however, sometimes further abbreviate them by omitting 
n, and writing C, C,, C,, ... (With this notation we have 


(2 +a)" -- a+ Cyaan" + Cyata® 8+ Coat + 0 te Ca 
If we write —a@ in the place of a, we obtain 
(x — a)" = "+ C, (—a) a"! + C, (— a)*o* 7+ C, (— a) art + Cl (—a)" 
2 oO — Can! + Cyatat 8 — Catal +. + (- 1)"C a, 
Thug the terms in the expansion of (# +)" and (a— a)" are 
numerically the same, but in (a-—a)" they are alternately positive 


and negative, and the last term is positive or negative according 
ag is even or odd, 
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Example 1. Find the expansion of (x +4)°. 
By the formula, 
(at y)®= a8 + SC aby + °C, arty? + °C, wy? + 9Cr2ys + SC ary® + 8Coy® 
= 25 4 Gady + Lbaty? + 20xr8y3 4+ 157y4 + Cry® 4 y%, 
on calculating the values of °C, , °C,, ®Cg,......... : 


Ezample 2. ¥ind the expansion of (a — 2z)’. 
(a - 22)? =a? -7C, af (22) +7C,, a5 (Qr)? —7C, at (Qe)h+....., to 8 terms. 
Now remembering that "C.="C,,_,, after calculating the coefficients up to 


7C,, the rest may be written down at once; for 7C,=’C,; 7C,="C,; and so on, 
Hence 


(a — 2x)? = a? — Ta8 (2x) + - ab (2x)? — : ° a‘ (2x)8 + ...... 
zal — 7a8 (2x) + 2145 (2r)? — 86a4 (22x)? + 35a5 (2r)4 
— 21a? (2x)° + Ta (22x) ~ (22)? 
=a’ — 14a%r + 84a5x* — 280a*z3 + 560a3r4 
~ 672a°x' + 448a2% — 12827. 





Example 3. Find the value of 
(a+ /a?—1)7 +(a— Jfa®=1)’. 


We have here the sum of two expansions whose terms are ee. 
the same; but in the second expansion the second, fourth, sixth, and eight 
terms are negative, and therefore destroy the corresponding terms of the first 
expansion, Hence the value 

= 2 {a7 + 21a? (a* - 1) + 35a3 (a? — 1)* + 7a (a? — 1)3} 

= 2a (64a% — 112a* + 56a? - 7). 


166. In the expansion of (x + a)", the coefficient of the second 
term is "C; of the third term is "C,; of the fourth term is "C,; 
and so on; the suffix in each term being one Jess than the 
number of the term to which it applies; hence “C’, is the co- 
efficient of the (r+1)" term. This is called the general term, 
because by giving to r different numerical values any of the 
coefficients may be found from "C,; and by giving to x and a 
their appropriate indices any assigned term may be obtained. 
Thus the (7 + 1) term may be written 


a ax a 
Oc es ct) ied ATG Ios se) 
" [r 


In applying this formula to any particular case, it should be 
observed that the index of a ts the same as the suffix of C, and 
that the sum of the indices of x and a és n. 





ea. 
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Example 1. Find the fifth term of (a + 22°)”, 


The required term =7C, a} (2r8)4 
17.16.15.14 
“1.2.8.4 
= 38080a8 x!*. 
Example 2. Find the fourteenth term of (3 - a)". 





X 16413 yl! 


The required term = 15¢,, (8)? (-a)8 
=15C, x (- 9a) [Art, 145.] 
= ~945a13, 


167. The simplest form of the binomial theorem is the ex- 
pansion of (1+2)". This is obtained from the general formula 
of Art. 163, by writing 1 in the place of a, and x in the place 
of a. Thus 


(L+a)y® 14 "Cr+ "Cyt... 4 "Catt 14 "C0" 


—1 
=~lenes” vee ) ae eee + ar"; 
the general term being 
1 (n—1) (v— 2)... (w—-r+1) , 
SS ee) on a, 
lr 


— 


The expansion of a binomial may always be made to depend 
upon the case in which the first term is umty; thus 


(x +y)" - = (1 + >} 


4 
= a(1+2)", where x = : 


Example 1. Find the coefficient of x6 in the expansion of (x? - 2,r)", 


2\ 10 
We have (a? — 2x)! = x™ (1- ) ‘ 


x 
ju 
ind, since 2 multiplies every term in the expansion of (1 - =) , we have in 


his expansion to seek the coefficient of the term which contains wae 


Hence the required coefficient = °C, ( — 2)4 
_10.9.8.7 


="17o78.4 * 
== 8860. 


In some cases the following method is simpler. 


16 
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Example 2. Find the coefficient of 27 in the expansion of (24+ 5) 
Suppose that x” occurs in the (p+ 1)" term. 


6) 1 Pp 
The (p +1)" term ="Cp (x*)"P (5 
a 
_ "Cy eet sp, 
: : 5 2n-r 
But this term contains a”, and therefore 2n—5p-—r, or p=— <<? 
J 


Thus the required cocfticient="C,,="C 


‘waar 
5 


Saeed ee 
5On—n) * (8n-+1) 


2 





2n-r, dei. : sets : 
Unless - g— isa positive integer there will be no term containing 2" in 


the expansion. 


168. In Art. 163 we deduced the expansion of (2+ a)" from 
the product of » factors (4+) (a+b)... (a+), and the method 
of proof there given is valuable in consequence of the wide gene- 
rality of the results obtained. But the following shorter proof of 
the Binomial Theorem should be noticed. 


Tt will be seen in Chap. xv. that a similar method is used 
to obtain the general term of the expansion of 


(a+bt+et+...... ie 


169. Zo prove the Binomeal Theorem. 


The expansion of (w+ a)" is the product of s factors, each 
equal to w#+a, and every term in the expansion is of » dimen- 
sions, being a product formed by multiplying together x letters, 
one taken from each of the » factors. Thus each term involving 
x"~"a" is obtained by taking @ out of any r of the factors, and x 
out of the remaining 2—r factors, Therefore the number of 
terms which involve z"~'a" must be equal to the number of ways 
in which 7 things can be selected out of 2; that is, the coefficient 
of a2"~’a" is "C_, and by giving to 7 the values 0, 1, 2, 3, ... % in 
succession we obtain the coefficients of all the terms. Hence 


(@ +a)" =a" + "Ca at "Ca? + 4 Oa +t te, 


since "C’, and "Care each equal to unity. 
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EXAMPLES. XIII. a. 
7 


Expand the following binonnials : 


1. 
4. 


7. 


(u — 3), 2. (3e+2y)' 3. (2u-y)* 
(1 — 3a?) 5, (a ary. 6. (lucy). 


372\4 o\ 6 ryt 
(2- 9 ) : 8. (35) ‘ 9. (1+5) F 


2  3\' 1 \S 1\ 
10. farek 11, (+e). 12. (1-5) 


Write down and simplify: 


13. The 4 term of (v-—5)8 14.) The Lo" term of (1 = 2.c)!, 
15. The 12" term of (2e—-1)%. 16. The 28" term of (5.0 + 8y). 
4 Ww 
17. The 4 term of é | ms) : 
b\8 
18. The 5” term of (2 - 4) . 
. i ot 
19, The 7 term of € _ ) : 
hy 24 
BO 
ae wy? 
20, The 5' term of (-,-",) - 
ae = 
Find the value of 
21. (at+./2)+ 1 -./2)' 22. (n/c? - a? bar) - (2? at ~ 2)', 
93. (/2+1)8— (9/2 —1)% 24. (2 Vb 4Q4 V1 —we 
\ TO 
25. Find the middle term of (¢ + >) : 
DM 
26. Find the middle term of ( -%) ; 
” sale ; 3a\)9 
27. Find the coefficient of 218 in ae ; 
28. Find the coefficient of v'8 in (aut — bz). 
16 
29, Find the coefficients of 7°? and .r-"7 in (w _ ) ; 
; . a3\ 
30. Find the two middle terms of (3a _ 5) ‘ 


6 
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0 
$1, Find the term independent of 2 in G v2 nm): 


16 
32. Find the 13" term of (o» a - is) ; 


NEL 


Poy\e ; . 
33, If 2 occurs in the expansion of («4 ) , find its coefficient. 
x 
: ‘ ye" 
34, Find the term independent of 2 in (2 .) ; 


: : ’ are 
35. If 2? occurs in the expansion df (0+) » prove that its co- 
v 


— ' iQ 
efficient Is — - 





i 1 as 
=P) |g utp) 


170. Ln the expansion of (1 +x)" the coefficients of terms equt- 
distant from the beginning and end are equal. 


The coefficient of the (7 +1)" term from the beginning is 
"C’. 

The (7+ 1)" term from the end has 2+ l-(r+1), or w-¢ 
terms before it; therefore counting from the beginning it is 
the (1-7 +1) term, and its coefficient is "C__|, which has been 
shewn to be equal to "Cl. [Art. 145.] Hence the proposition 
follows. 


71. Zo jind the greatest coefficient in the expansion of 
(1 +x)’ 

The coefticient of the general term of (1 +2)" is "C_; and we 
have only to find for what value of 7 this is See 

By Art. 154, when m is even, the greatest coeflicient is "C, ; 


2 
wy or "C,,3 these two coeflicients 
2 ie 


and when 2 is odd, it is "C 


being equal, 
172. To find the greatest term in the expansion of (x ta). 
g v1 
a " 
We have (a + a)" = ac" (2 + =) ; 
x 


therefore, since a" multiplies every term in (1 + =) , it will be 
Sufficient to find the greatest term in this latter expansion. 
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Let the o* and (7+1) be any two consecutive terms. 
The (r+1)" term is obtained by multiplying the r™ term by 





m-~r+1 a : 1 
————- , —; that is, by Cr a 1) =i [Art, 166.] 
r x ° we 
w+ : 
The factor = —1 decreases as 7 increases; hence the 


(r+1)™ term is not always greater than the " term, but only 


[n+] a 
until (“= ~ 1) -~ becomes equal to 1, or less than I. 
x 





wu +1 a 
Now ( - ae 1) ~ >, 
r aw 
m+ L 
so long as Soe 7s [een 
r a 
F n+l «2 
that is, oe Bi; 
rT (t 
“mu +1 
or wumomnmome ee ee tee (1 ) 
oe 
~ +] 
@ 
w+] : 
If be an integer, denote it by p; then if r — p the 
re bs 
—~+] 
a 


multiplying factor becomes 1, and the (y + 1)™ term is equal to the 
p™; and these are greater than any other term. 


n+) Seurat 
Tf meee be not an integer, denote its integral part by q;3 


aera 

a 
then the greatest valuc of + consistent with (1) is qj; hence the 
(q+ 1)™ term is the greatest. 


Since we are only concerned with the awumerically greatest 
term, the investigation will be the same for («—«)"; therefore 
in any numerical example it is unnecessary to consider the sign 
of the second term of the binomial, Also it will be found best 
to work each example independently of the general formula, 
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Example 1. If n=5, find the greatest term in the expansion of (1 +42)°. 


Denote the r" and (r +1) terms by 7, and T,,, respectively ; then 





Tyee Ae xT, 
=2o! x ax Ye 
hence Lys > Lys 
9-r 4 
so long as ye XB ds 
that is 36 - 4r> 3r, 
or 86>7r. 


The greatest value of + consistent with this is 5; hence the greatest term 
is the sixth, and its value 


4\5 4\° 57344 
8! *\ 87 Se eo See 
i. vax (5) vax (5) 243° 
Example 2. Find the greatest term in the expansion of (3 —2r)® when 
e=1. 
9 
(3 ~ 2x)*= 3° €@ ~ *) " 


P ; ‘ 2r\* 
thus it will be sufficient to consider the expansion of (1 - Q : 


3 
Here Tyseet? i 2 x T'., numerically, 
10-r 2 
=o KEX Ty: 
hence Tryi> Ts 
Bo long as ule ee 
g r 8 ? | 
that is, 20> br. 


Hence for all values of r up to 3, we have 7, > Fe; but if r=4, then 
T4,=T,, and these are the greatest terms. Thus the 4* and 5‘ terms are 
numerically equal and greater than any other term, and their value 


3 
== 8° x 9C, x G) == §6 x 84 x 8= 489888. 
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173. To find the sum of the coefficients in the expansion 
of (1 +xy. 
In the identity (l+a)*=1+C,7+C,a°+ Cy*+...4+0 2", 
put «= 1; thus 
2%9=14+C0,40,4+0,+..4+¢C, 
= sum of the coefficients. 


Cor, (+0, 4+O,+..+0, = 2"=-1; 
that is “the total number of combinations of n things” is 2"—1. 


[Art. 153,] 


174. Zo prove that in the expansion of (1 +x)", the sum of 
the coefficients of the odd terms is equal to the sum of the coefficients 
of the even terms. 

In the identity (1+a)"- 14+C,74+Cj°+Cye+...+ 02", 
put x=-—1; thus 


0=1-C,4+0,-C,4+0,-C, + ...... ; 
te LEO IRC Hse =O, +0, +O, + 0.00. 
“ (sum of all the coefficients) 
a: Oro! 


175. The Binomial Theorem may also be applied to expand 
expressions which contain more than two terms. 
Example, Yind the expansion of (#?+ 27-1). 
Regarding 2x ~ 1 as a single term, the expansion 
= (22)8 + 8 (a2)? (Qe — 1) + 822 (2x — 1)? + (2x - 1)3 
= 25 + 625 + 9x6 — 4x8 — 927? 462-1, on reduction. 
176. The following example is instructive. 


Example, If (1+az)*=¢)+¢,2+¢,2?+...... +¢,2", 


find the value of Co + 2c, + Beg+ 4eg+...... En TY Oo scaniwesiva dave tet (1), 
and C,7 + 20.8 + Bes? + 2... = (oh a oe ee (2). 
The series (1) = (¢y+¢,+ Cat... +€,) + (C; + 2c, + 3e,+ ..... +ne,) 


= 2" +n {r+ (1429 O=9 see vit 


=2"°+n(14+1)*") 
= 2" 47 ,2"-), 
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To find the value of the series (2), we proceed thus: 
)% + Qe, 27 4+ Bey x? +...... +e, 2" 


= NU {1 + (2 ~l)x+ ibaa aa 0 2) Ce 3 oat 
= nx (1+x)""); 
: ‘ 1 
rence, by changing = into — =» We have 
Cy 2p Bes Ny, 0 1\""1 
are — at ied ene Te oe 145) Peihiieebiaiores (8). 
Also Cot C T+ Cyt? +...... eee aki G he 3 nee ea mT: (4). 


If we multiply together the two series on the left-hand sides of (3) and (4), 
ve see that in the product the term independent of z is the series (2); hence 


u—l 
ihe series (2) =term independent of x in “ (1-+ a)" (1 a =) ; 
= term independent of x in a (L+ a)" 


= coefficient of x" in 2 (1+2)?"7! 


an x PRON 


EXAMPLES. XIII. b. 


In the following expansions find which is the greatest term : 
1, (c—y)™® when v=11, y=4. 
2. (2c -3y)* when +=9, y=4. 
3. (2a+6)" when a= 4, b=5. 
4 


(3+ 2.)!5 when «= 


wwe 


In the following expansions find the value of the greatest term : 


5, (1+.c)" when was, n= 6, 


6. (a+2)" when a=, r=5, n=9. 


10—2 | 
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7. Shew that the coefficient of the middle term of (1+.2)™ is 
equal to the sum of the cvefficients of the two middle terms of 
(1+2)**~1, 


8. If A be the sum of the odd terms and B the sum of the 
even terms in the expansion of (7+a)", prove that A? ~— B® = (2? -a?)", 


9, The 24, 3, 4% terms in the expansion of (c+7)" are 240, 720, 
1080 respectively ; find .r, y, 2. 


10, Find the expansion of (1+22—.2°)4, 
1]. Find the expansion of (82? -2ax + 3a), 
12. Find the rt" term from the end in (a +a)". 
an+1 
13, Find the (p+2)" term from the end in («- =) 
14. In the expansion of (1+.r)* the coefficients of the (2r +1) and 


the (7+ 2) terms are equal; find 7. 


15. Find the relation between 7 and 7 in order that the coefficients 
of the 37% and (7 +42)" terms of (1+.7)*" may be equal. 


16. Shew that the middle term in the expansion of (1 +.:)* is 


1.3.5... (2n—- 1) on yn 
Th 


If ¢oy Cy) Cyy «++ Cy Genote the coefficients in the expansion of (14.7), 
prove that 





17. 6, 4+ 2¢,4+3¢,+...... + ey = 70, 2E-), 
Cia Ciutat 
18, ototgt aheke aris Toa ee 
106 a 
% Cy C2 Cn-1 2 
ae Cy (+ 1)" 
20, (eo +¢,) (¢, +¢,) eenaee (ec n- ten mer at eae {x ae 1)” : 
“a 
2c, We, Be Qntig. 3n +1 _ 1 
Bi; Beye ney 
ot 9 + 3 + a wal foea 
99 Doty : |Qre 
ry ¢, Cc Cat FF ve vaee = Ee ee 
— oe In fn 
|20 
CoCr H Oly 4 yH Op 4 OF cevees +Cy-~ n= 


ln—r |n-tr +r" 


CHAPTER XIV. 
BINOMIAL THEOREM. ANY INDEX. 


177. In the last chapter we investigated the Binomial 
Theorem when the index was any positive integer; we shall now 
consider whether the formule there obtained hold in the case 
of negative and fractional values of the index. 


Since, by Art. 167, every binomial may be reduced to one 
common type, it will be sufficient to contine our attention to 
binomials of the form (1 +x)". 


By actual evolution, we have 


ate Vi tc, Ue 


= yas ee a ee ; 
(1 +2)! Vita-ltsa-ga't au 
and by actual division, 
1 
(l -—x) 7 = aE a 1 + Qa 4 3a?+ dart... ; 


[Compare Ex, 1, Art. 60.] 

and in cach of these series the number of terms is unlimited. 
In these cases we have by independent processes obtained an 
expansion for each of the expressions (1 + x)? and (l+a)"". We 
shall presently prove that they are only particular cases of the 


general formula for the expansion of (1 +2)", where 2 is any 
rational quantity. 


This formula was discovered by Newton. 


178. Suppose we have two expressions arranged in ascending 
powers of 2, such as 


Wi eS 1 \ ies 9 
Lt mn et) fy ein) oe ae (1), 


and ]j + + ds nae) a+ ie dy el ae ee ree (2). 
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The product of these two expressions will be a series in as- 

cending powers of x; denote it by 

1+ Ax t+ Bait Ca? + Dab to... ; 

then it is clear that A, B,C, ...... are functions of a and n, 
and therefore the actual values of A, B, C, ...... in any particular 
case will depend upon the values of m and in that case. But 
the way in which the coefficients of the powers of x in (1) and (2) 
combine to give A, B, C,...... is quite independent of m and 2 ; 
in other words, whatever values m and n may have, A, B, C, ...... 
preserve the sume anvariable form. If therefore we can determine 
the form of A, B, C,...... for any value of m and 7, we conclude 
that A, B, C,...... will have the same form for all values of a 
and x. 

The principle here explained is often referred to as an example 
of “the permanence of equivalent forms ;” in the present case we 
have only to recognise the fact that in any algebrarcal product the 
Jorm of the result will be the same whether the quantities in- 
volved are whole nuinbers, or fractions ; positive, or negative. 

We shall make use of this principle in the general proof of 
the Binomial Theorem for any index. The proof which we 
give is due to Euler. 


179. To prove the Binonnal Theorem when the index is a 
positive fraction. 


Whatever be the value of m, positive or negative, inteyral or 
JSractional, let the symbol f (ve) stand for the series 


m(m~1) , m (™m ~ 1) (m —2) , 
1 + ma + Pee agi ee agape ager ee as 


then f(7) will stand for the series 


n(n—) n(n —-1)(m—2) 
Log 88 


If we multiply these two series together the product will be 
another series in ascending powers of x, whose coeffictents will be 
of the same form whatever m and n may be. 


To determine this invariable form of the product we may give 
to mand ” any values that are most convenient ; for this purpose 
suppose that m and n are positive integers. In this case J (m) 
is the expanded form of (1 +)", and f (1) is the expanded form of 
(1 +2)"; and therefore 


1 + vc + 
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ST (m) x f (n) = (1 + 02)™ « (1 +02)" = (1 + x)"*", 
but when m and 7 are positive integers the expansion of (1 + ayn 
18 es (m + n) a+ ples Lae 1 ) xn + 


see eee @ 


This then is the form of the product of f(m) x f(n) in all 
cases, Whatever the values of m and m may be; and in agreement 
with our previous notation it may be denoted by f(m +); there- 
fore for all values of m and n 


> f(m) xf (n) =f (m+n). 
Also I (m) xf (n) xf (p) =f (me + 0) x fp) 
=f(m+n+p), similarly. 


Proceeding in this way we may shew that 
S (m) x f(r) x f(p)...to k factors =/(m + n+p +...to & terms). 


Let each of these quantities mm, n, p, ...... be equal to i : 


where i and & are positive integers ; 


\/ Gf =S(h); 


but since / is a positive integer, f(h) =: (1 +2)'; 
| A\)* 
+ay— 1 (GDh 
th 
(li x)=/ (i) 


but / (;) stands for the series 


h = 
1+ per ete ere : 
: h i-?) 
(tayat+ze+ ih tars popiae ; 


ies proves the Binomial Theorem for any positive fractional 
index. | 
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180. Zo prove the Binomial Theorem when the index ts any 
negative quantity. 


It has been proved that 
Fm) xf (a) =f (m + 2) 


for all values of m and ». Replacing m hy —x (where n is 
positive), we have 


S(-2) x f(n) - f(- +2) 


-f (0) 
] 


? 


since all terms of the series ial the first vanish ; 


ris) =f'(- m2) ; 
but f(r) -(1 +a)", for any positive value of 1; 
1 
ee ice 
or (l+a)"=/(—m). 


But f(—2) stands for the series 


(—”) (—2—1) 2 


ieee a i eee : 


Coto!) sais 


(L+a) "= 14(-nyat 


which proves the Binomial Theorem for any negative index. 
Hence the theorem is completely established. 


181. The proof contained in the two preceding articles ma 
not appear wholly satisfactory, and will probably present some dit 
ficulties to the student. There is only one point to which we 
shall now refer, 


In the expression for f(m) the number of terms is finite when 
m i @ positive integer, and unlimited in all other cases, Bee 
Art, 182. It is therefore necessary to enquire in what sense we 
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are to regard the statement that f(m) x /(n)=f(m+n). It will 
be seen in Chapter xx1., that when 2<1, each of the series /(m), 
f(n), f (m + 2) is convergent, and f (m+n) is the true arithmetical 
equivalent of f(m) xf(n). But when a>1, all these series are 
dwergent, and we can only assert that if we multiply the series 
denoted by /(m) by the series denoted by /(), the first r terms 
of the product will agree with the first r terms of f(m+n), 
whatever finite value r may have. [See Art. 308.] 


a 
Example 1. Expand (1 — x)* to four terms. 


3/3 3/3 3 
a (34 G1) (2) 
: 3 2\2 , 2\2 2 
(1-a)PP=14+5(-2) + (~ «P+ 


3B 3 1 
= rs pd 3 
=1l-jatee +7¢@2 ae 


Kzumple 2. Expand (2432z)~* to four terms. 


p\ ond 
24-32)"4+= 2-4 ie 
2 


“BL 21-08) 259 (BY AACS BY 6 


] 45 135 
ee ~§ ae Pe ae ee pt, 
= 75 (1 Gr tg x 5 Feet ). 


182. In finding the general term we must now use the 
formula 


n(u—1)(m— 2)... (w—7 +1) , 

written in full; for the symbol "C can no longer be employed 
when 2 is fractional or negative. 
m, we 

Also the coefficient of the general term-can never vanish 
one of the factors of its numerator is zero; the series wil! 
fore stop at the r term, when 2—7+1 is zero; that 3 I 
r=n+1; but since r is a positive integer this equality c?™'Y true 
hold except when the index » is positive and integral, '" V® 4F° 
expansion by the Binomial Theorem extends to n+ 1 ter 
n is a positive integer, and to an infinite number of te 
other cases. ) 
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1 
Ezample 1. Find the general term in the expansion of (1+ 2). 


The (r +1)" term = 





_uU- 1) (- 8)(-5)......(-2r+3) 
mom 
Qr [ro 
The number of factors in the numerator is r, and r-—1 of these are nega- 
tive; therefore, by taking —1 out of each of these negative factors, we may 
write the above expression 


(aay L825 Or 8) 


A nie 


1 
Example 2. Find the general term in the expansion of (1 — nr)". 





The (r+1) term = (— nx)” 


_i(i-7) (L-2n)......(l-r- =i. ie 1)r 


nr [r 


1(1-n)(1- 2n) ..... (1 -~r-1 2) ar 


n” x” 


=(-1)" 


—_— 


(aaa ee eee) 5, 
_ (u- 1) Qn-]).. (rT n- -1) 


sinve (-1)' (-1)'=(-1)?-1=-1. 


Aaample 3. Find the general term in the expansion of (1 — x)-3. 


pies 8) (-4)(- ae B—7+)) (yy 
ee eee (r +2) ae 
=(-y° = (-1ru 
ab. : Besse C42) 
=tay ee ae 


_(r+l)(r . - 


by remo 
7 ae like factors from the numerator and denominator. 
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EXAMPLES. XIV. a. 


Expand to 4 terms the following expressions: 


1 3 2 
l. (l+.2)?. 2, (1+). 3 (i-2). 
1 1 
4, (1+) 2% 5. (1-32). 6. (1-3) 4, 
3 
-) DT Qa\2 
7 (1420) 2, 8, (1+5) 9, (1+ >) 
1 \7 ; 
10. (145) - WL +a)" AR (eae), 
y a . 
13, (8+12a)3. 14, (9-6w) 2. 15. (du-B8r) 2. 
Write down and simplify: 
1 
16. The 8 term of (1422) *. he 
Soi y 


; H 
17, The 11 term of (1 — 225)*. 
16 


18. The 10" term of (1+ 3a?)?, 
19. The 5 term of (34 — 2b)-1. 
20. The (r+1)" term of (1 —.)7% 
21. Tho (r+1)" term of (1—.r)7* 


1 
22, Tho (r+1)™ term of (14.7) 


73] 
23. The (r+1)" termn of (1+.0)5, 


ar 


1 


24, The 14" term of (2!°- 27r)*. 


n 
25. The 7" term of (38 + 642)4. e 


183. If we expand (1—«)"* hy the Binomial Theorem, we 


obtain 
(L—a)"*- 14+ Qa4 37 ¢ it oo... ; 


but, by referring to Art. 60, we sew that this result is only true 
when x is less than 1], This leads’ ua to enquire whether we are 


always justified in assuming the truth of the statement 


f 
(1+a)"-1+ net eS ) a : 
a 
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and, if not, under what conditions the expansion of (1 +)” may 
be used as its true equivalent. 


Suppose, for instance, that 2- —1; then we have 
(L—w)"'- L+iactart att aft oe (1); 
in this equation put «= 2; we then obtain 
(—1)y7' - 1424274 274+ 2%4 2... ; 


This contradictory result is sufficient to shew that we cannot 
take 
n(n - 1) 2 
1.20% tee 


as the true arithmetical equivalent of (1+ a in all cases. 


] + 2a + 


Now from the formula for the sum of a geometrical pro- 
gression, we know that the sum of the first r terms of the 
. 1-2’ 
series (1) a ee 
oil wo 
~l-@ l-@’ 
and, when x is numerically less than 1, by taking 7 sutticiently 


x” : : 
large we can make ane sinall as we please ; that 1s, by taking 


i 
a sufficient number of terms the sum can be made to differ as 


little as we please from, = But when w« is numerically 


ae ; 
greater than 1, the valde of =— increases with 7, and therefore 
— 2 





1 
no such approximation to thie value of in: is obtained by taking 


any number of terms of the series 
1+ ad. a + ie ae ; 


Jt will be seen in the chapter on Convergency and Diver- 
gency of Series that the expansion by the Binomial Theorem 
of (1+)" in ascending powers of a is always arithinetically in- 
telligible when « is less than 1. 


But if « is greater than 1, then since the general term of 
the series 
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contains ~’, it can be made greater than any finite quantity by 
taking r sufficiently large ; in which case there is no limit to the 
value of the above series ; and therefore the expansion of (1 +2)" 
as an infinite series in ascending powers of x has no meaning 
arithmetically intelligible when x is greater than 1. 


184. We may remark that we can always expand (x + ¥)” 
by the Binomial Theorem ; for we may write the expression in 
either of the two following forms: 


¥\" P a\" 
wt (1+2), Cane 


and we obtain the expansion from the tarst or second of these 
according as w is greater or less than y 


185. Zo find in its semplest form the general term in the 
expansion of (1—x)-*. 
The (7 + 1)™ term 
Ray tose) Gaer Aati neal etal 
; r 
2)... (nar — 
aay m(a+1) (m+ . (n4r-1) 


= (~ 1)” (n+ 1) ae a (n+r— 1) a 


(- wy’ 


(—1)'2" 


n(n+1)(n+2)...(n+r—) , 
: Te mena men OO, 


From this it appears that every term in the expansion of 


(1 —a)~" is positive. is 


Although the general term in the expansion of any binomial 
may always be found as explained in Art. 182, it will be found 
more expeditious in practice to use ihe above form of the general 
term in all cases where the indg-x is negative, retaining the 

t 


form 
i = 9 7 + 
n(n — 1}(n— 2) . (0 Ne. 


only in the case of positive inddiis 
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. ‘ 1 
Example. Find the general term in the expansion of Fi ae 


1 a 
———— = (1 - 3z) 3, 
R/1- 8x 
The (r+1)'* term 
5 (342) ;+2) sar-l 
ase (3x) 


r 

_1.4.7 _ .(8r-2) gr! 
rir 

1.4.7. (37-2) , 

= wv. 


a 
If the given expression had been (14-827) 3 we should have used the same 
formula for the general term, replacing 3x by —- 3r. 


186, The following expansions should be remembered . 


(l-w)'=l4a tates oF4+..... +O + oe. 
(Qh -a) = 1+ 204 Be? 4 4h e +(rtl)arto.. 
i i Gane sees Pr ae 


187. The general investigation of the greatest term in the 
expansion of (1 +2)", when is unrestricted in value, will be 
found in Art. 189; but the student will have no difficulty in 
applying to any numerical example the method explained in 
Art. 172. 


Example. Find the greatest term in the expansion of (1+ 2)-* when 
{ 






=o, and n= 20. 
We have (ree te ote : ~2XT,, numerically, 
_ Bo+r : 2 eT 
Sage ae 
o%e Vn > y en 
#0 long as oes 
that is, BB >. 


Hence for all values of r up to SY, we have T,,,>7,; but if +=88, then 
Ty4,= 7, and these are the greategf §erms. Thus the 38'* and 89" terms 
are equal numerically and greater thigg\s 


BINOMIAL THEOREM. ANY INDEX. 158 


} 
188. Some useful applications of the Binomial Theorem are 
explained in the following examples. 


Example 1. Find the first three terms in the expansion of 
: oF 
(1482)? (1-22) 8, 


Expanding the two binomials as far as the term containing x?, we have 


8 Don 2 8B 
(Lage-ge-..) (L4getgate.. | 


==) + patie 2 re ? u 
= x 9 ) +e 9 2° jee 


3 $ 8 
-7 438,55 | 
ee ge gg Os 


If in this Example r= ‘002, so that x*- -000004, we see that the third 
term is a decimal fraction beginning with 5 Giphers. If therefore we were 
required to find the numerical value of the given expression correct to 5 places 


of decimals it would be sufficient to substitute -002 for 2 in 1+ : x, neglect- 
ing the term involving x, 


Example 2. When z is so small that its square and higher powers may 
be neglected, find the value of 





Since 27 and the higher powers may be neglected, it will be sufficient to 
retain the first two terms in the expansion of each binomial. Therefore 
1 


—5 f a 3 
1+ a +2(145) 
the expression = 





1 17 r B \"! 
1 17° 38 
3 (8-% }(1~5*) 
1 


95 *: 


=3 (3-544 


\ term involving 2" being neglected, 
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Example 8, Fingjihe vaine of i to four places of decimals. 


yi “baa(7?- 9) 322 (ay 


1 31,51 
= aco torgtgeqte 


on re 
= 3 Tg pT 27 


To obtain the values of tle several terms we proceed as follows: 
7)i° 
‘mh “142857, 
7)" 020408 
7)! “00281 5. 
7 ) 000418 
“000059 i A 


il 


~ 


Ve de Ne 


i 


i] 
~~ 


r 
and we can see that the term ro 
5 efphers, 


is a decimal fraction beginning with 


ered, ‘ee 002915 + -0000838 
er 7 “142867 + +. 


== 94 G58, 
and this result is correct to at loast four places of decimals. 


Example 4. Find the eube rout of 126 to 5 places of decimals, 


1 1 
(126)3 = (53+ 1)8 


=5+°018880, p85... +... 
= 501829, to: hawe of decimals. 
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EXAMPLES. XIV. b. 


Find the (r+1)" term in each of the following expansions : 


1. a) ?, 2 (l-#)74, 3. (1-432), 
4, ee 5B. (14a)~-3, 6. G1 — 2ey"?, 
7 (atbe)71. 8. (2-2)74 9, (ab 2), 
10, po. 11. ae 1. geome. 


Find the greatest term in each of the following expansions : 


4 
13, (1+.)~7 when a=: iz 


3 2 
14, (1+.v)? when w= 3° 


u 


15. (1-7) 4 when re, 


16, (27+5y) when «=8 and y=3. 


17, (5-—4x)~-" when v5 : 


18, (80° +4y°)—" when v=9, y=2, == 15, 
Find to five places of decinials the value of 
19, s/98. 20, */998. 21, 5/1003. 22. »'2400. 


od 
A! 128 


ow) bee 


$b 
24, (Jaky. 25, (630) 4. 26. 4/3128. 


If « be so small that its square and higher powers may be neglected, 
find the value of 


1 rz _ so 
QT, (L— Tx) + 20) 4, 8, Jay. (3 2 ;) 
a 9 \-5 i 
(84+3x)8 Pn | a) x (44+3r)? 
(2 + 82) V4—b2 ee 


H. H. A, 11 
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MER AAO ta 
31. —— 6/32, be nea 
#9, hd 8 3 
SRA, Oo (1+ 52)8+ (442) 


1 
33. Prove that the coefficient of 2” in the expansion of (1-42) ? 


is a 
(iz)" 
es ~~ a8 
34. Prove that (1 +2)"=2" {1 ee) G *) ost \. 





+a 1.2 1+2 
35. Find the first three terms in the expansion of 


1 
(lLeavl+4e 


36. Find the first three terms in the expansion of 
ears Ni +52 
(1-2) 


37. Shew that the 2 coefficient in the expansion of (1—.2)-* is 
double of the (n— 1). 


189. To find the numerically greatest term in the expansion 
of (1+ x)", for any rational value of n. 


Since we are only concerned with the numerical value of the 
greatest term, we shall consider 2 throughout as positive. 


Case I. Let ~ be a positive integer. 
The (r+1)* term is obtained by multiplying the r™ term 
by a x; that is, by (= ae 1) w «2; and therefore the 


terms continue to increase so iene as 


(“2 -1)e>1; 
r 





that is, tee, 
Be (n+])ax 


1+z 
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+1 
If (tbe be an integer, denote it by p; then if r=>p, the 


multiplying factor is 1, and the (p+ 1) term is equal to the 
p™, and these are greater than any other term. 


a 
If Se be not an integer, denote its integral part by q¢; 


then the greatest value of 7 is g, and the (¢+1)" term is the 
greatest. 

Case II. Let » be a positive fraction. 

As before, the (7 +1) term is obtained by multiplying the 


r* term by (72 I _ 1) a 


r 





(1) If x be greater than unity, by increasing 7+ the above 
multiplier can be made as near as we please to — 2; so that after 
a certain term each term is nearly x times the preceding term 
numerically, and thus the terms increase continually, and there 
ig no greatest term. 


(2) If a be less than unity we see that the multiplying 
factor continues positive, and decreases until r>2+1, and from 
this point it becomes negative but always remains less than | 
numerically ; therefore there will be a greatest term. 


As before, the multiplying factor will be greater than 1 


so long as Oe > 
6 lta 
If wee be an integer, denote it hy p; then, as in Case I, 


the (p +1)™ term is equal to the p“, and these are greater than 

any other term. 

ye tle 
l+za 


the (¢ + 1)" term is the greatest. 


be not an integer, let g be its integral part ; then 


Case III. Let 2 be negative. 


Let n=—m, 80 that m is positive; then the numerica 


m+r— ‘ 
—.,a; that 1s 
Dy aad 


d 


(= + 1) 
pa 





value of the multiplying factor is 





11—2 
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(1) Ifa be greater than unity we may shew, as in Case IL, 
that there is no greatest term. 


(2) Ifa be less than unity, the multiplying factor will be 
greater than 1, so long as 


(MS: sa 1) a>] ; 
7 


that is, — aes 
(m—l)a 
or eco > 7, 
(m —1)# 
If a be a positive integer, denote it by p; then the 


(p + 1)" term is equal to the p term, and these are greater than 
any other term. 


uf = aa 


gral aan tien the (¢+1)™ term is the greatest. 
g (ve — ae x 
}- 


be positive but not an integer, let q be its inte- 


be negative, then m is less than unity; and by 


writing the nen factor in the form (1 ~ =) x, we 


see that it is always less than 1: hence each term is less than 
the preceding, and consequently the first term is the greatest. 


190. To find the number of homogeneous products of r dimen- 
stons that can be formed out of the un letters a, b, c, ...... and their 


powers. 
By division, or by the Binomial Theorem, we have 


1 
——- =l+an+arar+ arnt oo... : 


= AX 


1 a. ‘ 2,2 8 <4 
Page = bt bat Bat + Bisel + eaenate ’ 


1 
] ee =] + cvs cia* + cha" + eeeeee 3 
— Cx 
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Hence, by multiplication, 
1 1 1 
l—ax’.l—br’ l-cx 
= (l+axe+ a’a? +...) (14 ba + batt...) (Ltcatctatt ...)... 


=l+a(atbict+...)4+2° (@t+abt+ act +betcrt+ d+... 


eo @ee nee 


=14+Sa+ Sa? + Sart... suppose ; 
where 8, S., Si, 0.0... are the sums of the homogeneous pro- 
ducts of ‘one, two, three, ...... dimensions that can be formed of 
U5 Oy cise and their powers. 

To obtain the member of these products, put a, 6, ¢, ...... each 
equal to 1; each tern in S,, S,, S,,...... now becomes 1, and the 
values of S,, S,, S,, 0... so obtained give the number of the 
homogeneous products of one, two, three, ...... dimensions. 

ae. 1 ] 

Also Bg tee 

l—-ax’ 1—bx’ l—cex 
becomes 1 , or (l1—a)™". 
(1 - xy" ° 


Hence 8, = coefficient of a” in the expansion of (1 —w)"" 
a(t 1) (et 2) oe. (n+ 7-1) 
a 7 
a. 
_(|® +7 - 1 


ara 
|r jr—I 


191. Yo find the number of terms tn the expansion of any 
multinomial when the index 18 a positive integer, 
In the expansicn of 
(@, + A, + G+ cee +a)", 


every term is of 2 dimensions; therefore the number of terms is 
the same as the number of homogeneous products of n dimensions 
that can be formed out of the 7 quantities a,, a,, ...a,, and their 
powers ; and therefore by the preceding article 1s equal to 


[rta-l n—1 


aa 
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192. From the result of Art. 190 we may deduce a theorem 
relating to the number of combinations of n things. 


Consider » letters a, 6, ¢, d,...... ; then if we were to write 
down al] the homogeneous products of r dimensions which can be 
formed of these letters and their powers, every such product 
would represent one of the combinations, r at a time, of then 
letters, when any one of the letters might occur once, twice, 
thrice, ... up to 7 times. 


Therefore the number of combinations of » things 7 at a time 
when repetitions are allowed is equal to the number of homo- 
geneous products of 7 dimensions which can be formed out of 2 


jutr—l aeziyy 
: nn {T° or _ 


That is, the number of combinations of ~ things 7 at a time 
when repetitions are allowed is equal to the number of com- 
binations of ~+7-—1 things 7 at a time when repetitions are 
excluded. 





letters, and therefore equal to 


193. We shall conclude this chajtcr with a few miscel- 
laneous examples. 


(1 22)9 
(1+ 2)? ° 
The expression = (1 - 47 + 4x?) (14 p,7+pyz?+...4+p,z"+...) suppose. 


Example 1. Find the coefficient of 2” in the expansion of 


The coefficient of x” will be obtained by multiplying p,, p,--1, Pr, by 1, 
~ 4, 4 respectively, and adding the results; hence 


the required coefficient = p,-4p,., +4p,_o. 


But =(-r C4) ve (Ex. 8, Art, 182.) 


Hence the required coefficient 


=(-1) Aa ~4(-1)7) rir+) +4(~1)P-2 a 
(~ 1)’ 
2 





[(r +1) (r+ 2)+4r (r+ 1) +4r (r —1)] 


_y)r 
ah - (97? + Br + 2). 
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Example 2, Find the value of the series 


5 5.7 5.7.9 

+ og + Talat jae t 

; 8.5 1 8.5.7 1 8.8.7.9 1 
The expression Soe git 3 BB E gat: 

85 857 8579 

mg ez 2 M2272 2° 2°22 BM 

= 2 “39 137 "33 (4 ‘34 . 
8 8 5 85 7 

yt 2 ye Sy 

er gett 


ll 


2) @) 
3 
3 
32 — 3,/3. 
Example 8, If nis any positive integer, shew that the integral part of 
(3 +,/7)" ig an odd number. 
Suppose I to denote the integral and f the fractional part of (3 +,/7)*. 
Then [+ f=3"+C,3"-1Y7+4 C,3"-7. 74+ .C8"-3 (/7)8 4 oe (1). 


Now 3-,/7 is positive and less than 1, therefore (3-,/7)* is a proper 
fraction; denote it by f’; 


*, f'=88 — C37 fT 4+ C8872, TA Cy B98 TIS A oo cee eee ees (2). 
Add together (1) and (2); the irrational terms disappear, and we have 
I+ f+ f'=2 (3"+C, 3°-?. 7+...) 
=n even integer, 

But since f and /f’ are proper fractions their sum must be 1; 
.. T=an odd integer. 


EXAMPLES, XIV. c. 


Find the coefficient of 


— ou 
100 ; 
1, 2x in the expansion of ( ea 
+2a—a? 
1g Rakai ke 
2, a!# in the expansion of 22 Wray 
-2 


1 
3. «in the expansion of — Per ge 
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+u+ 27 


4. Find the coefficient, of a” in the expansion as ae 


5. Prove that 


1] 11.8 1 1.3.5 ] 1.8.5.7 qe ins 2 
2°2° 2.4° 22° 9.4,.6' 25° 2.4.6.8° @ OC” 3° 


6 Prove that 


1l— 





3 


7. Prove that 
Zu Bn (2n+ re) 22 he! wat) 


ae a 3.6 B.6.9 0" 
abe uty WED) saci | 
=: 2 tst 3.6 +f 3. G. 9 eoeene I: 
8. Prove that 
mul ty eee mend) (m—2) | 
{+7 ae aa a Ye) aes 
7 n(a+t) nS \ 
=x 4” {l+34 D4 -}- 4. G a J * 


9. Prove that eo y, When + is very sinall, 


4 
(x ay Oi 4” a(oed) (1b) | 307 
246 
a(1+ 5) ie a(t 


10. Shew that the integral part of (5 +2 /6)" Is odd, if n bea 
positive integer. 


11. Shew that the integral part of (8+3./7)" is odd, if x be a 
positive integer. 


12. Find the coefficient of 2” in the expansion of 
(1 — Qr +322 ~ 4274+ 00... saa 


4n 
13. Shew that the middle term of (« + :) ix equal to the coefficient 


of «* in the expansion of (1 — ary Oh 


14. Prove that the expansion of (1 — 2°)" may be put into the form 


(1 ~ 2)" + 32x (1 — x)"~ 14 52 (0n 2) 991 — ayn ye 
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15, Prove that the coefficient of 2" in the expansion are 18 
1,0, —1 according as 2 is of the form 3m, 30-1, or 3+ 1. 


16. In the expansion of (4+b+¢)8 find (1) the munber of terms, 
(2) the sun of the coefficients of the terms, 


17. Prove that if # be an even integer, 


De, doting, ee feo pee 
[Tje-d 9 Bien mw oll fw 
WB. Af yy yy Cys veeeee c, are the coefficients in the expansion of 
(1 -+.2)", when 2 18 a positive integer, prove that 
(ly egrey ta mety tee. + (—1)"e,-- (- 1)" ~-- et 
_ \r |jn—r—-1 

(2) ey as 2c, + 3t, art dey + ereeee +- ( ee ] (x + 1) Cn == 0. 
(3) cyte tee —e te... +(-—1)"c,?=0, or (— 1)*e,, 


according as 2 is odd or even. 


19, If s, denote the sum of the first 2 natural numbers, prove that 


(CV) (Dt) Fy tty Bgt te oye A, 
(2n +4 
(2) 28, By A Ry®yn yb ereeee F Sasa y + apres 1 : 
) as ea ee eee (24 —1) ; 
a eG Ba an 
J 
(1) Jan tit Qian t Yofen-1F Sete es Fan Yn tet Yndns r= 5° 
(2) 2 hgan = Y1Yan 1 FY edan— oF vee +0 = 1) Gada 


=Unt Coe ha 19,". 


21. Find the suin of the products, two at a time, of the coefficients 
in the expansion of (1+.)", when 2 is a positive integer. 


22. If (7+4./3)"=p+ 8, where x and pare positive integers, and B 
a proper fraction, shew that (1 - 8)(p+8)=1. 


ae are ae ee e, are the coefficients in the expansion of 
(1+2)", where 2 is a positive integer, shew that 
el eas ae Co a a en ere j 
" 9 t's weietee + . Shah get er sae 


CHAPTER XV. 
MULTINOMIAL THEOREM. 


194. We have already seen in Art. 175, how we may 
apply the Binomial Theorem to obtain the expansion of a multi- 
nomial expression. In the present chapter our object is not 
so much to obtain the complete expansion of a multinomial as 
to find the coefficient of any assigned term. 


Example. Find the coefficient of a4b?c3d5 in the expansion of 
(a+b+c+d)™. 


The expansion is the product of 14 factors each equal to a+b+c+d, and 
every term in the expansion is of 14 dimensions, being a product formed b 
taking one letter out of each of these factors. Thus to form the term a4h%c3d, 
we take a out of any four of the fourteen factors, b out of any two of the re- 
maining ten, c out of any three of the remaining eight. But the number of 
ways in which this can be done is clearly equal to the number of ways of ar- 
ranging 14 letters when four of them must be a, two b, three c, and five d; 
that is, equal to 

[14 


(42:3 (5 


This is therefore the number of times in which the term ath%c3d5 ap 
in the final product, and consequently the coefficient required is 2622520. 


fArt. 151.] 


195. To find the coefficient of any assigned term in the ex- 
pansion of (a+b+ce+d+ ...)*, where p ts a positive integer. 


The expansion is the product of p factors each equal to 
a+b+c+d+..., and every term in the expansion is formed by 
taking one letter out of each of these p factors; and therefore 
the number of ways in which any term a*bfcydé ... will appear 
in the final product is equal to the number of ways of arranging 
p letters when a of them must be a, 8 must be 6, y must be c; 
and soon. That is, 


; : Pp 
the coefficient of abFcrd® ... is fell i, 
[= |B ly [8--- 


where a+B+y+b+...=p. 
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Cor, In the expansion of 
(a+ ba + ca? + de? + ...), 
the term involving a%Secrd® ... is 


WP cat (bax)B (car*)y (da*)s ..., 


le By 8 -- 


[P. | 
———— a OB fd... eh t2y 438+... 
OF [a(Bly|e- , 


where a+B+y+8+...=p. 


This may be called the general term of the expansion. 


Example. Find the coefficient of «> in the expansion of (a + bx + cx?)®. 


The general term of the expansion is 


i9 ‘ 
ee a* UP e%qh t2¥ Smtieisagsauneres aeawelek (1), 


Jo 1B | 
where a+8+y=9. 


We have to obtain by trial all Pak positive integral values of 8 and y 
which satisfy the equation 8+ 2y=5; the values of a can then be found from 
the equation a+ A +y7=9. 


Putting y=2, we have 8=1, and a=6; 
putting y=1, we have 8=3, and a=5; 
putting y=0, we have B=5, anda=4. 


The required coefficient will be the sum of the corresponding values of the 
expression (1). 


Therefore the coefficient required 


! Sb 2 a = UF 
= jej2° “+ 5] ° cr [a5 * 


= 252a%bc? + 504a5b'c + 126a4d5. 
196. To find the general term in the expansion of 
(a+ bx + cx? + dx? ...)%, 
where n is any rational quantity. 
By the Binomial Theorem, the general term is 
n (n—1)(n—2) ... 
IP 
where p is a positive integer. 


(n -p+1) a"? (de + cx*® + da? + ae ik 
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And, by Art. 195, the general term of the expansion of 


(bx + ca? + da® +...) 


P ) 

18 IP bBevds .., gAt+2y+36 + 
es. 

where £, y, 8... are positive integers whose sum is p. 


Hence the general term in the expansion of the given ex- 
pression is 


n (v—1)(m—2) ... (w~—pt)) VB’. pf t Py +884 .. 
me ; 


eens ei et, 


fr 

eee 

where Brytdt... op. 
197. Since (a+ ba + cx? +de'+ ..)" may be written in the 
form 
, b ec, a, : 
a {l+—-a4-m+—-a'+...), 
a a a 


it will be sutlicient to consider the case in which the first term 
of the multinomial is unity. 


Thus the general term of 


(1 + be + ca® + dct + ...)" 


is wb 1) (2) (PED pee pi ay tan 
ee 


where Bryt+dt.. p. 








Hxzample. Find the coefficient of z in the expansion of 
2 
(1 — 8.2 — 2r? + 6.r5)3, 


The general term is 


a € ~ pt 1) 
(— 3) (—2)¥ (6) PtP ay, 





We have to obtain by trial all the positive integral values of 8, y, 5 which 
satisfy the equation 6+ 2y7+83=3; and then p is found from the equation 
p=B+7+8. The required coefficient will be the sum of the corresponding 


values of the expression (1). 
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In finding £, 7, 3, ... it will be best to commence by giving to 8 successive 
integral values beginning with the greatest admissible. In the present case 
the values are found to be 

61, yet 
6=0, y= ‘ 
6=0, y=0, p= 

Substituting these values in (1) the required coefficient 


=(§) @+() (- 3) (-8)(-2)4 (3 “3a 
3 3 3 [8 


4 4 
3 


Ww WD 
i 
oe 5 
he Ro’ 
i 
CO b> MM 


a a 


4 
3. 3° 

198. Sometimes it is more expeditious to use the Binomial 
Theorem. 


Example. Find the coefficient of x‘ in the expansion of (1 — 22 +3.r°)-3, 


The required coefficient is found by picking out the coefficient of x‘ from 


the first few terms of the expansion of (1—2.2-32%)-* by the Binomial 
Theorem; that is, from 


143 (22 = 3.x?) +6 (2x ne 3ic?)? + 10 (2x ra 3.c2)3 + 15 (2x _ 3x%)4; 


we stop at this term for all the other terms involve powers of x higher 
than x‘. 


The required coefficient= 6.9 +410. 3 (2)? (— 3) 415 (2) 
= — 66. 


EXAMPLES. XV. 


Find the coefficient of 


a*b3cd in the expansion of (a-b—ce+d)", 
a*héd in the expansion of (a+b—e-ad3. 
a08c in the expansion of (2a+b+ 3c)’. 
vtypaA in the expansion of (av - by+cz)”. 
x* in the expansion of (1432 —2.2°)8, 

a4 in the expansion of (1+ 20+ 32°)! 

2 in the expansion of (1+ Qu — 2°). 

x in the expansion of (1 - 2743.3 — 475), 


7p wp 


pa > 
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Find the coefficient of 
9, «xin the expansion of (1 —22+323— a4 — 25)8, 


ae 
10. x in the expansion of (1 —2%+32%) 2. 


1 
ll. «3 in the expansion of (1 - 27+ 32° — 4x3)". 


2 ~2 
12, «3 in the expansion of (1 -5 + 3) ‘ 


13. «4 in the expansion of (2 ~ 474 32?)~2, 

af 
14, 2® in the expansion of (1+4+42?+ 1024+ 20.7%) 4. 
15. x? in the expansion of (3 ~ 1523+ 182) -!, 


1 
16. Expand (1 — 2.2 ~— 2.r*)4 as far as x”. 
3 
17. Expand (1+32?— 625) 3 as far as 24. 
4 
18, Expand (8 — 923 + 18z4)3 as far as 2%, 
19, If l+er4+a?+...... +P) = ay $e + ay? + oo. Ay X"?, 
prove that 
(1) aygta,ta,4+...... + Oyyp= (pt) 
1 
(2) da,+2a,+3a,+...... FOP + Any = 5 Mp (p+ 1). 
20. If a, a,, 4, a,... are the coefficients in order of the expansion 
of (1+20+.2°)", prove that 
1 
ay? — ay? + ag? — ay? +0... +(- Iya 1=5%n {1-(-1)*a,}. 
21. If the expansion of (1+ 2+.2?)" 
be Ay AX yt + 0. FAT 1. Hyg, 


shew that 
Ay t+ a,+ a, + ese =A, +, ta,+ eee = Ag+ Ag+ Ag+ see == 3"), 


LOGARITHMS. : 177 


Thus the fraction 77 ~; 
ee ue 
whence, by definition, log, wteny 
= log, Af — log X. 
Example. log (47) =log 30 
= log 30 —- log 7 


= log (2 x 8 x 5) — log 7 
= log 2+ log 3 + log 5 — log 7. 
206. Zo find the logarithm of a number raised to any power, 
integral or fractional. 
Let log, (.47") be required, and suppose 


x= log, M, so that a*= 1; 


then | Mrea(ay 
oP 
whence, by definition, log,( Af”) = px; 
that is, log, (./") = p log, WV. 
1 
Similarly, log, (M") = . log, Al. 


"207. It follows from the results we have proved that 


(1) the logarithm of a product is equal to the sum of the 
logarithms of its factors ; 


(2) the logarithm of a fraction is equal to the logarithm of 
the numerator diminished by the logarithm of the denominator ; 


(3) the logarithm of the p power of a number is p times the 
logarithm of the number ; 


(4) the logarithm of the 7 root of a number is equal to “th 


of the logarithm of the number. 


Also we see that by the use of logarithms the operations of 
multiplication and division may be replaced by those of addition 
and subtraction ; and the operations of involution and evolution 
by those of multiplication and division. 


BWA 12 
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lad 
wrample 1, Express the logarithm of Nie in terms of loga, log} and 
log c. 


8 
las at 
log saya =log -,., 


ch? 


8 
= log a? — log (c5b?) 


3 


5 log a — (log ¢* + log 0?) 


= 5 log a ~5 loge - 210g b. 


Example 2. Find x from the equation a” .¢e777 =P"), 
Taking logarithms of both sides, we have 
a log a—2r log c= (3r +1) log b; 
. x (log a—2 loge — 3 log b) =log hb; 


oe log b 
7 "log a — 2 log ¢ — 3 log b* 


EXAMPLES, XVI. a. 
Find the logarithms of 
1. 16 to base ./2, and 1728 to base 2/3. 


2. 125 to base 5/5, and ‘25 to base 4. 


3. seg to hase 2,/2, and °3 to base 9. 


4. °0625 to base 2, and 1000 to base ‘O01. 
0001 to base 001, and ‘1 to base 94/3. 
4 “e- 1 3 “A 
6, ey ye 2 to base a. 
a 


7. Find the value of 


; ‘Express the following seven logarithms in terms of loga, logb, and 
oge. 


8. log (aly. 9. log(é/a? x 2/1). 10, log(/a=4d4), 


11. 


13. 


15. 


16. 


17. 
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log(v a-*) x Nab"), 12, log(Va7l JB +5 Ja). 
Yah le-2 be-2\ -3 b-le\h 
aa (OMC, 
(a-1b-%e~ 48 
75.2 1, . Q 2 
Shew that log =] logs — 5 log2 — 5 log 3. 


Nem ate a ee a ree 


4 8 ~. 4 
Simplify log ye 729 Pe loa A 


Ye 5 32 
Prove that log “ —2 log 5+ log 9437 log 2. 





Solve the following equations : 


18, 


at = eh, 19: aba. 

GES oe 21. a. bv=m? | 
pe“ Gt, bY = ml * 

If log(c?y?)=a, and log =), find loga: and logy. 
If a-*, b= a@r*+5, b%, shew that . log (=) =logu. 
Solve the equation 


(a4 — Qu?b? + bt) 1 = (a — by (a +b) ~*. 


ComMON LOGARITHMS. 


208. Logarithms to the base 10 are called Common Logar- 


ithms ; 


contemporary of Napier the inventor of Jogarithms. 


this system was first introduced, in 1615, by Briggs, a 


From the equation 10°: J, it is evident that common logar- 


ithms will not in general be integral, and that they will not 
always be positive. 


For instance 3154 > 10° and < 10°; 


.. log 3154 = 3 + fraction. 
12—~2 
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Again, 06 > 107% and <107'; 


.. log 06 = — 24+ a fraction. 


209. Derinition. The integral part of a logarithm is called 
the characteristic, and the decimal part is called the mantissa, 


The characteristic of the logarithm of any number to the 
base 10 can be written down by inspection, as we shall now shew. 


210. Z'o determine the characteristic of the logarithin of any 
number greater than unity. 


Since 10'= 10, 
10? — 100, 
10° =: 1000, 


Ce ee 


it follows that a number with two digits im its integral part lies 
between 10' and 10°; a number with three digits in its integral 
part lies between 10’ and 10°; and so on. Hence a number 
with m digits in its integral part lies between 10"7!' and 10°. 


Let .V be a number whose integral part contains » digits ; 
then 

vr. (a ~1) ++ fraction , 

N=-10 ; 


. log V = (n—1) +a fraction. 
Hence the characteristic is 1-1; that is, the characteristic of 


the logarithm of a number greater than unity is less by one than 
the number of digits in its integral part, and is positive. 


211. To determine the characteristic of the logarithm of a 
decimal fraction. 


Since 10° 1, 
ore ea 
10" = ye ch 
1 
Gre 
] Tite 
10 Pas 001 
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it follows that a decimal with one cipher immediately after the 
decimal point, such as 0324, being greater than ‘01 and less 
than ‘1, lies between 107? and 107'; a number with two ciphers 
after the decimal point lies between 107? and 107?; and so on, 
Hence a decimal fraction with 2 ciphers immediately after the 
decimal point hes between 107°*” and 107", 


Let D be a decimal beginning with » ciphers ; then 
—(n+1) +A fracti 
D=10 (n4+1) +8 ane 


w. log D=—(n+1)+a fraction. 


Hence the characteristic is — (2+ 1); that is, the characteristic 
of the loyarithm of a decimal fraction ts greater by unity than the 
number of ciphers inmediately after the decemal point, and is 
negative. 


212. The logarithms to base 10 of all integers from 1 to 
200000 have been found and tabulated; in most Tables they are 
given to seven places of decimals. This is the system in practical 
use, and it has two great advantages : 


(1) From the results already proved it is evident that the 
characteristics can be written down by inspection, so that only 
the mantisse have to be registered in the Tables. 


(2) The mantisse are the same for the logarithms of all 
numbers which have the same significant digits; so that it is 
sufficient to tabulate the mantissw of the logarithms of integers. 


This proposition we proceed to prove. 


213. Let M be any number, then since multiplying or 
dividing by a power of 10 merely alters the position of the 
decimal point without changing the sequence of figures, it follows 
that Vx 10", and V+ 10%, where p and q are any integers, are 
numbers whose significant digits are the same as those of NV. 


Now = log (N x 10°) = log V + p log 10 


SEA OUDAN. AE Diels latest ares Saeed: eee dota (1). 
Again, log (V+ 10%) = log V —qlog 10 
set a) ee ane eee error ee (2). 


In (1) an integer is added to log, and in (2) an integer is 
subtracted from log V; that is, the mantissa or decimal portion 
of the logarithm remains unaltered. 
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In this and the three preceding articles the mantisse have 
been supposed positive. In order to secure the advantages of 
Briggs’ system, we arrange our work so as always tu keep the 
mantissa positive, so that when the mantissa of any logarithm 
has been taken from the Tables the characteristic is prefixed 
with its appropriate sign according to the rules already given. 


214. In the case of a negative logarithm the minus sign is 
written over the characteristic, and not before it, to indicate that 
the characteristic alone is negative, and not the whole expression. 


Thus 4:30103, the logarithm of :0002, is equivalent to —4 + -30103, 
and must be distinguished from — 4:30103, an expression in which 
both the integer and the decimal are negative. ln working with 
negative logarithms an arithmetical artifice will sometimes be 
necessary in order to make the mantissa positive. For instance, 
a result such as — 369897, in which the whole expression 1s 
negative, may he transformed by subtracting 1 from the 
characteristic and adding 1] to the mantissa. Thus 


— 369897 - — 44 (1 — 69897) = 4301038. 
Other cases will be noticed in the Exainples. 


Hzample 1. Required the logarithm of :0002432. 


In the Tables we find that 3859636 is the mantissa of log 2432 (the 
decimal point as well as the characteristic being omitted); and, by Art. 211, 
the characteristic of the logarithm of the given number is — 4; 


. log 0002432 = 4°3859636, 
Hrample 2. Find the value of X£/-00000165, given 
log 165 = 2-2174839, log 697424 = 5°8434968, 
Let x denote the value required; then 


1 
log x = log (-00000165)8 = : log (-00000165) 


2 ; (6-2174839) ; 


the mantissa of log -00000165 being the same as that of log 165, and the 
characteristic being prefixed by the rule. 


? TO 1 — 
Now : (62174889) = 5 (10 + 4°2174889) 


ax 2°8484068 
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and °8434968 is the mantissa of log 697424; hence z is a number consisting 
of these same digits but with one cipher after the decimal point. [Art. 211.] 


Thus x= 0697424. 


215. The method of calculating logarithms will be explained 
in the next chapter, and it will there be seen that they are first 
found to another base, and then transformed into common loga- 
rithms to base 10. 


It will therefore be necessary to investigate a method for 
transforming a system of logarithms having a given base to a 
new system with a different base, 


216. Suppose that the logarithins of all numbers to base a 
are known and tabulated, it is required to find the logarithms 


to base 6b. 


Let Vo be any number whose logarithm to base b is re- 


quired. 
Let = log,V, so that b= V; 
log, (b’) = log, 


that. is, y log,b = log, - 
1 ; 
y= es 4” log NV, 
1 : 
or log, V= ieee ROW A oe tositadat ust cies (1). 


Now since ¥Y and 6 are given, log,V and log are known 
from the Tables, and thus log,V may be found. 


Hence it appears that to transform logarithins from base a 


to base b we have only to multiply them all by i og] is? this is a 
constant quantity and is given by the Tables; it is known as the 


grodulus, 


217. In equation (1) of the preceding article put a for V; 
thus 


log,a = 2. x log 


1 
log,b Pe" ™ Jog 


ny 
gh 


log,a x log} = 1. 
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This result may also be proved directly as follows ; 

Let x=Jlog,b, so that a*=6b; 
then by taking logarithms to base 6, we have 

x log,a = log,b 
log b x log,a = 1, 

218. The following examples will illustrate the utility of 
logarithms in facilitating arithmetical calculation ; but for in- 
formation as to the use of Logarithmic Tables the reader is 
referred to works on Trigonometry. 

4 5 
Ezample1. Given log 3=+4771213, find log {(2°7)3 x (:81)5-(90)4}. 


The required value =3 log 7 + ; log As ~ 7 log 90 


= 3 (log 81) +5 (log 34-2) — | (log 3+ 1) 


16 5 5 
= (9+ ee 3) log 3 - (3+5+4) 


97 
= 4°6280766 — 5°85 
= 2°7780766. 


The student should notice that the logarithm of 5 and its 
powers can always be obtained from log 2; thus 


log 5 = log = 16g 10 — log 2 = 1 — log 2. 


ra 
s 


Ezample 2. Find the number of digits in 875", given 
log 2 =:3010800, Jog 7 == °8450980. 
log (8751) = 16 log (7 x 125) 
= 16 (log 7+ 3 log 5) 
= 16 (log 7+3 — 3 log 2) 
: = 16 x 2°9420080 
== 47°072128 ; 
hence the number of digits is 48. (Art. 210.] 
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Example 3. Given log 2 and log 3, find to two places of decimals the 
value of z from the equation 


68-4 , 475 = 8. 
Taking logarithms of both sides, we have 
(3 — 4c) log 6 + (x +5) log 4 = log 8; 
. (3 — 42) (log 2+ log 3) + (x +5) 2 log 2=3 log 2; 
*, w(-4 log 2~ 4 log 3+ 2 log 2) =3 log 2 - 3 log 2 ~ 3 log 3 ~ 10 log 2; 
; pa 10 10g 2+ 8 log 3 


~ Blog 244 log 3 
_ $:4416639 
~ 25105452 


HTT: 


EXAMPLES. XVI. b. 

1, Find, by inspection, the characteristics of the logarithms of 
21735, 23°4, 350, 035, “2, ‘87, ‘875. 

2. The mantissa of log 7623 is 8821259; write down the logarithms 
of 7°623, 762°3, (007623, 762300, *00U007623. 

3. How many digits are there in the integral part of the numbers 
whose logarithms are respectively 

4°30103, 147712138, 3°69897, °56515! 

4, Cive the position of the first significant figure in the numbers 

whose logarithms are 
2°7781513, °6910815, 54871384. 


Given log 2='3010300, log 3=°4771213, log 7 ='8450980, find the 
value of 


5. log Gt. 6. log d+ 7. log 128. 
8. log ‘0125. 9, log lt. 10. log 43. 
ll. logs/12. 12. log Re 13, log</-0105. 


14, Find the seventh root of ‘00324, having given that 
log 44092388 = 7°6443636. 


15. Given log 194°8445 = 2'2896883, find the eleventh root of (39°2)%. 
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16, Find the product of 37°203, 3°7203, 0037208, 372030, having 
given that 


log 37:203 = 1°5705780, and log1915631 = 62823120, 
ee ; ae 8s //3254 
17. Given log 2 and log 3, find log ie) : 
a 


1 
18, Given log 2 and log 3, find log (4/48 x 1084-+ 2/6). 


19, Calculate to six decimal places the value of 


42 x 32 ) : 
given lug 2, lug 3, log 7; also log 9076226 = 3°9579033. 
20. Calculate to six places of decitnals the value of 
(330+ 49)'-+722 x 70; 
given log 2, log 3, log 7; also 
log 11 = 10418927, and Jog 178141516 = 42507651, 
21. Find the munber of digits in 3! x 2%. 


» 


22. Shew that S 


20 


100 : ; 
) is greater than 100. 


23. Determine how many ciphers there are between the decimal 
100) 
point and the first significant digit in G) : 


Solve the following equations, having given lug 2, log 3, and log 7. 


MA Beta 5, 25, 5% = 10%, 26, bb- Bean ger, 
27, 2ilt=Qet!, 5, 28, 27. Gt 7 Fe Hh, 7-2, 
29, 27+ v= Gy 30, 3i-z-vedey 

3* eS are Q2x- 1 ae 


31. Given log,,2 = ‘30103, find log,, 200. 
32, Given log,,2 = ‘30103, log,)7 = "84509, find lug,,/2 and logye7, 


¢ 


CHAPTER XYII. 


EXPONENTIAL AND LOGARITHMIC SERIES, 


219. Ix Chap. xvi. it was stated that the logarithms in 
common use were not found directly, but that logarithms are 
first found to another base, and then transformed to base 10. 


In the present chapter we shall prove certain formule known 
as the Exponential and Logarithmic Series, and give a brief ex- 
planation of the way in which they are used in constructing a 
table of logarithius. 


220. Zo expand at in ascending powers of x. 


3y the Binomial Theorem, if w= 1, 


Q + -) 
Vt 


a ee a weds 
[2 3 iM 
(=~ 5) «(@-n) (2-3) 
et em — Lt ew — w= 
Ba ae ace eiaiaweut aod Sarees AN We wA (1). 


—— ne 


By putting «=1, we obtain 


] a 
ee) me Go : 
( n eg agp ge ease ns (2). 


- (+5) {Q*a) f 
nr vr 
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hence the series (1) is the 2" power of the series (2); that is, 


1 1 2 
a{a—-) afa——)(a—- 
Vt v2) Tr 


3 oe ee 
is : ; 
Hb DOD 
+ oe 3 a 
and this is true however great 2 may be. If therefore n be 
indefinitely increased we have 
tego =(l4l+G+qtqs ) 
E 3 ie = gia ee 
The series ltlteg tig tat eer 
is usually denoted by e; hence 
: eaereas rad oe + 
es Seal aul oy ae 
(2 (8 4 
Write coc for 2, then 
aes ee gee 
Cc c= + CX 12 ny 





Now let ¢= a, so that c=loga; by substituting for ¢ we 
obtain 


g g 3 § 
a=1+xloga+ eee.) + sl B64)" Ae aon 
i be 
This is the Laponential Theorem. 


Cor. When 2 is infinite, the limit of ( } + “) é. 
[See Art. 266.] 


Also as in the preceding investigation, it may be shewn that 
when x is indefinitely increased, 


(1 oie cer. ae cast 
+iValtat G+ ata 


ee a 
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that is, when n is infinite, the limit of (1 + =) =@", 
7b 
1 
—-—, we have 
VIL. 


Oa ale 
n me VW 


Now m is infinite when 2 is infinite; 


a ae 
thus the limit of (a _ =) =e, 


By putting = = 


Hence the limit of (1 = ~\'= e'" 


n 

221. In the preceding article no restriction is placed upon 

the value of 2; also since : is less than unity, the expansions we 
have used give results arithmetically intelligible. [Art. 183.] 


But there is another point in the foregoing proof which 
deserves notice. We have assumed that when w is infinite 


] 2 r—1) 
el a—-—j}(a-—)...{a-~——- . 
n n 7 . 
Ce ee 


For all values of r. 


the limit of 


Let us denote the value of 


(sa ac ow 
zlex—--—)(e——)...(a—- 
u n n 








by 2% 
(r y 
u 1 r--] x 1 4] 
Then ees -7—) ea 
u,, 9 n 7 0 mr 
Since xz is infinite, we have 
Ut a 
‘= -—; that ls, w,=—%,_,. 
r ? 
r=} 
' oe oe , 
It is clear that the limit of 1, is ry hence the limit of e, is 


r 
vu 


od ._ att . 
(3° that of w, is 7 ; and generally that of uw, is os 
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: 9292, The series 


I 
L+1]4+;. + unk ae : 
2 3 Lt 


which we have denoted by e, is very important as it is the base 
to which logarithms are first calculated. Logarithms to this 
base are known as the N apierian system, so named after N apier 
their inventor. They are also called natural logarithms from the 
fact that they are the first logarithms which naturally come into 
consideration in alyebraical investigations. 


When logarithms are used in theoretical work it is to be 
remembered that the base e is always understood, just as in 
arithmetical work the base 10 is invariably employed. 


From the series the approximate value of e can be determined 
to any required degree of accuracy ; to 10 places of decimals it is 
found to be 27182818284. 


Example 1. Find the sum of the infinite series 


ie 
po Bre 
A 1 1 
We have cea gh aa ee ' 
and by putting += - 1 in the series for e*, 
1 bag 1 
ets 
1- 437 ia? if weeny 
1 1 1 
. . -}_ , 
ete =2 (145. ‘pat jet eer ): 


hence the sum of the series is net 


2 
Example 2. Find the coefficient of 2” in the expansion of ~ - ee ae 


Ll-ar-x? 
ee =(1- ar — x) e-* 





| alae 2 ~-1)rer 
pavewnnd — ed 3 ~ peer 
(1 ~ az — 3) }i- ~2+5- ate + ir H teees }. 


EXPONENTIAL AND LOGARITHMIC SERIES, 1vl 


(= (2) @_ (13 
2 ee 


“om {l+ar-—r(r—-1)}. 


The coefficient required = 


» 223. 7'0 expand \og,(1 +x) in ascending powers of x. 
From Art. 220, 
v (loge)? , yf (or) 








a = 14+ ylog,a+ \2 3 HP salle 
a —1 (loga)" y (log.a)* ) 
; := loga ty} ig cee eee eee oe (1). 


Now let y be diminished indefinitely, then the terms involving 
y on the right will ultimately vanish, and we have 


ee aw—) 
log,a = the lint of - me when y= 0. 
Write 1 +a for a, then 


log,(1 + 2) =the Jinnit of ; {(1 + a)"—1}, when y =0, 


—_ we + 


omit of 2 fan a ae a YY Dy) a) 
= the Jimit of aan ce aes ea 


= the limit of # +77 at + (y~ 1) (y— 2) aia... 


ba2 be2.8 
But when y=0, this last expression reduces to 
a? a 
i ee 
2 3 , 
2 3 4 
Sa a 
oe log, (1 +a) = a 9 ae ogee eceneve 


This is the Logarithmic Series. 


Nork. In the above investigation we cannot use the expansion of (1+ a’)¥ 
by the Binomial theorem if z>1; hence the series here found for log, (142) 
does not hold when x > 1, Also we have assumed that on the nght-hand 
nide of equation (1) the series of terms which Involve y will ultimately 
vanish when y is indefinitely diminished. It will be shewn in Chap. xxi. 
that the expansion of a¥ is convergent; so that the series within the 
brackets in (1) is finite; hence 


{Cesar 4 y (log. «)* | 


i2 so ee t vanishes when y=0, 
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224. Except when « is very small the series for log,(1 + x) 
is of little use for numerical calculations. We can, however, 
deduce from it other series by the aid of which Tables of Logar- 
ithms may be constructed. 


bbe cc n+] 
By writing for « we obtain log, ae hence 


= 
1 1 1 
log, (m + 1) _ log, 2 = 7 _ a! + 3,3 ES aa Geese nates (1) 


~ ] : m 
By writing ~— for z we obtain loy,- 
n - 





| 
— hence, by changing 
signs on both sides of the equation, 


] 1 1 
log, 2 — log,(7m — 1) = ot tiga t agate (2). 


From (1) and (2) by addition, 


1 l 
log,(2 + 1) —log,(2—1)=2 G, dig i. 4 <a) ae (3). 


on oe 


From this formula by putting n- 5 we obtain log,4 — log,2, 
that is log, 2; and by effeeting the calculation we find that the 
value of log, 2 -- -69314718...; whence log,8 is known. 


Again by putting 2-9 we obtain log,10—log,8; whence we 
find log, 10 = 2°30258509.... 


To convert Napierian Jogarithms into logarithms to base 10 


: ] a 
we multiply by |-- which is the modulus (Art. 216] of the 


ia > 
log, 10 ; 
common systein, and its value is =--~..--- -—, or ‘43429448... - 
ne 3730258509...’ , 


we shall denote this modulus by p. 


In the Proceedings of the Royal Society of London, Vol, xxv. 
page &8, Professor J. C. Adams has given the values of e, p, 
log, 2, log, 3, log, 5 to more than 260 places of decimals, 


225. If we multiply the above series throughout by pu, we 
obtain formule adapted to the calculation of common logarithms. 


f is sO SIG tye Tie tet 2G 
Thus from (1), wlog,(2 + 1) — » log,n ant t gna 3 
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that is, 
a aa. 
log, (% + 1) — log, => — dni + 33 pure iexedo x (1). 
Similarly from (2), 
ee | 
log,,2 — log,,(#— 1) = mt Oak tT Bga treet (2) 


From either of the above results we see that if the logarithm 
of one of two consecutive numbers be known, the logarithin of 
the other may be found, and thus a table of logarithms can be 
constructed. 


It should be remarked that the above formule are only needed 
to calculate the logarithms of prime numbers, for the logarithm 
of a composite number may be obtained by adding together the 
logarithms of its component factors. 


In order to calculate the logarithm of any one of the smaller 
prime numbers, we do not usually substitute the number in either 
of the forinule (1) or (2), but we endeavour to find some value 
of 2 by which division may be easily performed, and such that 
either 2+ 1 or 2—1 contains the given number as a factor. We 


then find log(n+1) or log(a—1) and deduce the logarithm of 
the given number. 


Exumple. Calculate log 2 and log 8, given w= °43420148. 


By putting n=10 in (2), we have the value of log 10—-Jog 9; thus 
1—2 log 3= 043429448 + -002171472 + °000144765 + 000010857 
+ *000000868 +- -000000072 +- -000000006 ; 
1— 2 log 3= 045757488, 
log 8= "477121256. 
Putting n=80 in (1), we obtain log 81—Jog 80; thus 
4 log 3-3 log 2 — 1 = 005428681 ~ -000033929 + -000000283 — -000000003 ; 
B log 2 = 908485024 — 005395032, 
log 2 =:+301029997. 

In the next article we shall give another series for 
log, (n+1)—Jlog,2 which is often useful in the construction of 
Logarithmic Tables. For further information on the subject the 
reader is referred to Mr Glaisher’s article on Logarithms in the 
Encyclopedia Britannica. 

H. H. A. 13 


194 HIGHER ALGEBRA. 


6 226. In Art. 223 we have proved that 


log, (1 +”) = 2-54 ee 


changing 2 into —.x, we have 


log. (l-w)- -a—- 37 37 
By subtraction, 
log =. 2 ane 
Sey ag ~ ( 4 eee ) 
Put ne we , so that « ; we thus obtain 
l-z D Dut 1] 
1 ] ] 
log, (7 +1) — log, - 2 a{s— + fe as 3 (Qn +1)" + 5(2n +1)" + | ‘ 


Nore. This series converges very rapidly, but in practice is not always 
so convenient as the series in Art, 224. 


' 227. The following examples illustrate the subject of the 
chapter. 
Example 1. If a, 6 are the roots of the aaa fault bare=0, shew 
that log (a-bzx { ex?) =log a+(a+p) 0-23 © xt + - ee xe - 
¢ 


, we have 
a 


Since a+f= -", ap= 


a-—bx-+ext=a {14 (a+f) c+ afc’; 
=a (1+ar) (14 f.r). 
*. log (a — bx + cx*) = log a+ log (1+ ar) + log (14 Br) 
ats a 


273 3 pd 
coor em eee are cae 


=logataxr — 9 3 3 





2 84. 43 
=logu+(a+p)x-- fay af x 


Ezample 2. Prove that the coefficient of 2" in the expansion of 
log (1+ 2+2°) is -= or ~ ” according as mis or is not a multiple of 3. 
log (1+ +24) = log § 2 log (1 - — x5) - log (1 ~ x) 


a ad xr x? a a? 
me, mp ee oa me nae a (e+ +5424 ws 
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If x is a multiple of 3, denote it by 3r; then the coefficient of x” is ~= 


from the first series, together with x from the second series; that is, the 
; ; 3 
coefficient 1s S28, or ae 
non n 
If » is not a multiple of 8, z* does not occur in the first series, therefore 


: ae .l 
the required cocflicient is a: 
» 228. Lo prove that e is incommensurable. 


. m eis 
For if not, let e=-—, where m and n are positive integers ; 
2 


me 1 1 ] 1 
then —~=l+lt+ctear..tot+— t+ 
n 2 j3 jz jn) 
multiply both sides by jz ; 
*. m nu— 1 =: integer + + : + 1 + 
Ne nt (+1) 2) (+12) (043) 
1 ] 


But — 3 + pr em tee me te 
mt (wt+1) (r+ 2) (w+ 1) (m+ 2) (a+ 3) 
° ° s e 1 
is a proper fraction, for it is greater than we | and less than the 
n+ 
geometrical progression 
1 " l ‘ 1 ae 
mt+lo(m+1) (wt+1)P 
: 1 , 
that is, less than —; hence an integer is equal to an integer plus 
n 


a fraction, which is absurd ; therefore e is incommensurable. 


EXAMPLES, XVII. 
1. Find the value of 


2. Find the value of 
ee cee ee ae 
ar ae eee ee 
13-—2 
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3, Shew that 
o%. 
log, (2 +a) — log, (2 — a) =2 (¢ +, - + e+ i) ; 


ew a at 
4, If re ae 
ys 
shew that vay tot ia oe 


5. Shew that 


a-b 1 fa-—b\? 1 fu-b\3 
—— i (‘S) +3 ( 3 ) +... =log.—log,b. 


6. Find the Napierian logarithm of ake 


-. correct to sixteen laces 
999 I 


of decimals. 
1 2 
7. Provethat ¢ !=2 Ca Pig i an a) 
8. Prove that 
a 2 at ve 


pyits a pyle xo se 2 = 
log,(1 + w)t#(L —.r) 2 otgyts eee} 


9, Find the value of 
mae (at — a a P) +... 


10. Find the numerical values of the common logarithms of 7, 11 
and 13; given »=°43420448, log 2= 30103000. 


11. Shew that if a2? and “ are each less unity 


1 a? I “3 1 
a(x +5)- Z (s+) +\5 ( 754. x)- ... = log, (1 aetpatdt), 


12. Prove that 
2 aoe NEY NTE 2 
log, (1 + 32+ 227) = 3a g ts gq otees 
and find the general term of the series. 
13. Prove that 


1430 _ ba? 35.15 65a4 
loge 9x = OW 2 + 377 a ore 


and find the pe term of the series. 


eft + ot ' 
14, Expand —sge in a weries of ascending powers of 
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- 15. Express 5 (el#-+6"%) in ascending powers of x, where 7=/—T. 


16, Shew that 
aie, aids i hs hs 
log.(v + 2h) = 2 log, (av 4-A) — log,a — -\mpt gs TOEa + 34h) 4 } 
17. Ifaand B be the roots of 7? - pxr+q=0, shew that 
3 
log. + pe+qv*) =(at+ B)x- se Eee cs 43 ~ 
18, If 2«<1, find the sum of the series 
Lag! a 8 pa Ss 
9 { rigs + 4” + 5 + ..., 
19. Shew that 


Tey aa ee ee 
= np 2Q(v+1) 2Z.8(v +1)? 3.4(a4+1)8 


20. If log,— be expanded in a series of ascending 


Ll 
ltrtett+x 
powers of x, shew that the coefficient of 2" is = if 2» be odd, or of 


the form 4+ 2, and = if 2 be of the form 4m. 


21. Shew that 
Q 33 4s . 
Pb E Ges 3 ae q tee she. 
22. Prove that 


] l 
2 log, n — log, (7 +1) - log, (vw - 1) = oat sate 
il 1 1 
23. Shew that ee rsnneeetel 
vena atl ta (neryit sme) 


[aoe 
9, Qn®" By 


9 24 81 
24. If log, Tom 7% loge 5g = — 4 log. B= 4 shew that 


log, 2=7a—2b+ 8c, log,83=1lla—3b+5e, log, 5=16a~—4b+%e; 
and calculate log, 2, log, 3, log,5 to 8 places of decimals, 


CHAPTER XVIII. 


INTEREST AND ANNUITIES. 


229. In this chapter we shall explain how the solution of 
questions connected with Interest and Discount may be siimplitied 
by the use of algebraical formula. 


We shall use the terms Jnterest, Discount, Present Value in 
their ordinary arithmetical sense; but instead of taking as the 
rate of interest the interest on £100 for one year, we shall tind it 
more convenient to take the interest on £1 for one year. 


230. To find the interest and anount of a given sum ina 
given tume at simple interest. 


Let P be the principal in pounds, 7 the interest of £1 for one 
year, n the number of years, / the interest, and Af the amount. 


The interest of / for one year is Pr, and therefore for 2 years 
is Pur; that is, 


DPE ates esstegons eieatasiacest stu (1). 
Also M=P+TI; 
that is, Me PAA) so viacecesescananida wees (2). 


From (1) and (2) we see that if of the quantities 2, n, r, Z, 
or I, n, 7, M, any three be given the fourth may be found. 


231. To find the present value and discount of a given sun 
due in a given time, allowing simple interest. 


Let P be the given sum, V the present value, D the discount, 
r the interest of £1 for one year, n the number of years, 
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Since V is the sum which put out to interest at the present 
ime will in n years amount to P, we have 


P=V(1l+mnr); 








nee 
“V4anr’ 
And D=Pf-~V=uzP- ss 
1 +r 
_ Pnrr 
a 


Norz. The value of D given by this equation is called the true discount, 
3ut in practice when & sum of money is paid before it is due, it is customary 
o deduct the interest on the debt instead of the true discount, and the 
noney so deducted is called the banker’s discount; so that 


Banker’s Discount = Pnr. 


‘ Pnr 
True Discount = uo 3 
1+r 


Example. The difference between the true discount and the banker's 
liscount on £1900 paid 4 months before it is due is 6s. 8d.; find the rate 
yer cent., simple interest being allowed. 


Let r denote the interest on £1 for one year; then the banker’s discount 





1900r 
Anan 
8 = - , and the true discount is 
ltgr 
1900r 
_ 1900r 38 
ae aes es 
l+.r 
3 
whence 1900r?=3 +7; 
pet tN 1422800 _ 14151 
r= 3800 ~ 3800" 
; 152 #1 
R : tains ous 
ejecting the negative value, we have r 3800 = 25 


.. rate per cent. = 100r=4. 


_ 232. To find the interest and amount of a given sum in a 
given time at compound interest. 


Let P denote the principal, 2 the amount of £1 in one year, 
w the number of yeara, J the interest, and M the amount. 


200 HIGHER ALGEBRA. 


The amount of P at the end of the first year is PA; and, since 
this is the principal for the second year, the amount at the end of 
the second year is PA x Ror Pk’. Similarly the amount at the 
end of the third year is P/?, and so on; hence the amount in 
nm years is PA"; that is, 


M= PR"; 
-s [=P (R"—-1). 
Notr. If r denote the interest on £1 for one year, we have 
R=1+7, 


233. In business transactions when the time contains a 
fraction of a year it is usual to allow stmp/e interest for the 
fraction of me year. Thus the amount of £1 in 4 year is 


reckoned 1 +23 and the amount of P in 42 years at compound 


9 ) 
9 e y e . e 
interest is Pi‘ (1 +3 r] . Similarly the amount of 2? in 
1 F " 
n+— years is PR"(1+—). 
m m 


If the interest is payable more than once a year there is a 
distinction between the nominal annual rate of interest and that 
actually received, which may be called the true annual rate; thus 
if the interest is payable twice a year, and if r is the ae 


annual rate of interest, the amount of £1 in half a year is 1 rye 5° 


2 
and therefore in the whole year the amount of £1 is (1 +5) ; 


2 


r ; : 
or ]+ T+7 3 80 that the frve annual rate of interest is 
ai 
ie are 
4 


234. If the interest is payable g times a year, and if r is 
the nominal annual rate, the interest on £1 for each interval is 


A and therefore the amount of ? in m years, or gn intervals, is 


P(1 + “\" : 
q 


Tn this case the interest is said to be “converted into principal” 
q times a year. | 
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If the interest is convertible into principal every moment, 
then q becomes infinitely great. To find the value of the amount, 


1 
put 77 80 that g=7r«e; thus 


qe xrur x La 
the amount = 2? (1 as “) = PQ -f =) = [ (1 + =) \ 
q x x 


= Pe", [ Art. 220, Cor.,] 
since x is infinite when q is infinite. 
235. To find the present value and discount of a given sum 
due in a given time, allowing compound interest. 


Let P be the given sum, V the present value, D the discount, 
# the amount of £1 for one year, the number of years. 


Since V’ is the sum which, put out to interest at the present 
time, will in 2 years amount to 2, we have 


Lee Vig s 
ae -» 
Vy: “Re = PR 
and D=P(1-f"). 


Example. The present value of £672 due in a certain time is £126; if 
compound interest at 44 per cent. be allowed, find the time; having given 


log 2=°30103, log 3 = ‘47712. 
44 1 25 
= 100 = yg? Md R= 93. 
Let n be the number of years; then 


A\n 
672=126 Gi) : 


Here 





*. nlo =D lo ola 

5 NOB 9g = 18 196" 

a “6 100 S46 16 

B gg OB 
*. n (log 100 — log 96) = log : — log 3, 
so. log 8 
~ 5 log 2 — log 8 
aa 
N= agg = 41, very nearly ; 


thus the time is very nearly 41 years. 
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EXAMPLES, XVIII. a. 


When required the following logarithms may be used. 
log 2=°3010300, log 3=°4771213, 
log 7 = ‘8450980, log11=1:0413927. 


1. Find the amount of £100 in 50 years, at 5 per cent. compound 
interest; given log114°674 = 2:0594650. 

2. Atsimple interest the interest on a certain sum of money is 
£90, and the discount on the same sum for the same time and at the 
same rate is £80; find the sun. 


3. In how many years will a sum of money double itself at 5 per 
cent. compound interest | 


4, Find, correct to a farthing, the present value of £10000 due 
‘8 years hence at 5 per cent. compound interest; given 


log 67683'94 = 4:8304856. 


5. In how many years will £1000 become £2500 at 10 per cent. 
compound interest ? 


6. Shew that at simple interest the discount is half the harmonic 
mean between the sum due and the interest on it. 


7. Shew that money will increase more than a hundredfold in 
a century at 5 per cent. compound interest. 


8. What sum of se at 6 per cent. compound interest will 
amount to £1000 in 12 years? Given 


log 106 = 2°0253059, log 49697 = 4°6963292. 
9, A man borrows £600 from a money-lender, and the bill is 


renewed every half-year at an increase of 18 per cent.: what time will 
elapse before it reaches £6000? (riven log 118 = 2071882, 


10. What is the amount of a farthing in 200 years at 6 per cent. 
compound interest? Given log 106 = 2:0253059, loy 115°0270 = 2:0611800. 


ANNUITIES. 


236. An annuity is a fixed sum paid periodically under 
certain stated conditions; the payment may be made either once 
a year or at more frequent intervals. Unless it is otherwise 
stated we shall suppose the payments annual. 


An annuity certain is an annuity payable for a fixed term of 
years independent of any contingency; a life annuity is an 
annuity which is payable during the lifetime of a person, or of 
the survivor of a number of persons. 
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A deferred annuity, or reversion, is an annuity which does 
not begin until after the lapse of a certain number of years; and 
when the annuity is deferred for 1 years, it is said to commence 
after n years, and the first payment is made at the end of n+1 
years. 


If the annuity is to continue for ever it is called a perpetuity ; 
if it does not commence at once it is called a deferred perpetuity. 


An annuity left unpaid for a certain number of years is said 
to be forborne for that number of years, 


237. T'o find the amount of an annuity left unpaid for a given 
guumber of years, allowing simple interest. 


Let A he the annuity, 7 the interest of £1 for one year, 2 the 
nuinber of years, Jf the amount. 


At theend of the first year A is due, and the amount of this 
sum in the remaining 2-1 years is 4 +(n—1)7r4;5 at the end of 
the second year another 4 is due, and the amount of this sum in 
the remaining (7—2) years is 4 +(2—2)rd; and so on. Now 
M is the sum of all these amounts ; 


_ MztA -+- (x _ 1) rd} + {A + (1-2) 7A} ee aft (A as rA) nk A, 
the series consisting of 2 terms ; 


Jw. M=nA+(14+2434 


= nA + al les rA, 


cee eee -+ ne ] ) ral 


238. To find the amount of an annuity left unpaid for a 
given number of years, allowing compound interest. 


Let A be the annuity, & the amount of £1 for one year, 2 
the nuinber of years, Af the amount, 


At the end of the first year A is due, and the amount of this 
sum in the remaining »—1 years is AA"™'; at the end of the 
second year another 4 is due, and the amount of this sum in the 
remaining 2 —2 years is A/i*”*; and go on. 


MAR" 4+ ARF 4 +AR?+ AR +A 
=A(1+R+ R400... to m terms) 
By Bak 


R-1" 
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239. In finding the present value of annuities it is always 
customary to reckon compound interest; the results obtained 
when simple interest is reckoned being contradictory and un- 
trustworthy. On this point and for further information on the 
subject of annuities the reader may consult Jones on the Value 
of Annuities and Reversionary Payments, and the article Annuities 
in the Xncyclopedia Britannica. 


240. To find the present value of an annuity to continue for 
a given number of years, allowing compound interest. 


Let A be the annuity, & the amount of £1 in one year, » 
the number of years, V the required present value. 


The present value of d due in 1 year is A R7'; 
the present value of A due in 2 years is AR’; 
the present value of A due in 3 years is AR; 
and so on. [Art. 235.] 


Now J is the sum of the present values of the different 
payments ; 


Pod AAR PAAR? @ x. to 2 terms 


De ne ae 
~ AR 1-R7 
1-k™ 

cae sae 


Notr, This result may also be obtained by dividing the value of MM, 
given in Art. 238, by 2". [Art. 232.] 


Cor. If we make 2 infinite we obtain for the present value 
of & perpetuity 


24]. If mA is the present value of an annuity A, the annuity 
is said to be worth m years’ purchase. 


A 
In the case of a perpetual annuity mA = me hence 


l 100 
Mos — = : 
r rate per cent, 





 ectaar  et ea 
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that is, the number of years’ purchase of a perpetual annuity is 
obtained by dividing 100 by the rate per cent. 


As instances of perpetual annuities we may mention the 
income arising from investments in irredeemable Stocks such as 
many Government Securities, Corporation Stocks, and Railway 
Debentures. A good test of the credit of a Government is fur- 
nished by the number of years’ purchase of its Stocks; thus the 
3 p.c. Consols at 99 are worth 33 years’ purchase ; Russian 5 p. ec. 
Stock at 95 is worth 19 years’ purchase; while Peruvian 6 p. c. 
Stock at 18 is only worth 3 years’ purchase. 


242. To find the present value of a deferred annuity to 


commence at the end of p years and to continue for n years, allow- 
ing compound interest. 


Let A be the annuity, #& the amount of £1 in one year, V the 

present value. 
The first payment is made at the end of (p+1) years. 
[Art. 236.] 


Hence the present values of the first, second, third... pay- 
ments are respectively 


~—(pth) (pr? —(pt+3 
ART AR Agee): 
VAP PAR es AR ey 


Beaty to 2 terms 


Len 
=o yo (pth) 
ec WN 
_ AR ARP 
"R=1. £=1-° 


Cor. The present value of a deferred perpetuity to commence 
after p years is given by the formula 
Vr. Ah? 
RT 
243. <A freehold estate is an estate which yields a perpetual 


annuity called the rent; and thus the value of the estate is equal 
to the present value of a perpetuity equal to the rent. 


It follows from Art. 241 that if we know the nuinber of years’ 
purchase that a tenant pays in order to buy his farm, we obtain 
the rate per cent. at which interest is reckoned by dividing 100 
by the number of years’ purchase. 


206 HIGHER ALGEBRA. 


Example. The reversion after 6 years of a freehold estate is bought for 
£20000; what rent ought the purchaser to receive, reckoning compound 
interest at 5 per cent.? Given log 1:05 = -0211893, log 1:340096 = °1271358. 


The rent is equal to the annual value of the perpetuity, deferred for 6 
years, which may be purchased for £20000. 


Let £4 be the value of the annuity; then since }=1-:05, we have 
A x (1:05)"8 © 
05 : 
. Ax (1:05)~&= 1000; 
log 4 ~ Glog 1:05=3, 
log A =3°1271358 = log 1340°006. 
. 4=1340-096, and the rent is £1340. Is. 11d. 


20000 -. 








244. Suppose that a tenant by paying down a certain sum 
has obtained a lease of an estate for p+q years, and that when 
g years have clapsed he wishes to renew the lease for a term 
pt+n years; the sum that he must pay is called the fine for 
renewing » years of the lease. 


Let dA be the annual value of the estate; then since the 
tenant has paid for p of the p+m years, the fine must be equal 
to the present value of a deferred annuity A, to commence after 
p years and to continue for 7 years ; that is, 


ART Aires 
Pe eee eo te 


the fine = [ Art. 242. ] 


EXAMPLES. XVIII. b. 


The interest is supposed compound unless the contrary is stated. 


1, <A person borrows £672 to be repaid in 5 years by annual in- 
stalments of £120; find the rate of interest, reckoning simple interest. 


2. Find the amount of an annuity of £100 in 20 years, allowing 
compound interest at 44 per cont. Given 
log 1-045 = 0191163, lug24-117 = 1-3823260, 


3. A freehold estate is bought for £2750; at what rent should it 
be let so that the owner muy receive 4 per cent. on the purchase money? 


4. <A freehold estate worth £120 a year is sold for £4000; find the 
rate of interest. | 
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5. How many years’ purchase should be given for a freehold 
estate, interest being calculated at 34 per cent.? 


6. Ifa perpetual annuity is worth 25 years’ purchase, find the 
amount of an annuity of £625 to continue for 2 years, 


7. Ifa perpetual annuity is worth 20 years’ purchase, find the - 
annuity to continue for 3 years which can be purchased for £2522, 


8. When the rate of interest is 4 per cent., find what suin must 
be paid now to receive a frochold estate of £400 a year 10 years hence; 
having given log 104 = 2°0170333, log 6°75565 = ‘8296670. 


9. Find what sum will amount to £500 in 50 years at 2 per cent., 
interest being payable every moment; given ¢7! = -3678. 


10. If 25 years’ purchase must be paid for an annuity to continue 
a years, and 30 years’ purchase for an anuuity to continue 27 years, 
find the rate per cent. 


11. A man borrows £5000 at 4 per cent. compound interest; if the 
principal and interest are to be repaid by 10 equal annual instalments, 
find the amount of cach instalment; having given 


log 1:04= 0170333 and log 675565 = 5°829667. 


12. A man has a capital of £20000 for which he receives interest 
at 5 per cent.; if he spends £1800 every year, shew that he will be 
ruined before the end of the 17 year; having given 


log 2 "3010300, log 3='4771213, log 7="8450980. 


13. The annual rent of an estate is £500; if it is let on a lease 
of 20 years, calculate the fine to be paid to renew the lease when 7 years 
have elapsed allowing interest at 6 per cent.; having given 

log 106=2°0253059, log 4°688385 = °6710233, 1og3°1180-42 = 4938820. 


_ 14, If a, b, ¢ years’ purchase must be paid for an annuity to con- 
tinue 7, 2, 37 years respectively; shew that 


a—ab+h=ae. 


15. What is the present worth of a perpetual annuity of £10 
payable at the end of the first year, £20 at the end of the second, 
£30 at the ond of the third, and so on, increasing £10 cach year; 
interest being taken at 5 per cent. per annum 7 


CHAPTER XIX. 
INEQUALITIES. 


245. Any quantity @ is said to be greater than another 
quantity ’ when a—6 is positive; thus 2 is greater than —3, 
because 2—(- 3), or 5 is positive. Also “b is said to be less 
than a when b—a is negative; thus —5 is less than —2, because 
~5—(—2), or — 3 is negative. 

In accordance with this detinition, zero must be regarded as 
greater than any negative quantity. 


In the present chapter we shall suppose (unless the contrary 
is directly stated) that the letters always denote real and positive 
quantities. 

946. Ilfa> 6, then it is evident that 

dt+e>bte; 
a-c>b-c; 
ac > be; 
a b. 
e7 ee? 


that is, an inequality will still hold after each side has been 
increased, diminished, multiplied, ov divided by the same positive 
quantity. 


247. If ‘a—c>b, 
by adding c to each side, 
a>b+c; 


which shews that in an inequality any term aay be transposed 
from one side to the other +f its sign be changed. 


If a>, thenevidently b <a; 


that is, if the sides of an inequality be transposed, the sign of 
inequality must be reversed. 
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If a>, then a—6b is positive, and b-—a is negative; that 
is, —a—(—}) is negative, and therefore 
-~a<—b; 
hence, if the signs of all the terms of an inequality be changed, 
the sign of inequality must be reversed. 
Again, if a > b, then ~a@ < — 0b, and therefore 
-ac<—be; 


that is, if the sides of an inequality be midltiplied by the same 
negative quantity, the sign of inequality must be reversed. 


248. If a,>6,, a,>6,, a,>6, ...... a,>b , it is clear 
that 
a +a,+4,+...+¢4,>64+6,4+6,4+... +b, 5 


m? 


and aa0,...%,>665,...1 


Vie 
me 


249, If a>6, and if p, q are positive integers, then ¥/a>,/6, 
1 1 poo» 
or a’ > 0’; and therefore a‘ > b'; that is, a” > b", where n is any 
positive quantity. 


Further, = < os that is a" < 67", 


250. The square of every real quantity is. positive, and 
therefore greater than zero. Thus (a — 0)’ is positive ; 
wv —2ab+ > 0; 


a’ +b? > 2ab. 


ae e+y — 
Sumilarly <9 Jay ; 

that is, the arithmetic mean of two positive quantities is greater 

than their geometric mean. 


The inequality becomes an equality when the quantities are 
equal, 


251. The results of the preceding article will be found very 
useful, especially in the case of inequalities in which the letters 
are involved symmetrically. 


H. H. A. 14 
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Example 1, Ifa, 0, c denote positive quantities, prove that 


a?+b?+c?>be+ca+ab; 
and 2 (a3 +18 +08) > be (b+¢)+ca(c+a)+ab(a+b), 
For U8 OU oot car senson ieuwideketadiamacas (1); 
c?+a*> 2ca; 
a? +b?>2ab; 
whence by addition a? +b? + ¢7> be + cu 4-ab. 
It may be noticed that this result is true for any real values of a, b, e. 
Again, from (1) UF = UCAS DC aiksiccideeveseeeiokesi opaiaeas (2); 
oe V+ c8 >be (DAC) ccceccccssecre ees erudeakh (3), 


By writing down the two similar inequalities and adding, we obtain 
2 (a + 03 +c") >be (b+c)+ca (c+a)+ab (a+b). 


It should be observed that (3) is obtained from (2) by introducing the 
factor b+c, and that if this factor be negative the inequality (3) will no 
longer hold. 


Example 2. If x may have any real value find which is the greater, 
w34+1 or «24-2. 
x38 +1 — (24.7) = 25 — x? -(e-1) 
= (a7? - 1) (x-1) 
=(£ _ 1)? (c+ 1). 
Now (x - 1)? is positive, hence 
we+1> or <27+2 
according as x +1 is positive or negative; that is, according as « > or < ~1. 
If «= —1, the inequality becomes an equality. 


252. Let a and 6 be two positive quantities, S their sum 
and P their product; then from the identity 


4ab = (a + b)’ — (a—b)’, 
we have 


4P = $"*-—(a—b)*, and S?’=4P+(a-by’. 


Hence, if S is given, P is greatest when a=0b; and if P is 
given, S is least when 
a=b; 


that is, if the sum of two positive quantities is gwen, their product 
78 greatest when they are equal; and if the product of two positive 
quantities 18 given, their sum ia least when they are equal, 
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253. To find the greatest value of a product the sum of whose 
factors is constant, 


Let there be 1 factors a, 8, ¢, ... k, and suppose that their 
sum is constant and equal to s. 


Consider the product abe... k, and suppose that a and 6 are 
any two unequal factors. If we replace the two unequal factors 


a+b a+b 


a, 6 by the two equal factors gut the product is increased 


while the sum remains unaltered; hence so long as the product 
contains two unequal factors it can be increased unthout altering 
the sum of the factors ; therefore the product is greatest when all 
the factors are equal. In this case the value of each of the n 


factors is ~ , and the greatest value of the product is (<) , or 


(ete Ay 


: 
Cor. If a,b,c, ...k are unequal, 


(“ee eo 


7 


that is, 
b otk 
eee Ba oa ee seers > (abe eee k)", 


By an extension of the meaning of the terms arithmetic mean 
and geometric mean this result is usually quoted as follows : 


the arithmetic mean of any number of positive quantities is greater 
than the geometric mean, 


Example. Bhew that (17+ 2"+37+...+n7)*>n" ([n)" 
where r is any real quantity. | 


r r r r 4 
In+2 tte te > (17, ar. 8h ., nt)” ; 


. (~22+e+ etn 
n 


Since 


whence we obtain the result required. 


14—2 
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Example 1. Ifa, l, ¢ denote positive quantities, prove that 


a? +b?+¢c?>be+cat+ab; 
and 2 (a3 4-03 + 03) > be (b+) +cea (c+ a) +ab (a+b). 
For |S a Dep | EC ee (1); 
c2+a®> ca; 


a? +b? > ab; 
whence by addition a*+b?4+c?>be+ca+ab. 
It may be noticed that this result is true for any real values of a, b, c. 


Again, from (1) D2 m BE OPS UC Lasesccccecaresecccccevesevseess (2); 
oD Pets be (0+ C) ivapechariseses Btsens (3). 


By writing down the two similar inequalities and adding, we obtain 
2 (a+ B38 +c) >be (b+) +ca (c+a)+ab (at). 


It should be observed that (3) is obtained from (2) by introducing the 
factor b+c, and that if this factor be negative the inequality (8) will no 
longer hold. : 


Example 2. If x may have any real value find which is the greater, 
v3 +1 or 2? +427. 
v3 41 ~ (x? +2) =25—- 2° -~(x-1) 
= (4? ~1) (x -1) 
= (2-1)? (x +1). 
Now (x — 1)? is positive, hence 
w+1> or <2?+2 
according as x +1 is positive or negative; that is, according as x > or < -1. 
If r= —1, the inequality becomes an equality. 


252. Let a and 6 be two positive quantities, S their sum 
P 


and / their product; then from the identity 


4ab = (a + b)? ~ (a—by)’, 
we have 


4) = §*-—(a-—b)’, and S*’=4P + (a—b)’, 


Hence, if S is given, P is greatest when a--b; and if P is 
given, S is least when 
a=b; 


that is, if the sum of two positive quantities is given, their product 


as greatest when they are equal; and if the product of two positive 
quantities is given, their sum is least when they are equal, 
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253. To find the greatest value of a product the sum of whose 
JSactors is constant, 


Let there be 7 factors a, b,c, ...k, and suppose that their 
sum is constant and equal to s. 


Consider the product abe... k, and suppose that a and 6 are 
any two unequal factors. If we replace the two unequal factors 


a, b by the two equal factors aa “ , 


9 
while the sum remains unaltered; hence so long as the product 
contains two unequal factors it can be increased without altering 


the sum of the factors ; therefore the product is greatest when all 
the factors are equal. In this case the value of each of the n 


the product is increased 


. 8 . {s\" 
factors is — , and the greatest value of the product is (<) , or 
a n 


(Senet ty 


1) 


Cor. If a,b,c, ... & are unequal, 


(oe) >abe...k; 





n 
that is, 


1 
at b+ = +h "> (abe ... by". 


By an extension of the meaning of the terms arithmetic mean 
and geometric mean this result is usually quoted as follows: 


the arithmetic mean of any number of positive quantities is greater 
than the geometric mean. 


Example. Shew that (17+ 2°+37+...+2")"> n" ( 22)" 
where r is any real quantity. 
Ir p24 3r4... tn" , 


Since . > (1. or 3" .o.... nr) . 


. (=+ oP + BY + tent \™ 
n 


whence we obtain the result required. 
14.9 


912 HIGHER ALGEBRA. 


254. To find the greatest value of a™b'c?... when atb+er+... 
43 constant; m,n, p,... being positive integers. 


Since m, 2, p,... are constants, the expression a”b"c?... will 


m ” p 
be greatest when (<) (-) (=) ... is greatest. But this last 
expression is the product of m+n+p+... factors whose sum 1s 


m (=) +n () + p - +... or a+b6+e+..., and therefore con- 
stant. Hence ab"c”... will he greatest when the factors 


a 6 c¢ 


a? mn? p 
are all equal, that is, when 


ao 6b e atb+er+... 


mn p  mtntpr...’ 
Thus the greatest value is 


at+b+er+ = 


om” q"p” , ..| ————_—_———— 
MAtEN+AD +... 


Example. Find the greatest value of (a+)? (a~)4 for any real value 
of x numerically less than a. 


3 ae 4 
The given expression is greatest when & -) (“ 4 2) is greatest; but 


the sum of the factors of this expression is 3 (43+ 4 (A ) , or 2a; 


hence (a +x) (a - x)‘ is greatest when = - + , OF Ga — 5 ‘ 
8 4 
q7 


a’, 





Thus the greatest value is : 


255. The determination of maximwm and minimum values 
may often be more simply etfected by the solution of a quad- 
ratic equation than by the foregoing methods. Instances of 
this have already occurred in Chap. 1x.; we add a further 
illustration. 


Example. Divide an odd integer into two integral parts whose product 
is @ Maximum. 


Denote the integer by 2n+1; the two parta by 2 and 2n+1—2; and 
the product by y; then (2n+1)2z-2=y; whence 


er = (2n+1) /(2n+1)*~4y; 
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but the quantity under the radical must be positive, and therefore y cannot 


be greater than ! q (2n+1)?, or n?+n+ is and since y is integral its greatest 


value must be aia in which case z=n+1, or n; thus the two parts aren 
and n+1 


256. Sometimes we may use the following method. 


Example, Find the minimum value of it ah ed ; 
Putc+xz=y; then 

Acre ey) 

~ y 


(4-4) (b-¢) 
y 


the expression 


+yta-—ctb-e 


-(<e= a~ yt (6- (bc) Vy) ba-c4b—c42 r/ (a=) (6-0). 


Hence the expression is @ minimum when the square term is zero; that 


is when y=,/(a—c) (b—c). 
Thus the minimum value is 
rrr reer ery 
and the corresponding value of a is ,/(a—c) (b—c) -c. 


EXAMPLES. XIX, a. 


1. Prove that (ab + xy) (av+ by) > 4abay. 
2. Prove that (b+.¢)(c¢+a)(a+b)>8abe. 


3. Shew that the sum of any real positive quantity aud its 
reciprocal is never less than 2. 


4, If o?+0?=1, and 2?+y%=1, show that av+by<1. 
5. Tf a?+0?+c%=1, and 2?+y%+22=1, shew that 
ax +by+cez <1. 


If a> bd, shew that ab? > abt, and log” < log 1+b 


ita 
7. Shew that (wy + y?2 + 24x) (ry? tyz? + av?) > 9r2y%2*, 
8. Find which is the greater 3al? or a3 + 203, 
9. Prove that a5) + ab) <at+ bi 

10. Prove that 6abe < be (b+e¢)+ca(e+a)+ab (a+b). 

ll. Shew that 6%? + c2a?+a%b? > abe (a+b+¢). 
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12. Which is the greater 2° or v?+47+2 for positive values of 1? 
13, Shew that 2° + 13a?2 > 5a27+9a3, if «>a. 


14. Find the greatest value of v in order that 72?+11 may be 
greater than 2°+172. 


15. Find the minimum value of 2?—127+40, and the maximum 
value of 247-8 —9.27. 


16. Shew that (\n)? >n", and 2.4.6...2n <(u+1)". 

17. Shew that (wt+y+2 > 27xyz. 

18. Shew that 2">1.3.5...(22—1). 

19. If 2 be a positive integer greater than 2, shew that 
Qe > Ln fon-1, 


\ Fe m+] 2n 
20. Shew that (|x) <x ( 3 ) ‘ 


21. Shew that 
(1) ety +e) > 27 (y+2-2) (24a -y)(wty-2). 
(2) xryz>(yte—v)(e+u -y) (ety —2). 
22. Find the maximum value of (7 —.x)* (2+.7)® when w lies between 
7and — 2. 
, & +.2%)(2+.2) 
ee 


23, Find the minimum value o fe 


*257. To prove that if a and b are positive and unequal, 
a®+ bm a+b\™ ewihé : 6 ; 
—3x— > (a7) » except when m 18 w positive proper Sraction. 





We have at 4 bm (SO “S)+(S a-b\" 


x +3 Se ee 





since —.— is less than = , we may expand each of these 
expressions in ascending powers of a [Art. 184.] 
ant bm any’ 4 me (m— 1) ay a 
2 \ 2 1.2 (“> 2 


5 ae ee ss) (Sy (45 2) oe 


1.2.3.4 Me a 
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(1) If m is a positive integer, or any negative quantity, 
all the terms on the right are positive, and therefore 


a™ +b" (* + =)" 
> . 








9 9 


od oad 


(2) If m is positive and less than 1, all the terms on 
the right after the first are negative, and therefore 


am +b" (a+ bn” 
; ( =) 


oe 1 
(3) If «> and positive, put m= where 7<1; then 


1 1 1 
we b"\™ fa + b"\" 
(“ ‘ ) =-(")*) ) 
pes ~d 


1 1 1 
a" +4 5” m (a")" ts (b")" 
(- aaa a 


» by (2); 


1 


— 


a" 4. b™ mm a+b 
. ans) > 97 : 


a" “fs Lb” (“ ae 2) 
via Se ra > oe ee re e 
2 2 


_ Hence the proposition is established. If m=0, or 1, the 
inequality becomes an equality. 





*258. If there are n positive quantities a, b, ¢,...k, then 


am+ b™4 oM+4...4 km (“a a “*y" 
=> CTT OLGA SRA 


tna er ee to aT 


n n 


unless m 18 a positive proper fraction. 
Suppose m to have any value not lying between 0 and 1. 


Consider the expression a” +b"+c"+...+k", and suppose 
that a and 6 are unequal; if we replace a and b by the two equal 
quantities = ; sli , the value of a+b+e+...+ remains un- 


wd 
altered, but the value of a" +0" +c"+... +" is diminished, since 


a” + b">2 (s). 


2 
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Hence so long as any two of the quantities a, b, c,...4 are unequal 
the expression a@"+b"+c"+...+k" can be diminished without 
altering the value of a++¢+...+5; and therefore the value 
of a™+b"+c"%4...+k" will be least when all the quantities 
a, b, ¢,...4 are equal, In this case each of the quantities is equal 


to ——— 


and the value of a" 4+ b"+c"+...+é" then becomes 
atb6+ed... =). 
i Ap ca es : 
n 


Hence when a, 8, c,...4 are unequal, 








Gb" He" + eth" (tet 
epee: alee ~>{— ‘ 
Ve 


Tf a lies between U and 1 we may in a similar manner prove 
that the sign of inequality in the above result must be reversed. 


The proposition may be stated verbally as follows : 


The arithmetic mean of the m™ powers of n positive quantities 
is greater thun the m“ power of their arithmetic mean in all cases 
except when mi lies between 0 and 1. 


#259. Ifa and b are positive integers, and a>b, and if x be a 
bas x\* x\? 
positive quantity, ( + *) > (2 + *) . 
a 
For 


a a 1 a 1 9 ag 
(3 + “) -1+e4(I - ap t; ( -:) (1 = ‘) (een 


the series consisting of a + 1 terms; and 


a\ 1\ a" 1 2\ a” 9 
the series consisting of b+1 terms. : 


After the second term, each term of (1) is greater than the 
corresponding term of (2); moreover the number of terms in (1) 
is greater than the number of terms in (2); hence the proposition 
is established. 
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*260. Zo prove that es > fi L+ ana 


yf x and y are proper fractions and positive, and x > y. 





For ° l+a Z Y/L+y 
l—a l-—y’ 
according as * log —S or lg 
] lt+a Er a 
— log =—— = 2 , tet. ), [Art 226]; 
But 7 Sine (1+ 9 +5+. ), [Are 6]; 
and lie I+y 4 (a Pats es ) 
y Bity ~ 3 K 


and thus the proposition is proved. 


*261. Zo prove that (1+x)'™*(l—-x)'">1, Y x<1, and k 
} ath 
deduce that a®b? > >(°5 af =)". 


Denote (1 + a)'** (1—a)'"* by 2’; then 
log P = (1+) log (1 +) + (1 —2) log (1 — a) 
-- w {log (1 + x) — log (1 —x)} + log (1 + a) + log (1 — 2) 


6 


= Qa Ree 2 De te 
mm gt Rte eae tae eae 


Hence log 7’ is positive, and therefore ?>1; 
8 p 


that is, (1+ a)'** (1-2)! 1, 
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In this result put a= = where w>z2; then 


a 


& 
a\ I+ wa\ l= 
013) 
u U 
b+ B\"FF fw — a\h-? 
( ) ( ) eel gh or | Be 
a u 


ty (u ae a (u +e zy tau, 








a+b 
Now put w+z=a, w—z=5, so that w= —5-; 
oud 


a+b 
> (Sy 


* EXAMPLES, XIX. b. 


1, Shew that 27 (at + d4+c*) > (4+b+c)' 
2. Shew that 2(2+1) <8 (13 4 23 +334... +7). 


3. Shew that the sum of the m'" powers of the first 2 even num- 
bers is greater than n(2+1)", if m> 1. 


4. Ifaand 8 are positive quantities, and a> 8, shew that 


(f= (3) 


Hence shew that if n>1 the value of (143) lies between 2 and 
2°718... 


5. If a, b,c ure in descending order of magnitude, shew that 


(ee) Gey 
pao eele Pee (Ee . 
a-e b—c 


a . sie k Atdt+e+.. +k 
ate nett" < athe, J, 


6. Shew that ( 
n 


7. Prove that ~ Jog (1 +a™)< ~ log (1 +4.a"), if m> x. 


8. If nis a positive integer and « < 1, shew that 
L-a"ti JT—2s 


ee, <a eee 


n+l nv 


INEQUALITIES. 919 


9, If a, 6,c are in H.P. and x>1, shew that a*+c*> 26". 
10. Find the maximum value of 23 (4a —.x)® if a: is positive and less 
1 1 
than 4a; and the maximuin value of 22(1—.2)? when x is a proper 
fraction. 


11. If x is positive, shew that log(1+.2) <# and > eer : 


12. If ++y+2=1, shew that the least value of + ; + : is 9; 
and that (1 —.#) (1—y) (1 -2)>8ryz. 
13. Shew that (4+b+c+d)(84+b03+4a4) > (@+0+c7+a*)*. 
14, Shew that the expressions 
a(a—b)(a—c)+b (b-c) (b—a)+ce (e—a) (¢-b) 
and a* (a — b)(a—c)+0?(b-c) (b- a) +c? (e—a) (6 -b) 
are both positive. 


15, Shew that (v™+9™)* < (a"+9")", if m> xn. 


16. Shew that abt < (sy. 


17. Ifa, b, c denote the sides of a triangle, shew that 
(1) a? (p—g) (p—7) +0? (q—7) (g—p) te (rp) (rg) 
cannot be negative; p, g, 7 being any real quantities ; 


(2) a®yz+b°zr-+cxy cannot be positive, if e+y+c=0. 


18, Shew that [1 [3 [5.0.0 }2n—1 > (|r) 
19. If a,b, ¢, d,...... are p positive integers, whose sum is equal 
to n, shew that the least value o. 
|@ [Bb lol srcseeeee is (]g)?-"(|g+)) 


where g is the quotient and r the remainder when » is divided by p. 


CHAPTER XX. 
LIMITING VALUES AND VANISHING FRACTIONS. 


262. Ir a@ be a constant finite quantity, the fraction ~ can 
be made as small as we please by sufliciently increasing #; that 
is, we can make approximate to zero as nearly as we please 
by taking x large enough ; this is usually abbreviated by saying, 


e . ° * . a e 
‘when a is infinite the limit of = is zero.” 
° e & e ° 
Again, the fraction =, Increases us x decreases, and by making 
a 
x as small as we please we can make >; large as we please ; 
e a ° ry . e e 
thus when 2 is zero = has no finite limit; this is usually ex- 
e 66 e e e a a « y . x) 
pressed by saying, “ when « is zero the limit of = is infinite. 


263. When we say that a quantity increases without limit 
or is infinite, we mean that we can suppose the quantity to become 
greater than any quantity we can name. 


Similarly when we say that a quantity decreases without 
limit, we mean that we can suppose the quantity to become 
smaller than any quantity we can name. 


The syinbol o is used to denote the valuc of any quantity 
which is indefinitely increased, and the symbol 0 is used to 
denote the value of any quantity which is indefinitely dimi- 
nished, 
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264. The two statements of Art, 262 may now be written 
symbolically as follows : 


s e a. 
if x igo, then = is 0; 


: a. 
if wa is 0, then 3 8 &. 


But in making use of such concise modes of expression, it 
must be remembered that they are only convenient abbreviations 
of fuller verbal statements. 


265. The student will have had no difficulty in understanding 
the use of the word limit, wherever we have already employed it; 
but as a clear conception of the ideas conveyed by the words 
litt and limiting value is necessary in the higher branches of 
Mathematics we proceed to explain more precisely their use and 
meaning. 


266. Derinition. If y=/(x), and if when « approaches a 
value a, the function f(a) can be made to differ by as little as 
we please from a fixed quantity b, then 6 is called the limit of 
y when «= a. 


For instance, if S denote the sum of s terms of the series | 


1 1 1 , 1 
l+5+o2t gate-5 then N= 2~ sia. [ Art. 56. | 





Here S is a function of 2, and can be made as small 


ani 
2 


as we please by increasing 2; that is, the limit of S is 2 when 
m 1s infinite. 


267. We shall often have occasion to deal with expressions 
consisting of a series of terms arranged according to powers of 
some common letter, such as 


2 8 
hy + QC+ OG +40 + ...... 


where the coefficients a@,, @,, a, @,,... are finite quantities 
independent of «, and the number of terms may be limited or 


unlimited. 


It will therefore be convenient to discuss some propositions 
connected with the limiting values of such expressions under 
certain conditions. 
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268. The limit of the series 
a, taxX+ax? tax +... 

when x ts indefinitely diminished is a,. 

Suppose that the series consists of an infinite number of terms. 

Let 5 be the greatest of the coefficients a,, a,, @,, ...; and 
let us denote the given series by a,+S; then 

S < ba + ba? + bat+ ...; 
bx 


and if «<1, we have S<-—. 
l-«x 
Thus when 2x is indefinitely diminished, S can be made as 
small as we please ; hence the limit of the given series is a,. 


If the series consists of a finite number of terms, S is less 
than in the case we have considered, hence a fortiori the pro- 
position is true. 


269. In the series 
ajtaxX+ax?+a.x*+..., 
by taking x small enough we may make any term as large as we 
please compared with the sum of all that follow it ; and by taking 


x large enough we may make any term as large as we please 
compared with the sum of all that precede tt. 


The ratio of the term a2" to the sum of all that follow 


it is 
a x" = a, 
8 + 3 nt? ’ : 
a i a. ia @ eta, w+... 


When « is indefinitely small the denominator can be made 
as small as we please ; that is, the fraction can be made as large 
as we please. 


Again, the ratio of the term a,x" to the sum of all that 
precede it is 
_ x" a a, 
a, ew +a, et. ay tay t+...” 


where y=. 
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‘When x is indefinitely large, y is indefinitely small ; hence, 
as in the previous case, the fraction can be made as large as 
we please. 


270. The following particular form of the foregoing pro- 
position is very useful. 


In the expression 
i a a + 6,0 4 Uy, 
consisting of a finite number of terms in descending powers of X, 
by taking x small enough the last term a, can be made as large 
as we please compared with the sum of all the terms that precede 
it, and by taking a large enough the first term ax" can be made 
as large as we please compared with the sum of all that follow it. 


Example 1. By taking n large enough we can make the first term of 
n4 — 5n? -7n+9 as large as we please compared with the sum of all the other 
terms; that is, we may take the first term n‘* as the equivalent of the whole 
on with an error as small as we please provided n be taken large 
enough. 


: _ ., , dt— 272-4 
Example 2, Find the limit of ey Pea 


zero. 


when (1) x is infinite; (2) x is 


(1) In the numerator and denominator we may disregard all terms but 
the first; hence the limit is Bi OF pe 


(2) When « is indefinitely small the limit is =", or ~ 5. 


I+2 ‘ 
a when 2x is zero. 





Example 8. Find the limit of a 


ee Let P denote the value of the given expression; by taking logarithms we 
ve 


isk P= flog (1 +2) - log (1 — x)} 


2 4 
aa(1e 45+...) [Art. 226.] 
Hence the limit of log P is 2, and therefore the value of the limit 
required is e?, 


* 
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VANISHING FRACTIONS. 


271, Suppose it is required to find the limit of 
a? + an — 20° 
ae 
when ”= a, 


If we put «=a+h, then h will approach the value zero as o 
approaches the value a. 


Substituting a +h for a, 


a +ae—2a? 3aheh? 3at+h. 
wa = Yahrh®” Gath’ 


and when / is indefinitely small the limit of this expression 
a's aay 
1s 5 é 


aad 


There is however another way of regarding the question; for 


ait ae— 20" (a—a) (a+ 2a) _ ee 


one ee rm emanate ose 


a’—a®  - (w—a)(a+a) eta’ 
and if we now put w=a the value of the expression is 


5) as before. 


* + ax — 2a’ 
If in the given expression - sea - 5 we put «=a before 
a” — a 


simplification it will be found that it assumes the form the 


value of which is indeterminate; also we see that it has this 
form in consequence of the factor «—a@ appearing in both 
numerator and denominator. Now we cannot divide by a zero 
Jactor, but as long as x is not absolutely equal to a the factor 
“x—a may be removed, and we then find that the nearer 
approaches to the value a, the nearer does the value of the 


fraction approximate to . or in accordance with the definition of 


Art. 266, 


_ 2 
when a= a, the limit of ed is =. 
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272. If f(x) and ¢ (x) are two functions of #, each of which 
becomes equal to zero for some particular value @ of a, the 


fractior ao takes the form : and is called a Vanishing 


O } 
Fraction. 


Example 1. If x=8, find the limit of 
x3 —~ 52° + 70-8 


es — 72-52-38 ° 








When x =3, the expression reduces to the indeterminate form 5 ; but by 


removing the factor x-38 from numerator and denominator, the fraction 
becomes*— tt, When 2=8 this reduces to =. which is therefore the 
x?+2r+1 


4 
required limit. 





Example 2. The fraction = ALi ie OE becomes : when xr=a. 





To find its limit, multiply numerator and denominator by the surd con- 
jugate to ./8x—a-./x+a; the fraction then becomes 


__@r-a)-@ta) yy, 
(n-a)(fie-a+Jfe+a) /8e-a+/era’ 
whence by putting x=a we find that the limit is Fa 
CF 
~ Ya 


Example 3. The fraction ; a becomes : when r=1. 





0 


To find its limit, put z=1+h and expand by the Binomial Theorem. 
Thus the fraction 





1 1 
a bp? 
“ingen? a eae 
1~(1+n)8 1- (145 h- Ze...) 
5 25 
1 1 
~gtgh- Conver 
res ae areca 
~gtggh- snesee 


Now h=0 when x=1; hence the required limit is : . 


273, Sometimes the roots of an equation assume an in- 
determinate form in consequence of some relation subsisting 
between the coefficients of the equation, 


H. H. A. 15 
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For example, if axn+b=cx +d, 


(a-c)x=ad—b, 
d—b 

Ba -——, 
a—e 


d—t 
But if c=a, then x becomes — o or ~ ; that is, the root of 
a simple equation is indefinitely great if the coefficient of x is 
indefinitely small. 


274. The solution of the equations 
ax+by+c=0, aautb'y+e =), 


. bc’ — b’c ca’ — ca 
is N= 4 


ab’— ab’? *~ ab’ ab’ 
Tf al’~—a’b= 0, then x and y are both infinite. In this case 


b’ ore 
= 7 =m suppose ; by substituting for a’, 0b’, the second 


’ c 
equation becomes ax + by + — = 0. 
m 


aj) Ss 


, 
If ~ is not equal to ¢, the two equations ax +by+c 0 and 


ax + by + — = QO differ only in their absolute terms, and being 
inconsistent cannot be satisfied by any finite values of x and y. 


If — is equal to c, we have ee < , and the two equations 
m a b ¢ 
are now identical. 

Here, since be’ — b’c = 0 and ca’—c'a=0 the values of « and y 
5° 
fact, in the present case we have really only one equation 
involving two unknowns, and such an equation may be satisfied 
by an unlimited number of values. [{Art. 138,] 


each assume the form and the solution is indeterminate. In 


The reader who is acquainted with Analytical Geometry will 
have no difficulty in interpreting these results in connection with 
the geometry of the straight line. 
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275. We shall now discuss some peculiarities which may 
arise in the solution of a quadratic equation. 


Let the equation be 


az’ +ba+e= 0. 
If c-- 0, then 
ax’ +be=0; 
whence x=0, Seas ; 


a 
that is, one of the roots is zero and the other is finite. 


If B=0, the roots are equal in magnitude and opposite in 
sign. [Art. 118.] 


If a=0, the equation reduces to ba+c=0; and it appears 
that in this case the quadratic furnishes only one root, 


namely — 5 . But every quadratic equation has two roots, and in 


order to discuss the value of the other root we proceed as follows. 


Write : for x in the original equation and clear of fractions ; 
thus 
cy? + by+a=0. 
Now put a=0, and we have 


cy? + by =0; 


ar b c 
the solution of which is y = 0, or —— ; that is, a= oo, or — 3 
c 
Hence, in any quadratic equation one root will become infinite 
of the coefficient of x* becomes zero. 


This is the form in which the result will be most frequently 
met with in other branches of higher Mathematics, but the 
student should notice that it is merely a convenient abbreviation 
of the following fuller statement : 


In the equation az’ + bz+c = 0, if ais very small one root is 
very large, and as a is indefinitely diminished this root becomes 
indefinitely great. In this case the finite root approximates 


to 5 as its limit. 


The cases in which more than one of the coefficients vanish 
may be discussed in a similar manner. 


15—2 
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EXAMPLES, XX. 


Find the limits of the following expressions, 











(1) when v=o, (2) when x=0. 
L. (2a — 3) (3 — 5x) 9 (3c? — 1)? 
"a*-6r+4 ° ° “wA+9 ° 
3 (3+ 2%) (a - 5) 4 (a ~ 3) (2 — 52) (87 +1) 
"(408 —9) (1+) ° OT @e—-1s 
5 in” ine g, (82%) @+5) 2-72) 
" Qa3-1" Qa2 ° "Ta —1) +1” 
Find the limits of 
7. ee » When v= —1. es Z , when +=0. 
x*—] x 
ez=—e-7 em _. gma 
9. jog (fa) , when x=0, 10. aoe when 7=a. 
Jt- 2 x — 2a 
11. aes Vee =e when #=2a, 
log (1 +02 +24) 7 
12. 322 (1 on) , when «=O, 
1-x2+ log x 


13. 


———_——-—— , when v= 1. 
1-/2x— 22’ 


8 + (a- Ds 
(a8 ~ 29)h4 (a—- “Pb 


Va? +ax+ a? —/a*—ax+ x? 
15. epee when «=0, 


16. (C x) - ae , when n=o, 


14, 


, When w=«a, 





1.2 nv 


17. vlog - meer=y When 7 == 0 
l+> 
18, Ree 9 when 2=0. 


CHAPTER XXI. 
CONVERGENCY AND DIVERGENCY OF SERIES. 


276. AN expression in which the successive terms are formed 
by some regular law is called a series; if the series terminate at 
some assigned term it is called a finite series; if the number of 
terms is unlimited, it is called an infinite series. 


In the present chapter we shall usually denote a series by 
an expression of the form 


Ob, MMH ceeeee a 


277. Suppose that we have a series consisting of » terms. 
The sum of the series will be a function of ; if m increases 
indefinitely, the sum either tends to become equal to a certain 
finite limit, or else it becomes infinitely great. 


An infinite series is said to be convergent when the sum 
of the first 2 terms cannot numerically exceed some finite 
quantity however great n may be, 


An infinite series is said to be divergent when the sum of 
the first m terms can be made numerically greater than any finite 
quantity by taking m sufliciently great. 


278. If we can find the sum of the first » terms of a given 
series, we may ascertain whether it is convergent or divergent 
by examining whether the series remains finite, or becomes in- 
finite, when » is made indefinitely greut. 


For example, the sum of the first n terms of the series 
1-2" 
l-a« 





l+tatattar+ ... is - 
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If w is numerically less than 1, the sum approaches to the 


finite limit ee and the series is therefore convergent. 
—2 


If x is numerically greater than 1, the sum of the first 


e H by ° . @ ° 
m terms 18 and by taking » sufficiently great, this can 


e-1? 
be made greater than any finite quantity; thus the series is 
divergent. 





If a= 1, the sum of the first » terms is 7, and therefore the 
series is divergent. 


If «=-—1, the series becomes 
1T-1l4+1-—-14+1-1+...... 


The sum of an even number of terms is 0, while the sum 
of an odd number of terms is 1; and thus the sum oscillates 
between the values 0 and 1. This series belongs to a class 
which may be called oscillating or periodic convergent series. 


279. There are many cases in which we have no method 
of finding the sum of the first 2 terms of a series. We proceed 
therefore to investigate rules by which we can test the con- 
vergency or divergency of a given series without effecting its 
summation. 


280. An infinite series in which the terms are alternately 
positive and negative is convergent if each term is numerically 
less than the preceding term. 


Let the series be denoted by 
W,—U, + U,~ U, + Uy — Uy to... 
where 1, > Us > Uy > Ul > Uy vee eee 


The given series may be written in each of the following 
forms : 


(tb, — U,) + (tl, —U,) + (UM, — Uy) Feces cee (1), 


u, — (U,—U,) — (6, — U,) — (Uy — U,) meee (2). 


From (1) we see that the sum of any number of terms is 
a positive quantity ; and from (2) that the sum of any number 
of terms is less than w,; hence the series is convergent. 


CONVERGENCY AND DIVERGENCY OF SERIES. 231 


281. For example, the series 

sae eee eee ea 
"27374756 
is convergent. By putting «=1 in Art. 223, we see that its 
sum is log, 2. 


1 


Again, in the series 
9) 


2 3 a 4 § : 
1 2 3 4 

each term is numerically less than the preceding term, and the 

series is therefore convergent. But the given series is the sum of 


1 1 1 21 ~=«21 
dg agg ae at eoeeee Q crt reeese (1), 
und L-1l4+1—-1l4+1-1+...... ss gbedmaeaceee (2). 
Now (1) is equal to log, 2, and (2) is equal to 0 or 1 according 
as the number of terms is even or odd. Hence the given series 
is convergent, and its sum continually approximates towards 


log. 2 if an even nuinber of terms is taken, and towards 1 + log, 2 
if an odd number is taken. 


v 


282. <An infinite series in which all the terms are of the same 
sign is divergent if each term is greater than some finite quantity 
however amall. 


For if each term is greater than some finite quantity a, 
the sum of the first m terms is greater than na; and this, by 
taking 7 sufficiently great, can be made to exceed any finite 
quantity. 


283. Before proceeding to investigate further tests of con- 
vergency and divergency, we shall Jay down two important 
principles, which may almost be regarded as axioms. 


I, If a series is convergent it will remain convergent, and 
if divergent it will remain divergent, when we add or remove 
any finite number of its terms; for the sum of these terms is 
a finite quantity. 

TI. If a series in which all the terms are positive is con- 
vergent, then the series is convergent when some or all of the 
terms are negative; for the sum is clearly greatest when all 
the terms have the same sign. 


We shall suppose that all the terms are positive, unless the 
contrary is stated. 
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284, An infinite sertes is convergent if from and after some 
fixed term the ratio of each term to the preceding term ts numerically 
less than some quantity which is itself numerically less than unity, 
Let the series beginning from the fixed term be denoted by 
UW, + Uy + Uy + UH veeeeees 
and let M8 ey, M8 cr, vbr, ‘geen 
b, U - U, 
where 7 < 1. 


Then U +U+U;t+UL+..:« 


uUuwe ww Ub Uw U 

Roy SB) og Oe 
—U, (142 i a ae er 4 ) 

1 2 1 Fs | 3 1 


<u, (Lerten tii... )5 





° wu, ° 
that is, < ~» sluce 7 < 2. 


] 


Hence the given series is convergent. 


285. In the enunciation of the preceding article the student 
should notice the significance of the words “from and after a 
fixed term.” 


Consider the series 


1+ 2a + 3274+ 4074+ 200... +e + o.,, 
uw 20a l 
Here Peace ee ] + fete ea ) a ; 
a n—Il n-l 


and by taking 7 sufficiently large we can make this ratio ap- 
proximate to a as nearly as we please, and the ratio of each term 
to the preceding term will ultimately be 2 Hence if «<1 the 
series 1s convergent. 


But the ratio ih. will not be less than J], until Pat <1; 
’ u~} = 
that is, al > = ' 
Here we have a case of a convergent series in which the terms 
may increase up to a certain point and then begin to decrease, 


; 99 l 
Hor example, if x= 100" then rs 100, and the terms do not 


ogin to decrease until after the 100 term, 
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286. An infinite series in which all the terms are of the same 
sign 18 divergent if from and after some fixed term the ratio of each 
term to the preceding term is greater than unity, or equal to unity. 


Let the fixed term be denoted by u,. If the ratio is equal to 
unity, each of the succeeding terms is ‘equal to u,, and the sum 
of m terms is equal to nu, ; hence the series is divergent. 


If the ratio is greater than unity, each of the terms after the 
fixed term is greater than u,, and the sum of terms is greater 
than nw, ; hence the series is divergent. 


287. In the practical application of these tests, to avoid 
having to ascertain the particular term after which each term is 
greater or less than the preceding term, it is convenient to find 


the limit of —“" when n is indefinitely increased ; let this limit 
be denoted by 7s 

Tf \<1, the series is convergent. [Art 284.] 

If A> 1, the series is divergent. [Art. 286.] 


If X=1, the series may be either convergent or divergent, 
and a further test will be required; for it may happen that 
“scl but continually approaching to 1 as its limit when n ws 





a eat | * . e . 
indefinitely increased. In this case we cannot name any finite 
quantity 7+ which is itself less than 1 and yet greater than A. 


Hence the test of Art. 284 fails. If, however, rain >1 but con- 


tinually approaching to 1 as its limit, the series is ‘divergent by 
Art, 286 


2, - Bhs: an 
We shall use “ Lim -—t-” as an abbreviation of the words 


a—] 


‘the limit of —" when v is infinite.” 


a~l 





u} 
Example 1, Find whether the series whose n‘* term is we is con- 


vergent or vee 





Ne re ee 


Here My _ (mtd)e" ment _ (n+4) (n- 1)? 
= ni (n—-1)3 — ns 


., Lim fic. a 
yz 
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hence if <1 the series is convergent; 
if r>1 the series is divergent. 





Ifx=1, then Lim : “1, and a further test is required, 
n-1 
Example 2. Is the series 
1? + 224 + 37474 4323+ ....., 


convergent or divergent? 
n® gn) 


Here Lim -—-~ =Lim =7, 
Un s—« (1) 8h? 


Hence if <1 the series is convergent; 
if «>1 the series is divergent. 
If x=1 the series becomes 12+ 2? + 374 47+ ..., and is obviously divergent, 


Example 3. In the series 
a+(a+d)r+(a+2d) r?4+...4+ (a+ n-1.d)r™14,_,, 
Tim fit eee Lin = oa ee) a ee a 
Un—} a+(n-2)d' 


thus if r<1 the series is convergent, and the sui is finite. [See Art. 60, Cor.] 


28x. If there are two infinite serics in each of which all the 
terms are positive, and if the ratio of the corresponding terms in 
the two series is always finite, the two series are both convergent, 


or both divergent. 
Let the two intinite series be denoted by 
MW, +H, + Uy t+ UH eee, ; 
and Ce ee Oe ae ree 
The value of the fraction 


te, + Us + u., A wateee noes + U 


DP UG Pi opie +0, 





nl tt [Art. 14,] 


and is therefore a finite quantity, Z say ; 
U+U+t+U+.. +U,= Lv, +v +0, +...4+%). 


Hence if one series is shite in value, so is the other; if one 
series is infinite in value, so is the other; which proves the 


proposition. 
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289. The application of this principle is very important, for 
by means of it we can compare a given series with an auwiliary 
series whose convergency or divergency has been already esta- 
blished. The series discussed in the next article will frequently 
be found useful as an auxiliary series, 

290. The infinite series 

Pod Da 
ie + gp t apt jr? eats 
is always divergent except when p ts positive and greater than 1. 
Cask]. Let p> 1. 
The first term is 1; the next two terms together are less than 


2 4 
ae the following four terms together are less than qe the fol- 


lowing eight terms together are less than .-; and so on. Hence 


ee 2 4 8 
the series is less than 1+ opt get get 


that is, less than a geometrical progression whose common ratio 


§ 
g? 


y) 

ted ° ° 

57 18 less than 1, since p>1; hence the series is couvergent. 
oad 


Case IT. Let p= 1. 


ie 
The series now becomes 1 + : + 5 tater. 
2 ae 
The third and fourth terms together are greater than | t 53 
4 
the following four terms together are greater than g 8 5) the 
following ei ee d 
ollowing eight terms together are greater than 1g Of a3 Aud Bo 
. Hence the series is greater than 
: LF 
1+ 3+ 3 3+ 5 t5t: 
2 
and is therefore cree [Art. 286. ] 


Case III. Let y<1, or negative. 

Each term is now greater than the corresponding term in 
Case II., therefore the series is divergent. 

Hense the series is always divergent except in the case when 
_ p is positive and greater than unity. 
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Example. Prove that the series 


2 3 4 nN +1 
1 t { + Y | eee { g { eee 
is divergent. 


1 


; : 1 1 
Compare the given series with 1+5 tate tote 


Thus if u, and v, denote the n'* terms of the given series and the 
auxiliary series respectively, we have 





hence Lim Nel, and therefore the two series are both convergent or both 


divergent. But the auxiliary series is divergent, therefore also the given 
series is divergent. 


This completes the solution of Example 1. Art. 287. 


291. In the application of Art. 2&3 it is necessary that the 
limit of should be finite; this will be the case if we find our 


n 
auxiliary series in the following way : 


Take x, the 2‘" term of the given series and retain only the 
highest powers of ~. Denote the result by v_; then the limit of 


UU e ry . i) 
— is finite by Art. 270, and v, may be taken as the nx" term of 
v 


nN 
the auxiliary series. 


Yoni 1 
kazample 1, Shew that the series whose n'" term ig -, wae 
/3n3 + 2n+ 6 
divergent. 


As n increases, u,, approximates to the value 


Jan? 3/21 


Os ray OY Fae 
ans 8 


* 1 8 e e ° e 
Hence, if v,=-—,, we have Lim en which is a finite quantity; 
ni® mn oN! 


therefore the series whose n‘* term is = may be taken as the auxiliary 


nid 
series. But this series is divergent [Art. 290]; therefore the given series is 
divergent. 
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Example 2. Find whether the series in which 


Uy,= nt + 1-n 
is convergent or divergent. 


oa 


L 1 
=n (1 + 337 opto 1) 


Pe ee 
~ Brt ne 


1 
If we take v, = “ewe have 


u, I 1 on 
v, 3 Ont 
i ee 
« Lim at 
But the auxiliary series 
1 i 42 1 i 1 ¥s 
qa ga ge tae 


is convergent, therefore the given series is convergent. 


292. To shew that the expansion of (1+x) by the Binomial 
Theorem ts convergent when x <1. 


Let w,, u,,, represent the 7 and (7+1)™ terms of the ex- 
pansion ; then 
U,, nmo~r+l 
oe | aon ~ Ho 
U, 7 
When r>a+1, this ratio is negative; that is, from this 
point the terms are alternately positive and negative when a 


18 positive, and always of the same sign when x is negative, 
e e . s UW e 
Now when * is infinite, Zim —*+ =a numerically; therefore 
u, 


since «<1 the series is convergent if all the terms are of the 
same sign; and therefore a fortiori it is convergent when some of 
the terms are positive and some negative. [Art. 283.] 


293. To shew that the expansion of aX in ascending powers 
of x t8 convergent for every value of x. 


Hore Ms. 2964 





; and therefore Lim —“s- <1 whatever be 


n~ 


the value of x; hence the series is convergent, 
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294. To shew that the expansion of log (1+) in ascending 
powers of x is convergent when x ig numerically less than 1. 


u u—1 ae soe 
Here the numerical value of —*- = -—--- #, which in the limit 
U n 





es . n~—-l e 
is equal to x; hence the series is convergent when ~ is less than 1. 
1 1 


, 1 
If x=1, the series becomes l-S+g-qGte 


vergent. [Art. 280.] 


, and is con- 


If x«=—1, the series becomes —1 = ; - — ..5 and is 


divergent. [Art. 290.] This shews that the logarithm of zero is 
infinite and negative, as is otherwise evident from the equation 
e = 0). 

295. The results of the two following examples are important, 
and will be required in the course of the present chapter. 





Example 1. Find the limit of x“ when « is infinite, 
Put x=e¥; then 
oc ev yy 
1 bs a) - 3 APP sa 
| y ys 
tLe aah 0 aah te oe 
ee al 


also when 2 is infinite y is infinite; hence the value of the fraction is zero. 
Example 2. Shew that when n is infinite the limit of nz"=0, when r<1., 
Let oe , 80 that y>1; 


also let y"=2, so that nlogy=logz; then 
n 1 log z 1 loge 


nz” = -—— 


“yz logy logy’ z 
Now when 7 is infinite z is infinite, and 18-0; also logy is finite; 


therefore Lim nx*=0. 


296. It is sometimes necessary to determine whether the 
product of an infinite number of factors is finite or not. 
Suppose the product to consist of n factors and to be denoted by 
UU Ug vseees U, } 
then if as m increases indefinitely «<1, the product will ulti- 
mately be zero, and if u,>1 the product will be infinite ; hence in 
order that the product may he finite, wu, must tend to the limit 1. 
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Writing 1+, for w,, the product becomes 
(1+v,) (1+4,) (1 +29,) ...... (1+¥,). 
Denote the product by P and take logarithms; then 
log P = log (1 + v,) + Jog (1 +4,) +...4 log (l+%) ...... (1), 


ind in order that the product may be finite this series must be 
convergent. 


Choose as an auxiliary series 





eee er one 
o * as 
Now Lim ACB = Lim ( = |, 


since the limit of v, is 0 when the limit of wis 1. 


Hence if (2) is convergent, (1) is convergent, and the given 
product finite. 


Example. Shew that the limit, when 2 is infinite, of 
133 5 5 7 2n-1 2n+1 


Sea CS Be ln 


is finite. 


The product consists of 2n factors; denoting the successive pairs by 
U,, U., Uy,... and the product by P, we have 


P= ty Uy Uy... Un» 
where u _t- ; an+1_ a oe 
nw 2n 2n An?’ 
but log P=logu,+logu,+logu,+... log u, ......... (1), 
and we have to shew that this series is finite. 
Now log u,, = log (3 - ia) = a aogin 3 


therefore as in Ex. 2, Art. 291 the series is convergent, and the given product 
is finite. 


297. In mathematical investigations infinite series occur so 
frequently that the necessity of determining their convergency or 
ivergency is very important; and unless we take care that the 
series We use are convergent, we may be led to absurd conclusions, 
[See Art. 183.] 
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For example, if we expand (1—2)~? by the Binomial Theorem, 
we find 


(1 ~ a)? = 1+ 2a + 3x? + da? + ...... 


But if we obtain the sum of 2 terms of this series as ex- 
plained in Art. 60, it appears that 











. ] — 2" nas” 
14+ 204+ 30% 4+ 0... tma™ l= - 3 
(l-av)? l-«@ 
whence 
1 x" mac" 
=14 244 3a°+4+ 0... 4 nae" +5 ee 
(1-2)? (l—-a)jl-« 


By making x infinite, we see that Cee, can only be re- 


garded as the true equivalent of the infinite series 


14+ 2a+ 3x7 + 4a +... 
h e. + aad vanishes 
when (I=) De 
Tf » is infinite, this quantity becomes infinite when 2 -= 1, 
or x>1, and diminishes indefinitely when 2<1, [Art. 295], so 
that it is only when «<1 that we can assert that 


1 

(l—a)" 
and we should be led to erroneous conclusions if we were to use 
the expansion of (1 —x)~* by the Binomial Theorem as if it were 
true for all values of x In other words, we can introduce the 
infinite series 1 + 2”+3a2°+... into our reasoning without error 
if the series is convergent, but we cannot do so when the series 
is divergent. 


= 1+ 2+ 327+ 4a? + ...... to inf, ; 


The difficulties of divergent series have compelled a distinction 
to be made between a series and its algebraical equivalent. For 
example, if we divide 1 by (1 -«)’, we can always obtain as 
many terms as we please of the series 


1 + 2x4 32° + 4a + 2... 





whatever z may be, and so in a certain sense 


may be 


(1 - x) 
called its algebraical equivalent ; yet, as we have seen, the equi- 
valence does not really exist except when the series is con- 
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vergent. It is therefore more appropriate to speak of 


1 
T= 


as the generating function of the series 


1 + Qa + 3a? +.... 


being that function which when developed by ongnery alge- 


braical rules will give the series in question. 


The use of the term generating function will be more fully 


explained in the chapter on Recurring Series. 


EXAMPLES. XXI. a. 


Find whether the following series are convergent or divergent: 


7 oe ae a 
" 2 ata 4+2a x+3a 
av and a being positive quantities. 
1 1 1 1 


% petsatsat irs 


] 1 1 


xy (w@+)(y+1) | (ew +2) (y +2) 


azand y being positive quantities. 


4. 4 + ve oe ~ wA ; 
Lo 28 84 4 
“v a2 w at 
5 Tata 74 5G 7 at ewe 
22 Be 4? 
6 rigt ge iat ore 


t Sst Jit /ita/st set 


8 143274 507+ 7234 927 + ...... 
2 3 4 5 
9. wtont apt gst Sasead 
ax x 
10. l+,+ 5+ ote at beeuy 
11, a+cat4 3 F084 5 ott. ae 
| 5 ay 


H. H. A. 


— yin +, 


16 
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12, Lege ta ath oa8 bb oe tt sien 
IB Gta tap tytn 

14, ee ee ees 
Pee 
16, eat at atid ee 


17. Test the series whose general terms are 


(1) Jat+l—n (2) a/nt+)~Jnt—1. 


18. Test the series 
] ] 1 1 
(1) plead aban oe ents ; 
1 1 1 ] 1. 
ar aa ve Ma ae ee 
x being a positive fraction. 


19, Shew that the series 
Qp 3p 4p 
1+ 2 + 3 + id Seca 


is convergent for all values of p. 


20, Shew that the infinite series 
Uy + Ug + Uy + Uy Hesees 
is convergent or divergent according as Lim ./u,,is <1, or >1. 


21, Shew that the product 
2244 6 Mn-2 an-2 Bn 
3 3 5. 6 2n-3° In-1° Mn) 
is finite when 7 is infinite. 


22, Shew that when x=1, no term in the it agro of (1+2)" is 
infinite, except when n is negative and numerically greater than unity, 


—_ 
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*298. The tests of convergency and divergency we have 
given in Arts. 287, 291 are usually sufficient. The theorem 
proved in the next article enables us by means of the auxiliary 
series 

1 1 1 1 

yet ge + apt see Tog aes 
to deduce additional tests which will sometimes be found con- 
venient. 


¥299. If uy, Vv, are the general terms of two infinite series 
in which all the terms are positive, then the u-series will be con- 
vergent when the v-sertes 1s convergent uf after some particular term 


Vv e e e e ° 
aR < ae ; and the u-series will be divergent when the v-series is 
Uy_, n—! 


: sell Vv 
divergent uf : "> 


n-1 Van 


Let us suppose that wu, and », are the particular terms. 


u, v, Uv 
Cask I. Let “$<, -*< 4,...... ; then 
uv’? uv 
! t 3 3 
Wb, + Uy + Uy + veeee. 


Uw ww w 
= U, (Eee 
U, 


2 ! 


v, wv, ¥Y 
<u (1443.2 4...); 
Vv, 2%, 


‘ u 
that is, < od (v, +0, +, + ...). 
} 


Hence, if the v-series is convergent the w-series is also con- 
vergent. 


uv, UU Yv 
CaseIl. Let -?>~, ->—...... ; then 
U, v, 2 2 
UW, + ULE UL+ wees 
u u 
ou, (14 St Se Sr ) 
U, U, ew, 
v 


16—2 
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e U, 
that 18, > — (+9, +49, ++ eaa)s 
1 
Hence, if the v-series is divergent the w-series is also di. 


vergent. 


*300. We have seen in Art. 287 that a series is convergent 
or divergent according as the limit of the ratio of the n™ term 
to the preceding term is less than 1, or greater than 1. In the 
remainder of the chapter we shall find it more convenient to use 
this test in the equivalent form : 

A series is convergent or divergent according as the limit of 
the ratio of the x" term to the succeeding term is greater than 1, 


es . a UW 
or less than 1; that is, according as Lim " >1, or <1. 


n+t 
Similarly the theorem of the preceding article may be 
enunciated : 
The z-series will be convergent when the v-series is convergent 


,  u 5: ® ; 
provided that Lim =" > Lin—" ; and the w-series will be di- 


a+ e ° at) ° 
vergent when the ¢-series is divergent provided that 


.  U 4" 
Lim =" <Lim *-. 
nt Vie 1 


*301. Lhe sertes whose yeneral term is u, is convergent or di- 





wergent according as Lim {n( ieee 1)! >], or <1. 


n+] 
Let us compare the given series with the auxiliary series 


whose general term v, 1s -,. 
7% 


When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent if 


Pp ’ 
Pee a ee (1+ ae 
Ve 


Une nb 
that is, if Ba Oe ig 0 ee 
ae n 2n 
u p(p-1) 
or Ret ae | ee ae 
n( es )>p+ on 7 ; 
that is, if Lim {n ( acon 1)} > 2. 
are 
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But the auxiliary series is convergent if p is greater than 1 
by a finite quantity however small; hence the first part of the 
proposition is established. 


When p<1 the auxiliary series is divergent, and by proceed- 
ing as before we may prove the second part of the proposition. 
Example. Find whether the series 
eo. LB a 18 a 


—— 


ita ete STH 4.67 
is convergent or divergent. 


. U 1 . bee deg ‘ 
Here Lim va = 3) hence if «<1 the series is convergent, and if z>1 
Se tt 
the series is divergent. 


If x=1, Lim -"" =1. In this case 
Un+y 


pd Be Benes (20-8) 1 
see Sas | peeeere (2n~2)°2n-1° 

Bi, 

Unt, (2-1) (2n-1)’ 


Lip cg pe 
= Gat 1) ~ (2n— 1?’ 


Lt Ms _3\l23. 
ote Lim } (Gee ert 


hence when z=1 the series is convergent. 


and 


*302. The series whose general term vs u, ts convergent or di- 


“= 1, or <1. 





vergent, according as Lim (2 log = 


a+1 
Let us compare the given series with the series whose general 


sk 
term Is —. 
n 


When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent if 


Sn (14 ZY; [Art 300.] 
U, +1 % 
° ° Ub, 1 s 
that is, if log ae > p log (2 sf ~) ; 
or if log np Py 
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that is, if lam (n lo we) > p. 
n+} 


Hence the first part of the proposition is established. 


When p<1 we proceed in a similar manner ; in this case the 
auxiliary series is divergent. 


Example. Find whether the series 
2x2 “ 373 n 44r4 HS z5 
os a 
is convergent or divergent. 


Uy _ mar , (ntlysttantt nn 1 





en ee a DE Gate! 
n 
. Uy 1 
*. Lim —? =—. [Art. 220 Cor.]. 
n+. 6% 


: 1 a : 1 ae ae 
Hence if t<- the series is convergent, if z> : the series is divergent. 





If a=', then eee, ° 
Unt (143) 
1 
*, log “n_—loge— ~nlog (145 *) 
Unt1 
—-l-n 1 = 1 Tae Se 
. n Qn? B88 *" 
ea aoa. Be 
2n Bn? " ' 
Mm 2 1 
“ee 3n : 
. Lim (n log — =.) ae ; 
Unty 2 


1 fe aus sas 
hence when x = the series is divergent. 


*303. If Lim “* =1, and also Lim in( -1)}=1, the 
tests given in ke ‘300, 301 are not applicable. 
To discover a further test we os make use of the auxiliary 


series whose general term is —.——. = se rh In order to establish 
the convergency or divergency of this series we need the theorem 
proved in the next article. 
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*304. If $(n) is positive for all positive integral values of n 
und continually diminishes as n increases, and of a be any positive 
integer, then the two infinite series 


(1) + (2) +4(3)+...+6(n)+..., 
and ad (a) + a°dh(a’) + aPd(a’) +... + a’p(a’)+..., 
are both convergent, or both divergent. 
In the first series let us consider the terms 
p(a* +1), P(a*+ 2), p(a’ +3), ...... GG), qaveohies (1) 
beginning with the term which follows $(c’). 


The number of these terms is a**'—a', or a’(a—1), and each 
of them is greater than $(a‘*'); hence their sum is greater than 


k+1\, : a aa. k+} k+1 
a*(a— 1) p(a‘*'); that is, greater than axa d (a‘*"), 





By giving to & in succession the values 0, 1, 2, 3,... we have 
a-1l 
(2) + p(3) + (4) +...... + p(a)> a aes ad(a); 


d(at+1)+ (a+ 2)+ (a+ 3)4...... + b(at) = — x a'b(a’); 


a— | gy 
: a * 
where S,, S, denote the sums of the first and second series respec- 


tively; therefore if the second series is divergent so also is the 
first. 


Again, each term of (1) is less than ¢(a*), and therefore the 
sum of the series is less than (a — 1) x a’d(a’). 





therefore, by addition, S,-¢{1)> 


By giving to & in succession the values 0, 1, 2, 3... we have 
(2) + (3) + (4) +...... + p(a) < (a—1) x A(1); 
o(a+1)+ (a+ 2)+o(at+3)+...... + f(a*) <(a—1) x ad(a); 


OHH mee ees ene eee marr eres seat reese s Hester essere eee 


therefore, by addition 
8,- (1) <(a-1){8, + $(1)}; 
hence if the second series is convergent so also is the first, 


Norn. To obtain the general term of the second series we take ¢(n) the 
general term of the first series, write a® instead of n and multiply by a*. 
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*305. Zhe series whose general term is ee 1a convergent 
| n (log n)? 
uf p>, and divergent if p=1, or p<l. 


By the preceding article the series will be convergent or 
divergent for the same values of » as the series whose general 


term is 
1 1 el 
a” (log a*)”’ ° ‘ Toga)?? °* (log og a)* * 


n 
xX P" 


The constant factor - (iog may is cominon to every terin; there- 
fore the given series will be convergent or divergent for the same 


; Ome 
values of p as the series whose general term is—,. Hence the 
11. 


required result follows. [Art. 290.] 


*306. The series whose general term is u_ ita convergent or dt- 
a 


vergent according as Lim fn (= - 1) ~ 1} log n| >l,or<1. 


ntl 


Let us compare the given series with the series whose general 


term 18 n(logny , 


When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent by Art. 299, ‘if 
_, (et vm + 1) {log (7 + 1)}? 1 
ae nde One (1). 


ntl 


Now when 1 is very large, 
log (n + 1) = log n + log (A + =) =logn+ - nearly ; 


Hence the condition (1) becomes 


(1) rata) 
We, n ore 





that is, at > (i + -) € ms wibs,)} 
. Une n nlogn 
uU ] Pp 








that is, oo leas 
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or n( ~1)>14 Dy 


Us, log n’ 
or ) {n(,"-=1) -1f log n> p, 
Ce J 


Hence the first part of the proposition is established. The 
second part may be proved in the manner indicated in Art, 301. 


Example. Is the series 
i . 
33 382.57 B82, 53, 7? 
convergent or divergent? 
_ (2n +1)3 1 1 





Here . io (np =] se + ane a Mule dieeates cae eis Snaeee (1). 
Lim i. =1, and we proceed to the next test. 
Unt 
; 1 
From (1), n (. ~ 1) = =1+ yes (2). 


*. Lim \n Ge i 1) =1, and we pass to the next test. 


ji, | Mies log n : 
From (2), \" (-- ) ~ 1 log n = a 
*. Lim [ee (S ~ 1) — i} log n ]=o 
Unt 
since Lin. ——— wen =0 [Art. 295]; hence the given series is divergent. 


*307. We have shewn in Art. 183 that the use of divergent 
series in mathematica] reasoning may lead to erroneous results. 
But even when the infinite series are convergent it is necessary to 
exercise caution in using them. 


For instance, the series 


2 a" act ww 
la + 


2 8 EB 
is convergent when x=1. [Art. 280.] But if we multiply the 
series by itself, the coefficient of 2” in the veal is 


1 


1 
ee os peenmumascenoaaas a caes inne eee oom 
Jin JIn-1 : 2. Jann 3 ee “15 =a * Tin 
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Denote this by a,,; then since 

Dee ore 
‘dr. dfin—r (4/n)*? Jn’ 
2n 


+ l . e es e es dl ‘7 « 
a> a and is therefore infinite when 7 is infinite. 
n 





If x=1, the product becomes 


a,~ a, +a,— + cee + @,,-%, 4, i ga nasg 


and since the terms @,,, @,,415 Gage 


no arithmetical meaning. 


are infinite, the series has 


This leads us to enquire under what conditions the product 
of two infinite convergent series is also convergent. 


*308. Let us denote the two infinite series 
2 a Qn 
A, +d, 0+ G07 + 0,05 + ...4+0, 0" 4+ ..., 
2 a] Pi) 
b, +b,0 + ba? + ba? t+... + bat... 
by A and # respectively. 


If we multiply these series together we obtain a result of 
the form 


a,b, + (a,b, + a,5,) # + (4,6,+4,b,+0,b,) a+... 


Suppose this series to be continued to infinity and let us 
denote it by C; then we have to examine under what conditions 
C may be regarded as the true arithmetical equivalent of the 
product AB. 


First suppose that all the terms in A and B are positive. 


Let A,,, B,, C,, denote the series formed by taking the first 
2n +1 terms of A, B, C respectively. 


If we multiply together the two series A, , B, , the coefficient 
of each power of x in their product is equal to the coefficient of 
the like power of x in Cas far as the term 2”; but in A, B,, 
there are terms containing powers of x higher than 2%", whilst 


w*" is the highest power of x in C,,; hence 


A,B, > C,. 


an Bn 
& 


If we form the product A,B, the last term is ab”; but 


(’,, includes all the terms in the product and some other terms 
besides ; hence 


Cl>A,B. 
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Thus C,, is intermediate in value between A,B and A, B,,, 
whatever be the value of n. 


Let A and B be convergent series ; put 
A, =A-X, B= B-Y, 
where X and Y are the remainders after n terms of the series 
have been taken; then when » is infinite XY and Y are both 
indefinitely small. 
AB =(A-X)(B-—Y)=AB-BX-AY+XY; 


n nt 


therefore the limit of 4,B, is AB, since A and B are both finite. 
Similarly, the limit of 4, B, is AB. 


Qn Ba 


Therefore C which is the limit of C, must be equal to AB 
since it lies between the limits of A.B, and A, B,. 


Next suppose the terms in A and 8B are not all of the same 
sign. 

In this case the inequalities A,B, >C,,> A,B are not 
necessarily true, and we cannot reason as in the former case. 


Let us denote the aggregates of the positive terms in the 
two series by P, P’ respectively, and the aggregates of the 
negative terms by V, WV’; so that 


A=P-N, B=P-N\% 


Then if each of the expressions ?, P’, V, NV’ represents a con- 
vergent series, the equation 


AB= PP —- NP'—PN'+ NN, 


has a meaning perfectly intelligible, for each of the expressions 
PP’, NI’, PN', NN’ is a convergent series, by the former part 
of the proposition ; and thus the product of the two series A and 
8 is a convergent series. : 


Hence the product of two series will be convergent provided 
that the sum of all the terms of the same sign in each ts a con- 
vergent serves. 


But if each of the expressions P, NV, P’, NW’ represents a 
divergent series (as in the preceding article, where also P’ =P 
and V’= JV), then all the expressions PP’, VP’, PN’, NN’ are 
divergent series. When this is the case, a careful investiga- 
tion is necessary in each particular example in order to ascertain 
whether the product is convergent or not. 
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*EXAMPLES, XXI. b. 


Find whether the following series are convergent or divergent 


252 


1 of 1.9.5 ot 1.3.5.7.9 af 
6°8°9.4-6.8.10° 1800" 


eu a ae 


6 3.6.9 ,, 3.6.9.12 , 
(10.15.16 0 











ee ee 
2, lt+z an i “10° i "10773 
2? 2.42 23 , 42. 63 
Pp Tae ae oh i shaw oh 
ier We MS OA a Wer 
4 py ee BO ht 
ani ane ae) 
1 4 
5. Le ped cate 4a ene 
12 12, 3 12, 33, 5? 
6. git of 4 42 nae 42 “gee ‘F Peoree 
a(1—«) ,Uta)e a (1 —a) @~«) 
7. 1 + yp ™ “42 ge 
, 24a +a) a(1— a) (2-a) (3 
12. 30 0C~C~*” see AC eo) + eeoone 
a being a proper fraction. 
. ©) \2 2 \s 
Be ee a 
: ta eS 


a.p —a 
9. Oe ds by (yt]) - 

4 (441) (a+2) B(B+1) (B+2) | 
1. 2.3. y(y+1) (y+2) Baka 





x* (log 2)¢ +.23 (log 3)*+ a4 (log 4)%+ 


10, 
a(a+1) a (@+1)(G+2) 
11. L+a4— po ag Pee 
n+ Ant 1+ Bnt-?+ Crk 34... 
12, If - e. rere oan rae , where & is a positive 
ere is convergent if 


+1 
integer, ‘ioe that the series ty + y+ tly + 
A-a-—1 is positive, and divergent if A —a— 1 is negative or zera 
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UNDETERMINED COEFFICIENTS, 


309. In Art. 230 of the Hlementary Algebra, it was proved 
that if any rational integral function of # vanishes when x2=a, 
it is divisible by x~a. [See also Art. 514. Cor.] 

Let pa + pa tp Ot. +p 


n 
be a rational integral function of x of m dimensions, which 
vanishes when is equal to each of the unequal quantities 


Wy Mey Gy savas a, 


1? 
Denote the function by f(v); then since f(x) is divisible 
by a—a,, we have 


f(@) = (= 4,) (pat + oo) 


the quotient being of m— 1 dimensions. 


Similarly, since /(.c) is divisible by «-a,, we have 
Deer + eee = (U—,) (Pert 4 oo. ), 
the quotient being of » — 2 dimensions; and 
—gZ m3 
Poe + we (= (Bi as sa 


Cease emer eer rte reenereneesevr tee enreeseuroeer anne 


Proceeding in this way, we shail finally obtain after 1 di- 
Visions 


J (x) =) (% a a,) (x — a,) (a -_ a.) ovesee (wc ” (t,). 


310. Ifa rational integral function of n dimensions vanishes 
Jor more than n values of the variable, the coefficient of each power 
of the variable must be zero. 


Let the function be denoted by f(x), where 


JI (6) =p," + pe"! + pat + . +p} 
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and suppose that /(”) vanishes when « is equal to each of the 
unequal values @,, @,, @, ...... a_; then 


J (x) =p, (x — a,) (w—a,) (x a,) eee (%—a,). 


Let c be another value of x which makes f(a) vanish; then 
since f(c) = 0, we have 


p, (¢- a,) (e-4,) (c—a,) 0... (c—a,)=0; 
and therefore p,=0, since, by hypothesis, none of the other 
factors is equal to zero. Hence f(x) reduces to 


pe t par? + part ee, +p. 


n 


By hypothesis this expression vanishes for more than 7 values 
of x, and therefore p, = 0. 


In a similar manner we may shew that each of the coetticients 
Pe ee p, must be equal to zero, 


This result may also be enunciated as follows; 


If a rational integral function of n dimensions vanishes for 
more than n values of the variable, it must vanish for every value 


of the variable. 


Cor. If the function f(x) vanishes for more than ~ values 
of a, the equation f (x) = 0 has more than n roots. 


Hence also, if an equation of n dimensions has more than n 
roots it 1s an wentaty. 
Example, Prove that 
i id i cle ag i ee a 
(a—b)(a-—c) (b—c) (b-a@a) (c~a) (c—b) 


This equation is of two dimensions, and it is evidently satisfied by each 
of the three values a, b, c; hence it is an identity. 


311. Jf two rational integral functions of n dimensions are 
equal for more than n values of the variable, they are equal for 
every value of the variable. 


Suppose that the two functions 
Pye + pie) + pwr + o.. +p 


no} 


Qi + qe + gat t+ oe. + 


are equal for more than 2 values of «; then the expression 


(Po~ 9) @" + (p,-9,) a + (Pe— G,) Wt eee + (p,—-4,) 
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vanishes for more than m values of 2; and therefore, by the 
preceding article, ; 


Po G=% P.- 9, = 9 Pym Gq= 9) eee Pe TE =O 
that is, 
Po= Wor Py = Ns Pa Lar ovr Pi Te 
Hence the two expressions are identical, and therefore are 
equal for every value of the variable. Thus 


of two rational inteyral functions are identically equal, we may 
equate the coefficients of the like powers of the variable, 


This is the principle we assuined in the Elementary Algebra, 
Art. 227. 


Cor. This proposition still holds if one of the functions is 
of lower dimensions than the other. For instance, if 


Pot + pier + pyar + py t+ oe. +p 


ee ,uw—-2 n= 3s 
= 0 + Ge + ee +9.; 


we have only to suppose that in the above investigation q, = 0, 
qg, = 0, and then we obtain 


P,=9, p,=9, Pa Qa P3= 13) we eles P= Te 


312. The theorem of the preceding article is usually referred 
to as the Principle of Undetermined Coefficients. The application 
of this principle is illustrated in the following examples. 

Example 1, Yind the sum of the series 
1.242.843.4400... +n(n+1). 


Assume that 
1.242.343.44...4n(nt]l =A 4+ Bunt Cn? + Drb+ Ent+..., 
where 4, B, C, D, £,... are quantities independent of x, whose values have 
to be determined. 
Change n into n+1; then 
1,242.34+...4n(n+1)4 (n+1) (n+ 2) 
=A+B(n+1)+C (n+1)?+D (nt+1 +H (n+ 144+... 
By subtraction, 
(n+1) (n+ 2)=B+C (2n4+-1)4+ D (8n?+3n4+1)+ E (4n? + 6n?4+4n41) +... 
This equation being true for all integral values of n, the coefficients of the 


respective powers of n on each side must be equal; thus H and all succeeding 
coefficients must be equal to zero, and 


8D=1; 8D+2C=38; D+C4+B=2; 
2 


whence Das, C=1, B=3. 
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1. 
Hence the sum =A ey ni + 3” 


To find A, put n=1; the series then reduces to its first term, and 
2—A4+2, or A=0. 


1 
Hence 1,.242.384+3.4+...4n(n+1)=5n(n+1) (n+2). 


Norr. It will be seen from this example that when the n'* term is a 
rational integral function of n, it is sufficient to assume for the sum a 
function of » which is of one dimension higher than the n‘" term of the 


Beries. 
Example 2. Find the conditions that 2° +px2?+qz+rmay be divisible by 
vtaxct+h. 
Assume a+ pattqrtr= (atk) (x? + an 40), 
Equating the coefficients of the like powers of 2, we have 
k+a=p, ak+b=q, kb=r, 
From the last equation k= ; ; hence by substitution we obtain 


are and “” 
pT OmPs b 


that is, r=b(p-a), and ar=b (q—-)); 
which are the conditions required. 


+b=q; 


EXAMPLES. XXII. a. 
Find by the method of Undetermined Cvefficients the sum of 
1, 1°+37+57+7?+...t0 » terms. 
1.2,384+2.3.44+3.4.5+...to 2 terms. 
1. 2?+2.3°4+3.4244.5%+...to 2 terms. 
134 33 + 534 73+ ,..t0 2 terms. 
1442'+ 344444 ,..to 2 terms, 


. Find the condition that 23-3pr+2g may be divisible by a 
factor of the form 2? + 2avr + a?. 


7. Find the conditions that 23+ bx? +cx +d may be a porfect cube. 


8, Find the conditions that a%4+bc+ca*+dx+/? may be a 
perfect square. 


9, Prove that axr?+2bxry+cy?+2dxr+2ey+/ is a perfect square, 
if b?=ac, d*=af, e =f. 


PF Pe © Pp 
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10. If aa3+b22+ex+d is divisible by x? + h3, prove that ad = be. 
11, If 2 -—5ga4+4r is divisible by (a —c)*, shew that g=r'. 
12. Prove the identities : 

@(c-b)(c-c) (x (w= 0) (#4), ¢ c8 (av —a)(v—6) _ 
: (a—b)(a—c) (b—c) (b—a) (u~ a) (e - 6) 


>o (e—b)(e-e) (v—-@) , (e— 0) @- A) -@) 
(2) (a—b)(a—c)(a—@) = (6—¢) (b—d) (b—a) 


4 @2D (w= @ (w—b) Ca eal i 
* (=a) (=a) (0b) 7 (du) (b= 6) (d= 0) 


13. Find the condition that 
ar? + Qhay + by? + 29x 4+ 2fy +e 
may be the product of two factors of the form 


prtqyrr, pargy te, 


= y?, 


14, If €=let+mytaney, genetly+mz, C=me+ny +l, and if the 
same equations are true for all values of 2, y, ¢ when £, 7, ¢ are inter- 
changed with «, y, 2 respectively, shew that 


[24+2mn=1, m*+4+2ln=0, n®42lm=0, 


15. Shew that the sum of the products 2—r together of the 2 
quantities a, a7, a3, ,..a" 1s 


(arth sal) (atte “Do. (ae — 1) pine r)(w—r +2). 


(a —1) (a? =1)...(a"- 7-1) 


313. Lf the anfinite series a, + 0.x + a,x” + a,x" ee is equal 
to zero for every finite value of x ‘for which the series ts convergent, 
then each coefficient must be equal to zero identically. 


Let the series be denoted by S, and Jet S, stand for the ex- 
pression @, + 4,0 4,2" +... ; then S=a,+aS,, and therefore, 
hy hypot. hesis, a, + xN,=0 for all tinite values of a But since § 
18 convergent, x cannot exceed some timite limit; therefore by 
taking a small enough au ay be made as small as we please. 
In this case the limit of is a,; but S is always zero, therefore 
a, must be equal to zero identically. 


Removing the term a, we have aS 0 for all finite values of 


w; that is, a, +a,0+0,0 +...... vanishes for all finite values of a. 


Similarly, we may prove in succession that each of the 
coefficients @,, G,, Gy... is equal to zero identically. 


H. HA. 17 
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314. If tevo tnfinite series are convergent and equal to one 
another for every finite value of the variable, the coefficients of like 
powers of the variable in the two sertes are equal. 

Suppose that the two series are denoted by 

O, +O, + a0? + ayn + 
and A, + Act Avat 4 Aa + i. ; 
then the expression 
: 2 3 
a,—-A,+ (a, — A,) a+ (a, — A,) @ + (4, -— A,) @ + 0... 
vanishes for all values of 2 within the assigned limits; therefore 
hy the Jast article 


a,-4A,=9, a,-A,=0, a,- A,=0, a,-A,=9,...... 
that is, eM CA AO AA oss ; 


which proves the proposition. 


2+2" , ‘ 
Example 1. Expand Tia 2 ya iM 8 feries of ascending powers of x as far 
as the term involving 2°. 
2+27 


Let 


= 2 aa 
fo ee + yt + ..., 


where tt), (1, , @g, dy,... are constants whose values are to be determined; then 
2+ ass (1+ a¢~ 2") (a) tayrtayx?+ayz7>+,..). 

In this equation we may cquate the coefficients of like powers of x on 

each side. On the right-hand side the coollicient of x" is a,+a,_,-a,_., 


and therefore, since x” is the highest power of x on the left, for all values of 
n>2 we have 


Oy + Oy 1 ~ Ong = 03 


this will suffice to find the successive coefficients after the first three have 
been obtained, ‘To determine these we have the equations 


Ag=2, A,+A,=0, dg+a,-a=1; 
whence Gg=2, a= -2, ag=5. 
Also dy + y— a,=0, whence a,= - 7; 
A,+a,~-a,=0, whence a,=12; 
and ag+a,~-a,;=0, whence a,= — 19; 


2+ 2? 


PGR aE eames, > ND : 
rene wa Dae + Bac® ~ Fo + 1294 ~19e5 4 | 


thus 
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Hzample 2, Prove that if n and r are positive integers 
nt —n(n~ 1" + ae (u— aaa a (n—3)"+.., 


is equal to 0 if r be less than n, and to |n if r=n. 


2 3 A n 
We have _)h= le ene ap 
é hav (e* ~1) (tatptat Sica 
=a" + terms containing higher powers of «...(1). 
Again, by the Binomial Theorem, 


(c% — 1)" = e™* — nen-Dx MD eno a eiand casi (2). 
By expanding cach of the terms e™, e™-)*,.,. we find that the coefficient 


of «” in (2) is 
BY edi ASANO A SY a 


ir 7 2 Ir 3 oe 


and by equating the coefficients of x” in (1) and (2) the result follows. 


Example 3, If y=antbat+ cat... ; 
express x in ascending powers of y as far as the term involving y". 


Assume ra=pytqyr+ryt wun, ; 
and substitute in the given series; thus 
yaa (py t+ qytt ryt... )+0(pytaqy? t+...) 4 (py t qu? bt. 


Mquating coefficients of like powers of y, we have 


ap=1; whence p=. 


l 
aq +bp*=0; whence g= — “4 : 


2b? ¢ 
ar +2bpy +ep?=0; whence r= i a 


_¥ _ by? , (2b8 ac) y* 
gg ge 


Thus 


This is an example of Reversion of Series. 


Cor. If the serics for y be given in the form 
yak+art br? + ca +... 
put yn k=z; 
then z=ax+bartcas + ...; 
from which « may be expanded in ascending powers of z, that is of y — /. 


17—2 
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EXAMPLES. XXII. b. 


Expand the following expressions in ascending powers of x as far 
3 
as 2°, 


L420 0. }~ Sv i+” 
. rcs : l—-w— 62° , Qatar 
4 B42 — 7 
" Qa a lta aaa 
athe 


6 Find «@ and 6 so that the 2 term in the expansion of (aa? 
To 
may he (32 -—2)a%7 8 
7 Find «, 6, e so that the coefficient of 2 in the expansion of 


. Foe an is may be w+1, 





8. Tfy?+2y=a(y4+1), shew that one value of 7 is 
dot far hatte. 
9, Ifer+ae-—y=0, shew that one value of . is 
Y cy? Bey 128 y? 
wo a aa glee 
Hence shew that 2='00999999 is an approximate solution of the 
equation 2+100e--1=0. To how many places of decimals is the 
result correct ? 


eseoons 


10. In the ee of (L+2) (1 tae) (Ltarr) +a)... , the 
number of factors being infinite, and a < 1, shew that the coctlicient of 
qr 1S jee Ee tet Ee ieee giclen 
- (l-a) Q—a*) (be). (L~ a’) ; 

11. Whena <1, find the coefficient of." in the expansion of 

es ae eee 
(lar) (1 ~ tr) (abr)... to inf, 
12, If 7 ix a positive integer, shew that 
] 
(1) a™tton (a1 tt+ ae di n—Qyetta.,, =gn int; 
(2) w™— (+1) (a — 1)" 4+- we oe iss paki ds 


the series in cach case being extended to » terms ; and 


(3) 1% = n2"+ a —) gn, sane: == (—])" [75 
(4) (n+p)"—n (n+p —1)* + a an » (n--p- 2 err erer = [75 


the series in the last two cases being extended to »+1 terms. 


CHAPTER XXIII. 
PARTIAL FRACTIONS. 


315. Jn elementary Algebra, a group of fractions connected 
by the signs of addition and subtraction is reduced to a more 
simple form by being collected into one single fraction whose 
denominator is the lowest common denominator of the given 
fractions, But the converse process of separating a fraction into 
« group of simpler, or partial, fractions 1s often required. For 

3— Ou 
1—4da+3 
ing powers of a, we might use the method of Art. 314, Ex. 1, and 
so obtain as many terms as we please. But if we wish to find the 
general term of the series this method is inapplicable, and it is 
simpler to express the given fraction in the equivalent form 

1 Z 
ek 
can now be expanded by the Binomial Theorem, and the general 
term obtained. 


example, if we wish to expand ,ina series of ascend- 


Hach of the expressions (1 ra a)" and (1 — 3.0) 


316. In the present chapter we shall give some cxainples 
illustrating the decomposition of a rational fraction into partial 
fractions. For a fuller discussion of the subject the reader is 
referred to Serret’s Cours @Algébre Supérieure, or to treatises on 
the Integral Calculus. In these works it 1s proved that any 
rational fraction may be resolved into a series of partial fractions; 
and that to any linear factor @—a in the denominator there cor- 


. . . A . 
responds a partial fraction of the form -----; to any linear 


®— Ob 
factor «—b occurring fwice in the denominator there correspond 
: B B 
two partial fractions, oe and Gop If «x-—b occurs three 
av — 2 — 


. : - : B. 
times, there is an additional fraction 8» and so on. To 


(a — b)*? 
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any quadratic factor a +px+gq there corresponds a partial 


d +Q 


: Pe ; 
fraction of the form .,—-—- ; if the factor a°+ pec+q occurs 
a+ pe+¢ 
Pate 
tea ee and so on. 
(ar + po + 9) 


Here the quantities A,, B,, DB, B,,...... P,Q LP, G, are all 
independent of «. 


twice, there is a second partial fraction 


We shall make use of these results in the examples that 
follow. 


Example 1. Separate eet 6 into partial fractions, 
Since the denominator 217+ 2 -6=(xc +2) (2x - 3), we assume 
Sa-11 A i 
Qc? ¢a-6 242" Be—3" 
where A and B are quantities independent of « whuse values have to be 
determined. 


Clearing of fractions, 
bu -1l=A (24 -3)+ B (x+2). 


Since this equation is identically true, we may equate cveflicients of like 
powers of .; thus 
244+B=5, -8442B=-11; 


whence A=s, Bae ly 
52-11 3 1 


ae MLE + 1 
Eacample 2, Resolve --——— 


(c~-a) (ce +b) into partial fractions. 


Assum SE 2 eh oe 
. (c-a)(e+b)” c-a > eth? 
fe MEAN=A(T+V)+B(w— aA). (1). 


We might now equate coefficients and find the values of 4 and B, but it 
is simpler to proceed in the following manner. 


Since A and B are independent of z, we may give to any value we please. 
In (1) put z-a=0, or z=a; then 


poe 
™ atb? 
: mb —n 
t b= =- a 
putting 2+b=0, or x b, pray 
i ee 
“<< (c-a)(a+b)~ a+b I-a e+b f° 
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23x — 114? 


Example 3. Resolve (iz 1) (9-24) into partial fractions. 
dee ee Ag ty 
(20-1) (8+) (8-2) 2-1" 8+e 0° B-e : 


. 232 -U=A (842) (8-2) 4+ B (22-1) (8-2) 4+ C (2x - 1) (34-2). 
By putting in succession 2«-1=0, 3+x#=0, 3-.x=0, we find that 
A=1, B=4, C=~-1. 
23a — 112? 1 f 1 


“+ (ag 23) Q— a2) ~Qe-1 7 Fe 8- a" 


mn Ba°+n-2 : 
Eaumple 4. Resolve (e- 8)? (1 Bu) into partial fractions, 
Br? + 2-2 A B C 
Assume @- HB) “Tae eo2 te 2)2 


Butt c-2=A (e -2)?4+B (1 —2x) (w- 2)4+C (1 - 2x), 


Let 1 -22=0, then a= i /S 
let x-2=0, then C= —4, 


To find B, equate the coeflicients of x2; thus 


~ 


3=4-2B; whence B= - 5. 


82? +2 - 2 1 5 4 


(¢~ 2) (1 2z) ~~ 8 (1-22) 8@—2) ~ (w= 2)?" 


’ 42-19". ies : 
Example 5, lesolve (Li (e-4 into partial fractions. 


42-192 shee Cc. 
(x?+1)(c-4) wt+1 ° 2-4’ 
42-192 (da +B) (0-4) +0 (2° +1). 


Let x= 4, then C= -2; 
equating coefficients of x?, O=A+C, and 4=2; 
equating the absolute terms, 42= -4B+C, and D=-11, 
42-195 _de-M__8 
(e2+1)(a-4)” a72+1 0 2-40 


Assume 


317. The artifice employed in the following example will 
sometimes be found useful. 
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: Q.c% — 2429 4-48 . 
Example. Resolve (x —3)*@e+1) into partial fractions. 
Ox8—24r7+ 482 8A S (x) 
peas (r—2)*(@+1) “ar * (we 2)/*? 
where 4 is some constant, and f(x) a function of « whose value romaing to 
be determined, 
Qc3 — Dhe® + 4822 A (ce — 2)4+ (2+ Lf (x). 


Let «= —1, then Aa =f, 
Substituting for 4 and transposing, 
(0 -+ 1) f (2) = (0 — 2)8+ 93 — Qtr? + deat py 1604 16; 
oe f(r) = 03416, 


£16 


(n—2)s? put ©-B=2; 


To determine the partial fractions corresponding to 


we4-46  (2+2)2-+16 tt 62° + Luz 4-24 








then rey aaa = < 
1 6 #12 2 
Tr gat ek 
a. 6 Pz 
~ pe Ter ae* Go aps eae 
9x3 — 2402+ 4Rc 1 1 6 12 24 


Mee gepeerae men ak yt ya t et 
(x - 2)4 (2+) rth w-2 (x~ 2 (e-2))  (e- 2) 

318. In all the preceding examples the numerator has been 
of lower dimensions than the denominator ; if this 1s uot the case, 
we divide the numerator by the denominator until a remainder is 
obtained which is of lower dimensions than the denominator, 

Ox + o02-7 , 
Example. Resolve -.-——;-—; into partial fractions. 
4 ga? Oe~1 OP 
By division, 


6.08 4-50? - 7 B.r-- 4 


Bat ae SFO tga 
and 8x -4 = 5 r 1 
372 O97 -1° Bre] w-l?’ 
6a? + 50? - 7 5 ; 
- By? — 9: =2 3 enecrcmmaa? a ee s 


319, We shall now explain how resolution into partial 
fractions nay be used to facilitate the expansion of a rational 
fraction in ascending powers of a, 
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Bar+ r-- 2 


Example1l, Find the general term of ie 9)2 (12x) when a ina 


series of ascending powers of zx. 


By Icx. 4, Art. 316, we have 


3r?+a—-2 7 1 d 4 


~~ 3(1-2r) Bie 2) (2-2)? 
1 5 4 


a ocean 
u 


=~ 3(1-22) "3 @-2) @-x?- 


1 5 r\ 1 ca i 
2 Perla Lay Ux ae 
= 3 (1 2r)-} + é (a 5) (1 3) ; 
Hence the general term of the expansion is 


or 5 1 rel), 
gor et or ory 


Erample 2. Expand (14 he 2) in ascending powers of « and find 


(x— 2)? (L- 22) 


the general term. 


annie OEE Se by A 4. Ba a 
(L+2) (147)  I+a 0 l4+ua? 
T+a=A (142°) + (Be+C) (142). 
Let 1+.r=0, then 4=3; 


equating the absolute terms, 7=A+C, whence C=4; 


equating the coefficients of x2, 0=A+B, whence B= -3. 
Te 3 4-32 
(140) U2) ~T¥e 1 Fe 
=3 (L42)-14 (4-82) (142°) 
=8{l-xr+a%-....., +(— VP xP +} 
+ (4-3x) 1 -attat— (= 1rd. 


To find the coefficient of a”: 
: 
(1) If r is even, the coefficient of 2” in the second series is 4(-1)?; 
Y 


therefore in the expansion the coefficient of 2” is 3-+4(-1)?. 
r-l 


(2) If ris odd, the coefticient of x” in the second series is —~8(-1)?, 
r+i 


and the required coefficient is 3(—1)* —3. 


EXAMPLES, XXII. 


, ae into partial trap hions JS 
46 + 13x 1+3r4+ 20" 


ees en Dre a ase ir Sh cis 
1~ 52+ 62°" "120? -1le-15° " (1-22) (1 - 24)’ 
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JS 4. t= 10e 413 
(u — 1) (2? — 5a +6)" 


Yo. 


(@—1) (e +2)" 


/ 8 26.0? + 208e 
*  (a®@ +1) (e+ 5) ; 


10) a 


5. 


7. 


23 + vi i 3 
wv (eo 1) (2Qu+3)" 
A~Br8— 3x2 + 10 
(e+ iji(e—3) 


J 9, Qe2— Lllr+5 


(a: — 8) (0? + Qu — 5)” 


5ct + 6a? + by 


ll. = 


(a2 1) (wD) 


Find the general term of the following expressions when expanded 


in ascending powers of wv. 
143. 


2 op |B 
oo heer 
Mpa eaey 
(6-1) 441) 

21, 


(1—ar) (1— br) (1 - ee)’ 


ee 14 oot tet 3 
(24.2) (1 —.v) "  wttTe+10 
16. ey | 
a ee heer . 
Op 
22, 3-227 


(2—Be+u2) 


23, Find the sum of x terms of the series 
l Pe dite uo 1 ve a 
(Lc) (l+a7) (L427) (142°) (dt) (beat) 0" 
v(1—-ar) ac (1 - ar) 
7 ee red ae i: Saree ee a Re 
a (1+) (l+ae) (1 + a4z) (L+ar) (14+cex) (L+ae) = 


(1) 


24. When w <1, find the suin of the infinite series 
ee ee ae Nau ee 4 wv 
(f=2) Q-2) "22 0-9) T syd anh 


25, Suin to » terms the series whose p** terin is 
wP (14+ xP) 
(1 — a?) (L—cPt?) (1 — apt?) 


— 26. Prove that the sum of the homogeneous products of » dimen- 
sions which can be formed of the letters a, b, c and their powers is 
ut+2 (b—c)+b*+2 (e—a)+c%t? (a —b) 


ee ee 


a? (b—c) +b? (¢-a)+e2 (a—b) 


SHAPTER XXIV. 
RECURRING SERIES. 


320. A series UF U, +U,+U, + 


in which from and after a certain term cach term is equal to the 
sum of a fixed nuinber of the preceding terms multiplied respec- 
tively by certain constants is called a recurring series, 


321. In the series 
1+ Qet 3a" + 4? + Sat + 
cach term after the second is equal to the sum of the two 
preceding terms multiplied respectively by the constants 2”, and 
- x’; these quantities being called constants because they are 
the same for all values of mn, Thus 
Sat = Dur, dac* + (— a2). 3.x”; 
that is, 
a) a 
== Jeu, — ve, ; 
and generally when m is greater than 1, each term is connected 
with the two that immediately precede it by the equation 


ip a9 eel 
Ui = stu, »- Uw, 


or u—-2au +2%u =0. 
" n—-~} n~g 


In this equation the coefficients of w,, 7, and w,_,, taken 
with their proper signs, form what is called the scale of relation. 


Thus the series 
14 2e+ 3a? + d4a* + batt... 
is a recurring series in which the scale of relation is 
1 — Qu + 2%, 


322, If the scale of relation of a recurring series is given, 
any term cun be found when a sufficient number of the preceding 
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terms are known. As the method of procedure is the same 
however many terms the scale of relation may consist of, the 
following illustration will be sufficient. 


Tf 1 — pa — qa? — re" 
is the scale of relation of the series 
a, + U0 + ax ae 2" Bie tay 


we have 


J it n-2 wp val 
a ge a ae ae a ae, 
n - n 


n-} 3 


or = pa 


ba" pu. a 


+ qu, +7, 43 


n-1 
thus any coefficient can be found when the coefficients of the 


three preceding terins are known. 


323, Conversely, if a sufficient number of the terms of a 
series be given, the scale of relation may be found. 


Example. Yind tho scale of relation of the recurring series 
2+ 50+ 13274 BSc +, ‘ 
Let the scale of relation be 1-2 -qr?; then to obtain p and q we have 
the equations 13 —- 5p ~ 2g =0, and 35 — 13p —- 5q=0; 
whence p= 0, and ¢= ~ 6, thus the scale of relation is 


1-5r+62°. 


324, If the scale of relation consists of 3 terms it involves 
2 constants, p and gy; and we must have 2 equations to de- 
termine p and g. To obtain the first of these we must know 
at least 3 terms of the series, and to obtaim the second we 
must have one more term given. Thus to obtain a scale of 
relation involving two constants we must have at least 4 terms 
given. 


If the scale of relation be 1-—pa—qe’- re’, to find the 
3 constants we must have 3 equations. ‘To obtain the first of 
these we must know at least 4 terms of the series, and to obtain 
the other two we must have two more terms given; hence to find 
a scale of relation involving 3 constants, at least 6 terms of the 
series inust be given. 


Generally, to find a scale of relation involving a constants, 
we must know at least 27 consecutive terms. 


Conversely, if 2m consecutive terms are given, we may assume 
for the scale of relation 


l— pe — pa" — pe — ...... pe 
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325, Zo find the sum of 1 terms of a recurring series. 


The method of finding the sum is the same whatever be the 
seale of relation; for simplicity we shall suppose it to contain 
only two constants, 


Let the series be 
ry : 18 se 3 
Oe ie a ON ae (1) 


and let the sum be S; let the scale of relation be 1 — px — gir’; 
so that for every value of 2 greater than 1, we have 


=~ pa, ,—- 94, = 0. 


Now Ssa,+ GQa+ agr+..4+4 aa", 


Y a2 2 ie io n 
—pe Ss —page— paw —...-pa,_@ pa, _ x", 


n=-Q 


i rt n+] 


20 al yn 
~ qe S= — qa — 2... -— gh," qa," —qa,_ x 
* 2 Y Sone 2 apt eae 
(L—pa—qu®)S ait (a, : pa) x —(pa,_,+ qa, _.) we" — gc, 


for the coeflicient of every other power of a is zero in consequence 
of the relation 


n+] 


t ~ pa, — qd, ,= 9. 
- lt wet) 
MY, BS (a, — pa) v on (p4,_, ~ qt, _») ut ee 
1 — po — qu’ 1 — pe - qa? 
Thus the sum of a recurring series is a fraction whose de- 
nominator is the scale of relation, 


os S= 


. 


326. If the second fraction in the result of the last article 
decreases indefinitely as increases indefinitely, the sum of an 
aan it aL 

1 — pau — qa" 
Tf we develop this fraction in ascending powers of a as 


explained in Art. 314, we shall obtain as many terms of the 
original series as we please ; for this reason the expression 


infinite number of terms reduces to 


Cy 
a + (@, — pa,) od 
1 ~ pa — qa’ 
is called the generating function of the series, 


327. From the result of Art. 325, we obtain 
Site Pe) ® 
1 — pe — qu’ 


2 n+ 
=A, +A L+O0 + +O 


PG tg naa) 2+ 904. Ce ae 
ae ~ pe — gat ? 
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from which we see that although the generating function 
§ g 


may he used to obtain as many terms of the series as we please, 
it can be regarded as the true equivalent of the infinite series 


“ye ¢ 2 
A FAB AW + ; 


only if the remainder 
(pa,_,+94,_,)a°+qa,_ ae"! 


1] — pa — qa” 


vanishes when 2 is indefinitely increased ; in other words only 
when the series is convergent. 


328. When the generating function can he expressed as a 
group of partial fractions the general term of a recurring series 
may be easily found. Thus, suppose the generating function 
can be decomposed into the partial fractions 


A ‘: _B ; Cc 
l-ar lth (L-cx)*’ 
Then the general term is ° 
{Aa + (—1) Bot (r+ 1) Cea’, 


In this case the sum of n terms may be found without using 
the method of Art, 325. 


Example, Yind the generating function, the general term, and the sum 
to n terms of the recurring serics 


1— Tr - a? - 482° - 000... 
Let the scale of relation be 1 - px — qx*?; then 
-14+7p-—g=0, -434+p+7¢=0; 
whence p=1, ¢=6; and the scale of relation is 
1-2 —- 62%, 
Let S denote the sum of the series; then 
S=1-Te- a?-43873- 





—-xS= -— x4 7774 wF4 i... 
- 67°S = — 64? +4299? 4 0, 
“. (l-a2-6r’) S=1—-8z2, 
1-82 
oS iee a! 


which is the generating function. 
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] 


int tial fractions, b ete 2) ee 
into partial fracti 8, we obtain 7-5). i 


_ ~ Bx 

_ 6a2 
whence the (r+ Hy 3 or  conieril term is 

{ (- 1)" ort _ ar) ar’, 

Putting r=0, 1, 2,...2-1, 
the sum to m terms 

m {2 — Qa gD — te (= U1 aM TE (LE Be Be pL BRE ae 

_2+(-1)"s gin a 1-8" a" 

142 1-30 


If we separate 5- 





329. To find the general term and sum of 2 terms of the 


recurring serles @,+@,+4,+ ...... , we have only to find the 
general term and sum of the series a@,+a,a+ ae +...... , and put 


w=: 1 In the results. 


Example. Yind the general term and sum of n terms of the series 
1+64+244+84+...... 


The scale of relation of the series 1+ 67 + 247? + 84994... is 1- Sr4 Gr, 
1 the generating function is at 
anc generating a ee 
This expression is equivalent to the partial fractions 
4 3 
1-82 122" 
If these expressions be expanded in ascending powers of « the general 
term is (4.37-3. 2") a", 


Hence the general term of the given series is 4, 3°~—3. 2": and the sum 
of 2 terms is 2 (38" — 1) — 3 (2-1). 


330. We may remind the student that in the preceding 
article the generating function cannot be taken as the sum of 
the series 

1 + Ga + 242° + 84a"+ 00... 
except when a has such a value as to make the series convergent, 
Hence when a =1 (in which case the’series is obviously divergent) 


the generating function is not a true equivalent of the series. 
But the general term of 


1+64+244+844...... 
18 independent of x, and whatever value x may have it will always 
be the coefficient of x” in 
1 + 6a + 24a 4+ 84074 ....., ‘ 


We therefore treat this as a convergent series and find its 
general term in the usual way, and then put x= 1. 
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EXAMPLES, XXIV. 


Find the generating function and the general term of the following 
Series : 


Lo 14-544 997% 4+ 1323+ 0000... 2. 2 ~24 60" — Tastee. 


3. 24304502 + 9074 0, 4, 7 - Gut Qt 8704 4+ 
5. 3+ Grt 1402 +3609 + 9804 + 27605 + 


Find the 2" term and the suin to x terms of the following series : 
6, 24541384354... T1460? 4 3007+ 


8. 24+ 704+ 25074 91954 


Q, L4+2r4+627+ 200° + 66.04 + 2 Lod + 


Bavevese 


3 
10. ape itdentts 


11. Shew that the series 
1? 4 224 3°+ 42+... +724, 
134234334434 a3, 


are recurring series, and find their scales of relation. 


12, Shew how to deduce the sum of the first 2 terms of the re- 
curring series 
yt Ge t+ aya? + ay03 + 
from the sum to infinity. 
13, Find the sum of 22+1 terms of the series 
3-1+4+138-94+41-53+, 
14, The scales of the recurring series 
Aybar aye + ag +, 
byt bye + br? + bya8 +... , 


are 1+pu+ga", 1+ra+ar, respectively; shew that the series whose 
general term is (a, +0,) 2” 1s a recurring series whuse scale is 


1+(pt+r)v+(g+st+pr) v + (qr +ps) a+ gav', 


15. Ifa series be formed having for its 2" term the sum of n terms 
of a given recurring series, shew that it will also form a recurring 
series whose scale of relation will cousist of one more term than that 
of the given series, 


CHAPTER XXV. 


CONTINUED FRACTIONS, 


331. An cxpression of the form 4 ——__— js called a 
C+ 
C+... 
continued fraction; here the letters @, b, ¢,...... may denote any 
quantities whatever, but for the present we shall only consider 


° 1 e ° 
the simpler form «, + —_—— where @,, @,, @,,... are positive 
b+ 
Git vee 
integers. ‘This will he usually written in the more compact form 
1 |] 
ia a hess 


"+ Oy + 


332, When the number of quotients a, a,, a,,... is finite the 
continued fraction is said to be terminating ; if the number of 
quotients is unlimited the fraction is called an sufinite continued 
JSraction. 

It is possible to reduce every terminating continued fraction 
to an ordinary fraction by simplifying the fractions in succession 
beginning from the lowest. 


333. To convert a given fraction tito «a continued fraction, 
an ; : us 

Let — be the given fraction; divide m by n, let a, be the 
n 


quotient and p the remainder ; thus 


m p 1 
—-—=@,+- eee ie ae 
n D 2) 
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divide n by p, let w, be the quotient and qg the remainder ; thus 


117 7 


Sl he eb, 


yp p ? p? 
q7 


divide p by q, let a, be the quotient and 7 the remainder ; and so 
on. Thus 
mn ] l 1 
paca + - 
n ] Gb at 


é, +—— : 
a 





If mis less than 2, the first quotient is zero, and we put 


| 
mm 
m 


and proceed as before. 


Tt will be observed that the above process is the same as that 
of finding the greatest connnon measure of m and w; hence if m 
and are commensurable we shall at length arrive at a stage 
where the division is exact and the process terminates. Thus 
every fraction whose numerator and denominator are positive 
integers can be converted into a terminating continued fraction. 


51 , ‘ 
Example, Reduce ee to a continued fraction. 


Finding the greatest common measure of 251 and 802 by the usual 
process, we have 
5 | 251 | 802 | 3 
6 6 49 | 8 
1 


and the successive quotients are 3, 5, 8, 6; hence 


24 2 1 11 
802° 8+ 5+ 8+ 6° 


334, The fractions obtained by stopping at the first, second, 
third,...... quotients of a continued fraction are called the first, 
second, third,...... convergents, because, as will be shewn in 
Art, 339, each successive convergent 1s a nearer approximation 
to the true value of the continued fraction than any of the 
preceding convergents. 
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335. 'o shew that the converyents wre alternately less and 
greater than the continued fraction. 


1 


1 
Let the continued fraction be w, aI anaes 
i+ @,+ 


The first convergent is @,, and is too small because the part 


1 ] 





is omitted. The second convergent is a, 4+-—, and is 
a 


a, + a, + 2 
too great, because the denominator a, is too small. The third 
1 1 : Le 
convergent 1s @, + ae and is too small because «,+— is too 
gta, 7 @ 
2 3 3 


great ; and so on. 


When the given fraction is a proper fraction a, =; if in this 
case we agree to consider zero as the first convergent, we may 
enunciate the above results as follows: 


The convergents of an odd order are all less, and the convergents 
of an even order are all greater, thar the continued fraction. 


336. To establish the law of formation of the successive con- 
vergents. 


Let the continued fraction be denoted by 
] 1 1 


a, + = eae 
a, ua , + + 


then the first three convergents are 


a, a,4,+1  a,(a,a,+1) +4, 
T . a ° a,.a,+1 


0 


+ 





and we see that the numerator of the third convergent may be 
formed by multiplying the numerator of the second convergent 
by the third quotient, and adding, the numerator of the first con- 
vergent ; also that the denominator may be formed in a similar 
manner. 


Suppose that the successive convergents are formed, in a 
similar way ; let the numerators be denoted DY Diy Por Payeery and 
the denominators by g,, 45 7 


arere 


Assume that the law of formation holds for the 2" convergent ; 
that is, suppose 


P, = GePyas + Dyas Pree a, Tat + D ve 
18—2 
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The (2 +1)" convergent differs from the x" only in having 





the quotient a, + in the place of a,; hence the (2+ 1)™ con- 
a is 


nt} 
vergent 


1 
G4 == FP B otty | Samer 
( ig =) Pe Pus Cray (6, Py y+} Py od +P, , 
S 1 a, (49 _.+9_,)+9_. 
(a+ > ) Qick aa G23 ark it Pn 1,2) i 


se sat P a #1 by supposition. 


ran Vn + ae ] 
If therefore we put 


Druai c Gas Pu ue Laer Taal a 4 l Ti as Gn «3? 


we see that the numerator and denominator of the (+ 1) con- 
vergent follow the law which was supposed to hold in the case of 
the n*, But the law does hold in the case of the third con- 
vergent, hence it holds for the fourth, and so on; therefore it 
holds universally. 


337. It will be convenient to call a, the 2" partial quotient; 


the complete quotient at this stage being a, age ~ Spee 
O,,,+ G+ 


We shall usually denote the complete quotient at any stage by &. 
We have seen that 
Pu _ Gu Pay * Prams. 
Gn Inn + Inna 
let the continued fraction be denoted by «; then a differs from 


Ps only in taking the complete quoticut & instead of the partial 


quotient a,; thus 
_kp,. } +D,,_ al Ne 
vk Pn I ea er 


338. If 7 be the u"" convergent to a continued fraction, then 
nD 


Pa Gai 7 Pn—, Qn = (- 1)". 
Let the continued fraction be denoted by 


d,+ Uyt+ a+ 
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then 


Da i oe nay Lee Vn oe (a, Pek Dp). <3) Teen eal 5 Seen ((,, a % 4) 
ao (~ 1) (p,,. 1 / er ay nee A) 
= (TS (Dy. 2 Guea~Pa-a Tez) Similarly, 


=(-1)"" (Pa - Pi &): 
But P01 ~ 71 Wo = (4, 4,+ 1) -a,.a,=1~(-1); 
hence Pro Vai ~Prr Tn a (- 1)". 


When the continued fraction is /ess than unity, this result will 
still hold if we suppose that @,--0, and that the first convergent 
1S zero. 


Note. When we are calculating the numerical value of the successive 
convergents, the above theorem furnishes an easy test of the accuracy of the 
work, 


Cor. 1. Ench convergent is in its lowest terms ; for if », and 
q, had a common divisor it would divide p, 9g, ,—7,_19,) Or unity ; 
which is impossible. 


Cor. 2. The difference between two successive convergents is 
a fraction whose numerator is unity ; for 
Pa Pat Pa Qnes Pare, ) 


qT, Fn 1 7, Pur Ee Iu 


EXAMPLES. XXV. a. 


Calculate the successive convergents to 


1 1 I | 
9 oe ae ee so 
ee Os. ae age 
ye, eae ee 
2+ 2+ B+ 14+ 44 24+ O' 
1 1 ] 1 1 | 
a a re oe eee a 
Express the following quantities as continued fractions and find the 
fourth convergent to each. 


253 832 1189 729 
4. T55: 5. sg" 6. 3097" 7. 33i8° 


8, 37. 9, 1:139. 10, 3029. 11. 4:316, 
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12, A metre is 39°37079 inches, shew by the theory of continued 
fractions that 32 metres is nearly equal to 35 yards, 


13, Find a scries of fractions converging to ‘24226, the excess in 
days of the true tropical year over 365 days. 

14, A kilometre is very nearly equal to °62138 miles; shew that 
h 18 23 64 
8’ 297 87° 103 
ratio of a kilometre to a nule. 


the fractions ae successive approxiinations to the 


15, Two scales of equal length are divided into 162 and 209 equal 
parts respectively; if their zero points be coincident shew that the 
31° division of one nearly coincides with the 40" division of the other, 


16 mi+n? — 1 
: 18+ netn+t] 
that the quotients are #—1 and #+1 alternately, and find the suc- 
cessive convergents. 
17, Shew that 


a Pus 17 Pa ~1__ Pn 
= ; 
Ynii~9Yn-1 Yn 


a) (Pata 1) ( a) ae i + 1) ( a ae 
Pr Pati Tn Un+} 


ae . ° 
18, If 2" is the x” convergent to a continued fraction, and a, the 


is converted into a continued fraction, shew 


n 
corresponding quotient, shew that 


Par 2dn—2~ Pa-29nge nga nrg r at ent: 


339, Mach convergent is nearer to the continued fraction. than 
any of the preceding convergents. 


: : ) ) 
Let w denote the continued fraction, and } an Putri Puss 


b 
q, a een 
e e » ) 
three consecutive convergents; then a differs from Pass only in 


n+Q 


taking the complete (+ 2)" quotient in the place of @,,,; denote 
this by 4; thus x _ Pax +P : 
kde 7: q., 
2 as 3S kK Piasd, ~ PQnar) ss Fk 
we q, (9,4, e q,) TV, (AG, 4 “t 7.) 
and : Pas ~7 Be roe Cae oe Fre — 1 eee 


‘ 7.41 Tat (ka, 4) - 7,) . Tuy (ka... + q,) 


‘ 
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Now & is greater than unity, and q, is less than ¢,,,; hence on 


both accounts the difference between Pasi and a is less than the 
n+t 


s ? e . 
difference between cs and x; that is, every convergent is nearer 


to the continued fr ‘action. than the next preceding convergent, 
and therefore a fortiori than any preceding convergent. 


Combining the result of this article with that of Art. 335, it 
follows that 


the convergents of an odd order continually increase, but are 
always less than the continued fraction ; 


the convergents of an even order continually decrease, but are 
always greater than the continued fraction. 


340. To find limits to the error made in taking any convergent 
for the continued fraction. 


Let Pa, Pett, P 


"*2 De three consecutise convergents, and let 


! ever 
k denote the complete ( (2 + 2)'" quotient; 
Ap, ,, +p 
then ha ni Pa 
Od ay = qq," 
k i 
spine 


q, qi, (Aq, t] q,) q (9 a - 
n nt) k 


Now & is greater than 1, therefore the difference between: a and 


Pp 


—"i8 less than , and greater than -— —- ~ 
Y, i QV, 1 q i (9 Tag + q a 


Q. . 
Ms Instead of w is 


4 nr 


Again, since ¢,,,>9,) the error in taking 


1 
less than —, and greater than ,-, 
“q 


Hw n+l 


341, From the last article it appears, that the error in 


eee ae . hes 1 
taking Ps instead of the continued fraction is less than ae, 
n aiatl 





1 
or + ; that is, less than —--—,; hence the larger 
te (a ati q, By Vn-1 ) a se 


is, the nearer does P, approximate to the continued fraction; 


od a 
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therefore, any convergent which inmediately precedes a large 
guotient 13 a near approamation to the continued fraction. 


e « e 1 « e 
Again, since the error is less than —,, it follows that in order 
¢ 
n 
to find a convergent which will differ from the continued fraction 


s s ] 
by less than a given quantity -, we have only to calculate the 
C 
. ) : 
successive convergents up to Pu , Where g,” is greater than a. 


nn 


342. The properties of continued fractions enable us to find 
two small integers whose ratio closely approximates to that of 
two incommensurable quantities, or to that of two quantities 
whose exact ratio can only be expressed by large integers. 


Example. Find a series of fractions approximating to 311159. 


In the process of finding the greatest common measure of 14159 and 
100000, the successive quotients are 7, 15,1, 25,1, 7,4, Thus 


1 - 1 1 1 1141 
7+ 15+ 14 254 14 7+ 4° 
The successive convergents are 
B 22 833 B55 . 
; 1’ 7’ 16’ 1B" ; 
“thie last convergent which precedes the large quotient 24 is a very near 
aproximation, the error being less than 9 


3°14159=34 


1 
Bx (113)2” and therefore less than 


a 
_— cs 4, 
Yi . (0,2 » OY 0000 


$43. <Any convergent is nearer to the continued fraction than 
any other fraction whose denominator is less than that of the 
converges. 
1 ‘ hd . D, Le bd 
Let w te the continued fraction, —", two consecutive 


n n=] 
F 


7 \ . . . 
convergents, a traction whose denominator sg is less than q.. 
§ 


T£ possible, fet " be nearer to 2 than Pa then — must be 
é 8 


nearer to x than 2: fArt. 339]; and since x lies hetween Ps and 


n—] " 

) : ‘ 
Part it follows that - invet lie between Pn and ? ae 
n-} n n-] 
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Hence 
ee St Bn Pant that is < aa og 
PQs Ye Gey Cli 
. oC ~ Sp < : . 
ce) (Pe eae) Lee iG 
that is, an integer Jess than a fraction; which is impossible, 


Therefore 2 


e e r 
must be nearer to the continued fraction than -. 
8 


f 
» »p ; : 
dt4. If - 5 be two consecutive convergents to a continued 
‘ 
ry :. ti pp oo ere -2 iN P . 
Fraction x, then ~*, is greater or less than x*, according as * is 
aq : q 
/ 


p 


greater or less than =. 
q 


Let & be the complete quotient corresponding to the con- 
/ , 
. . . ) kp -+ ) 
vergent innediately succeeding Pe then a= 2! 4 
a ° > 1) k , = +) 
q og 


: Pp _ 2 i 22d 2 aa’ Uy + ph 
. gy 10 ag (ka! +9)" PP (Aq +) q4 ( iP Pp) s) 


gq (kg +9) 
The factor k*n'q’ — pq is positive, since p> p,q’ >q, and k> 1; 
Pp 


hence = > or <2", according as pq’ —p’g is positive or negative ; 
qy 


_ Dg — pq) (PY = Pg) 


, 

) y 

that is, according as I > ore de 
q 


7 
Cor. It follows from the above investigation that the ex- 
pressions pq’ — pq, pp’ —q7'2’, p-@e’, great —p” have the same 
sign. 


EXAMPLES. XXV. b. 


. _ 222 ; 
1. Find limits to the error in taking 903 yards as equivalent to 


a metre, given that a metre is equal to 1:0936 yards, 
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2. Find an approximation to 

eae a 
3+ 5+ 7+ 9+ 11+ 
which differs froin the true value by less than ‘0001. 


Le 


: : D9 =. 
3. Shew by the theory of continued fractions that ro differs from 


ee ; 1 
1°41421 by a quantity less than 11830 * 
—_ B+60? + 138a+10 
ait 6a? + 14024 15a4+7 
find the third convergent, 


ay a continued fraction, and 


4, Express 


5. Shew that the difference between the first and a" convergents 
is numerically equal to 


AM ce pret oo a CS 
EV CME by a EE “ Geeqda. 


6. Shew that if a, is the quotient corresponding to Pn , 
n 
y 1 ] ] ] 1 
(1) Pag. He oo, 8, aise TS, ke ran 1 Beco: Te 
Pat Gn yt Gyegt Gyegt Unt Ut a, 
(2) see ae avers Pk seuss ese : a 
. Un-1 Cn-| + Uyogt Un—3t As + a, 
. aid . fo uk 6D 
7. Inthe continued fraction = — - = 7 wa, , shew that 


i+ b+ a+ at 
QQ) pyt tp ne Pa- Pati t PaPus oo 
(2) Pu*™ Un-1° 


8. If!" is the at convergent to the continued fraction 
n 


J1ot?t?t iol 
a+ b+ at b+ at b4 


hew that = =" 
BHeW thir Yon = Pan +15 Jin-1™ 7, Pon: 


9, In the continued fraction 
Toidd 
t+ b+a+b4 °°" : 
shew that 
Pn+2 “< (ab + 2) Pat Pn-2=9, In+2 a (ab + 2) Int In-2= 9, 
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10. Shew that 


1 1 1 eg 
a(nta, Pa ae era to 2n quotients 
= (0, + - : ae to 27 quotients 
1 a+ Otis + yt 00 q ati 
M P R 


Ai... At W? O° Ss are the 2, (%—1)'", (a - 2)"" convergents to the 
continued fractions 

ae ee D> ok Pe a ae 

yt Ugh Ast 7 Ugh Ayt ayt 07 yt aye agt 
respectively, shew that 


M=a,P+h, NV=(aya,t 1 P+ah. 


Dee 
12. 1f 28 is the x! convergent to 
Ln 
I ] ] 
d+ at at 7? 
shew that y, aud q, are respectively the coefficients of 2 in the 
expansions of 





ve avbae 
l= aar~ a? ality Lede" 
a’ a. fg ; 
Hence shew that p= 4q,—.= jan? where a, 8 are the roots of the 


equation 7? ~ at - 1=0. 


Dp, 
13, If 4" iy the #” convergent to 
n 


ee 

at b+ at 64 °° 
shew that », and g, are respectively the coefficients of 2" mm the 
expansions of 


ad bie —2s ai ant (ab + Da" at 
1 —(ab+2)r7+.2" aan (tb+2) 0% 4 a ° 


Hence shew that 


n n 


a 
OD y= Oday. = oR? 





a” tLe ies Cee le 

. —p 

where a, 8 are the values of 2? found from the equation 
1 —(ab+2)a? + at =0, 


Ponty Von 


CHAPTER XXYI. 


INDETERMINATE EQUATIONS OF THE FIRST DEGREE. 


345, In Chap. X. we have shewn how to obtain the positive 
integral solutions of indeterminate equations with numerical co- 
efficients; we shall now apply the properties of continued fractions 
to obtain the general solution of any indeterminate equation of 
the tirst degree. 


346. Any equation of the first degree involving two un- 
knowns x and y can be reduced to the form ax by = +c, where 
a, b,c are positive integers. This equation admits of an unlimited 
number of solutions ; but if the conditions of the problem require 
«and y to be positive integers, the number of svlutions may be 
limited. 


It is clear that the equation ax+by:-~c¢ has no_ positive 
integral solution ; and that the equation ax — by = — ¢ is equivalent 
to by — aa --c; hence it will be sufficient to consider the equations 
ax by =e. 

If a and b have a factor m which does not divide c, neither of 
the equations ax by=c can be satisfied by integral values of a 
and y; for ac by is divisible by m, whereas c is not. 

If a, b, ¢ have a common factor it enn be removed by division; 
so that we shall suppose a, b, ¢ to have no common factor, and 
that a and b are prime to each other. 


347. To find the general solution in positive integers of the 


eqruation ax — by ==c. 
Let ; be converted into a continued fraction, and let P denote 
q 


the convergent just preceding ; ; then ag—hbp=+1. [Art. 338.] 
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I. If ag—bp ~1, the given equation may be written 
ax — by =¢ (ag — bp); 
a (« — eq) =b (y— cp). 


Now since a and 6 have no common factor, #—cq must be 
divisible by 6; henve # — cg = bt, where ¢ is an integer, 


w— CY Spe So 


ee 


b a? 
that is, w=bt+eq, y-at+ep; 


from which positive integral solutions ay be obtained by giving 
to ¢ any positive integral value, or any negative integral value 


numerically smaller than the less of the two quantities - ; <; 
also é may he zero; thus the number of solutions is unlimited. 

Il. Ifag-—bp=—1, we have 

ax —by=—c(aqg— bp); 
vw a(e+eqg)=b(y+ep) ; 

weg Yt 





ree integer ; 


hence “x= bt—eq, y=at—cp; 


from which positive integral solutions may be obtained by giving 
to ¢ any positive integral value which exceeds the greater of the 
. s 6 Cp e e . a 
two quantities - L; thus the number of solutions is unlimited. 
a 
a 
b 
verted into a continued fraction with unit numerators, and the 
investigation fails. In these cases, however, the solutions may be 


written down by inspection; thus if b= 1, the equation becomes 
ax—y=c; whence y=ax—c, and the solutions may be found by 


Il]. If either a or b is unity, tlre fraction > cannot be con- 


oy ¢ e,e ° Cc 
ascribing to x any positive integral value greater than oe 


Nore. It should be observed that the series of values for z and y form 
two arithmetical progressions in which the common differences are b and a 
respectively, 
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Example. Find the general solution in positive integers of 29.c ~ 42y=5. 


into a continued fraction the convergent just before —. 


In converting 56 


2 
29 
. 13 
is 93 we have therefore 

29x13 -42x9=-1,; 
“. 29x 65-42 x4d5=- 5; 
combining this with the given equation, we obtain 
29 (aw +65) = 42 (y +45) ; 
8465 yt dd 


Sng. = on =t, un integer ; 


hence the general solution is 
a= 42t — 65, y = 29t — 45, 


348. Given one solution in positive integers of the equation 
ax — by = ¢, to find the general solution. 
Let 4, & be a solution of az —-by=c; then ak —bk =~. 
ax —hy~ ah—bk; 
w(a-h)=b(y—k),; 
a 235 ae - ¢, al integer 
w=h+bt, y~k+at; 


which is the general solution. 


349. To fd the general solution in positive inteyers af the 


equation ax + by --¢. 
a : , p 
Let 5 be converted into a continued fraction, and let ; be the 
. . tt 
convergent just preceding 5 then ag —byp = 1. 


I. Ifaq—bp=1, we have 
ax + by =c (aq — bp); 
ai (og ~ a) = (y + ep) 5 


cq-x Yyte : 
a = a?  t, an integer ; 


“. w=eqg—bt, y=at-cp; 
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from which positive integral solutions may be obtained by giving 


eee “p ¢ 
to ¢ positive integral values greater than and less than | 


b 
Thus the number of solutions is limited, and if there is no integer 
fulfilling these conditions there is no solution, 
Il, Ifaqg—bp=—- 1, we have 
ax+by- —c (ag — bp); 
a(«v+eq)=b (cp—y) ; 


ee oe f, an integer ; 


w— bb-eg, y=ep— at; 
from which positive integral solutions may be obtained by giving 
cp 


eye ° : ce 
to 2 positive integral solutions greater than “E and less than ©, 
a 


b 
As before, the number of solutions is limited, and there may be 
no solution. 


Ii]. If either a or b is equal to unity, the solution may be 
found by inspection as in Art, 347. 


350. Given one solution in positive tuteyers of the equation 
ax + by = c, to find the general solution. 
Let h, A be a solution of aa+ by=c¢; then ah+bk=c. 
ae + by = ah + bk; 
a(u-h)=b(k-y); 


a-h k—? : 
Siete aetak I = t, ali integer ; 


b a 
w hsb, y-=k—-at; 


which is the general solution, 


351. To find the number of solutions in positive integers of the 
equation ax + by = ¢. 


es 
b 


convergent just preceding ; ; then ag — bp = «1. 


Let 


. ° ) 
be converted into a continued fraction, and let be the 
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I. Let ag—bp +1; then the general solution is 
a==cq— bt, y=at—ep. [Art. 349.] 
Positive integral solutions will be obtained ly giving to ¢ 
positive integral values not greater than a and not less 


than oP d 
a 


: ¢ c : 
(i) Suppose that — anid y are not integers. 
ct ) 


: Cp . CF 
Let cL s+ fy st! 2+ I, 
a . b ‘ 


where m, n are positive integers and f, g proper fractions ; then 
the least value ¢ can have is a+ 1, and the greatest value is 2; 
therefore the nuinber of solutions is 


gq ocp.. 
iis Se aS 
a 


b 


C ai 
hex, So — (f, 
ab J-9 


Y . . ° . C 
Now this is an integer, and may be written woo fraction, or 
(to 


c : i 
— —a fraction, according as /is greater or less than g. Thus the 


ab 


nunber of solutions is the integer nearcst to 


a 
—, greater or less 
ab’ © 


according as for y is the greater. 
(ii) Suppose that © is an integer 
Supp b s er, 


In this case g — 0, and one value of w is zero. If we include 

; ; 70 
this, the number of solutions is --, 
C 


tb 


teger. Hence the number of solutions is the greatest integer In 


+f, which must be an in- 


Cc C ; : ‘ 
~. +1 or ab? according as we Include or exclude the zero solution, 
a 


ab 
aoe ¢ c e e 
(iii) Suppose that — is an integer. 
at 


In this case f--0, and one value of y is zero. If we include 
this, the least value of ¢ is m and the greatest is 2; hence 


the number of solutions is m-—m+41, or = g+1. Thus the 
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. s « * Cc Cc 
number of solutions is the greatest integer in oh +1 or ay ee 
a ( 


cording as we include or exclude the zero solution. 


: c c : 
(iv) Suppose that — and j, are both integers. 
a 


In this case f= 0 and g=0, and both « and y have a zero 
value. If we include these, the least value ¢ can have is m, and 
the greatest is 7; hence the number of solutions is 2— +1, or 


Cc . : 
i +1. If we exclude the zero values the number of solutions is 
a 


Cc 
ab 


VW. Tf ag —by= -—1, the general solution is 
w=bt-—cq, y=cp— ut, 
and sinilar results will be obtained. 


302, To find the solutions in positive integers of the equa- 
tion ax + by + cz=d, we may proceed as follows. 

By transposition ax +by=d—cz; from which by giving to 
in succession the values 0, 1, 2, 3,...... we obtain equations of 
the form az + by=c', which may be solved as already explained. 


353, If we have two simultaneous equations 
axtbhy+ca=d, watb'ytes=d, 
by eliminating one of the unknowns, 2 say, we obtain an equation 


of the form Axv+ By=C. Suppose that x: f, y=y is a solution, 
then the general solution can be written 


w= ft+ Bs yo-og —.As, 
where ¢ is an integer. | 
Substituting these values of a and y in cither of the given 


equations, we obtain an equation of the form /’s+G@z=WL/, of 
which the gencral solution is 


s=h+Gt, s=k—- Ft say. 
Substituting for s, we obtain 
a=f+ Bh+BGt, y=g—-Ah—AGt; 
and the values of #, y, z are obtained by giving tq 
integral values. 
H. H. A. 
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354, If one solution in positive integers of the equations 
aatbytes::d, Wur+lyt+ecz=d, 
van be found, the general solution may be obtained as follows, 


Let fi g, h be the particular solution ; then 
aftbg+ch=d, af+Uyg+ch: ce, 
By subtraction, 
a(e—f)+bl(y—g)+e(z—-h) =9, 
aw (ue -f)i WU (y-y)t+e(2—-h)--9; 


whence 
af Y-g s-h 


“oe — > “- ; ee —..%%ay 
be’ -b'e ca -ca ab'—ab y 


where ¢ is some integer. Thus the general solution is 


=f + (be'—b'c)t, y-~y+(cu'—ca)t, s=h+ (ab’—w)t. 


EXAMPLES. XXVI. 


Find the general solution and the least positive integral solution of 
1l, W7ha-—Tly= 1. 2. 4550 -519y=1. 3. 436.0 — 303y =5, 


4, Jn how many ways can £1. 198. 6d, be paid in florins and half- 
Crowns ? 


5. Find the number of solutions in positive integers of 


La +15y= 103], 


6. Find two fractions having 7 and 9 for their denominators, and 
such that their sum is 1}9. 

7. Find two proper fractions in their lowest terms having 12 
and 8 for their denominators and such that their differenco is #4 : 


8, A certain sum consists of # pounds y shillings, and it is half 
of y pounds 2 shillings; find the suin. 
Solve in positive integers : 


9. te aia 10. 


12 — Vy +42=92 
Lx + 8y — 6z==145 


~4e4 5y+ 22:17 
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11. cree ae 12. 1327+11z=103 
By+ 42=34)° To- by= 4f° 
13, Tu+4y4192==84, 14, 23v417y+11s-=130. 


15, Find the general form of all positive integers which divided 
by 5, 7, 8 leave remainders 3, 2, 5 respectively. 


16, Find the two smallest integers which divided hy 3, 7, 11 leave 
remainders 1, 6, 5 respectively. 


17. A number of three digits in the septenary scale is represented 
in the nonary scale by the same three digits in reverse order; if the 
middle digit in cach case is zero, find the value of the number in the 
denary scale. 


18, If the integers 6, ¢, & are in harmonic progression, find all the 
possible values of a and 8. 


19. Two rods of equal length are divided into 250 and 243 equal 
parts respectively ; if their ends be coincident, find the divisions which 
are the nearest together. 


20. Three bells commenced to toll at the same time, and tolled at 
intervals of 23, 29, 34 seconds respectively. The second and third 
bells tolled 39 and 40 seconds respectively longer than the first; how 
many times did cach bell toll if they all ceased in less than 20 minutes? 


21, Find the greatest value of ¢ in order that the equation 
Ta+9y=c may have exactly six solutions in positive integers, 


22. Find the greatest value of e¢ in order that the equation 
14% +1lly=c may have exactly five solutions in positive Integers. 


23, Find the limits within which @ must lic in order that the 
equation 19c+14y=c may have six solutions, zero solutions being 
excluded. 


24, Shew that the greatest value of ¢ in order that the equation 
at+by==c¢ may have exactly 2 solutions in positive mtegers 1s 
(n+1)ab-a—6, and that the least value of ¢ is (n-1)ab+ea+b, zero 
solutions being excluded. 


19—2 


CHAPTER XXVIII. 
RECURRING CONTINUED FRACTIONS, 


335. We have seen in Chap. XAV. that a terminating con- 
tinued fraction with rational quotients can be reduced to an 
ordinary fraction with integral numerator and denominator, and 
therefore cannot be equal to a surd; but we shall prove that a 
quadratic surd van be expressed as an definite continued fraction 
whose quotients recur. We shall tirst consider a numerical 
exaniple. 


Example, Fixpress ./19 as a continued fraction, and find a series of 
fractions approximating to its value. 


3 
1O= 9 — 4) = 4-4 oe 
AO+A AO - 4 0 
ee a a LY 
i /19 42 
1942 NY- 3 2 
Be ee Nee ee ee 
5 ner; +953) 
/l¢ )--¢ 
M1943 5 19-8 8 
AQ+3 /19~2 3 
Se eae tae 2 ne 
5 rs YANO 42? 
NEU) Pe sonar ome ee 
3 % J19+4" 
194+ L=84+ (10 db =B+ 


after this the quotients 2, 1, 3, 1, 2, 8 recur; hence 

Be lie Sia, ae oe 

2+ 14+ B4+ 14-24 847° 

It will be noticed that the quotients recur as soon as we come to 6 


quotient which is double of the first. In Art. 361 we shall prove that this is 
always the case. 


RECURRING CONTINUED FRACTIONS, 293 


[Hxplanation. In each of the lines above we perform the same series of 
operations. For example, consider the second line: we first find the 





: - alld a ; : : 
greatest integer in ~ : es : ; this is 2, and the remainder is ae ~ 2, that 


Q_ 
is ies We then multiply numerator and denominator by the surd 


conjugate to ,/19 - 2, so that after inverting the result ae 49? we begin a 
Ny 
new line with a rational denominator. | 
The first seven convergents formed as explained in Art. 336 are 
4 9 138 48 G1 170 1421 
1’ 2° 3B? 11’ 14’ 89” 826° 


The error in taking the last of these is less than ,, and is therefore 


Pe 

(326) 
1 fe le 

(320)2 Y Sweaoo? and «a fortiori less than :00001. Thus the 


seventh convergent gives the value to at least four places of decimals. 


less than 0 


356. Hvery periodic continued fraction is equal to one of the 
roots of a quadratic equation of which the coefficients are rational. 


Let x denote the continued fraction, and y the periodic part, 
aud suppose that 


fae 1 1 414] 
Ps NO Se catiets eee 
b+ c+ h+tk+y 
1 11 
and YM to eee Sete jee oe 
a + uwteut+y 


where a, , ¢,...h, ky m, n,...u, v are positive integers. 


, 
? . 
Let r P , be the convergents to x corresponding to the 


quotients 1, & respectively; then since y is the complete quotient, 
‘ 
Wy t+p 
we have eal P. whence y ©: +-----;. 
yt i 
v »’ e 
Let -, — be the convergents to y corresponding to the 
8 8 
. : ry+tr 
quotients w, v respectivel y; then y =. 7 ae 


Substituting for y in terms of a and simplifying we obtain a 
quadratic of which the coefficients are rational, 
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The equation s’y°+ (s—7’)y—r=0, which gives the value of 
y, has its roots real and of opposite signs; if the positive value of 


, 
. ° dY +p . . . 
y be substituted in g..PITT , on rationalising the denominator 
gy + 


+ JB 


the value of a is of the form —~ Go where A, B, C are integers, 


B being positive since the value of y is real. 


1 1 1 1 
Example. Express 1+ 5 i. op gc surd. 
Let x be the value of the continued fraction; then x--1= 1 ee os ; 
2+ 3+ (0-1) 
whence 2274+ 2r-7=0, 
The continued fraction is equal to the positive root of this equation, and 
/15-- 
is therefore equal to ui ie a ; 


EXAMPLES. XXVII. a. 


Express the following surds as continued fractions, and find the 
sixth convergent to each: 


]. J3. Zi Jd. 3. 4/6, 4, /d. 
5. AIL. 6. 4/13. To. al VA. 8. 22. 
9, 2,/3. 10. 4/2. Wl, 34/5. 12. 4,/10. 


] 1 G 7 
a a ce Le Ae eh i 


: — 268 , 
17. Find limits of the error wheu op taken for ./17. 
a 


Bak OIG. 
18. Find limits of the error when “al is taken for ./23. 


19, Find the first convergent to ,/101 that is correct to five places 
of decimals, 


— 20.) “Find the first convergent to ./15 that is correct to five places 
of decimals. 


Express as a continued fraction the positive root of each of the 
following equations : 


1. 2a742r—-1=0. 22. s%®~-47-38=0. 23, Ta? —-8e-3=0, 


24, Express each root of 24 - 544+3=0 as a continued fraction. 
“: 1 4] 
25. Find the value of 3+ nn ésep0" 
con oe oe 


. Find the v; Bn. Scho antes © 
26 in eh ne of feae eas 
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ee ee ee me ae 
1+ 2+ 3414 24+ 34°00" 


wae ee 
14 1+ 14 104 


27, Find the value of 3+ 


28, Find the value of 5+ 


29, Shew that 


J 1 1 1 1 ) l l 
Bien See ne tie te Sa 
it 6+ T+ 64 ( T3404 Gea 
30. Find the difference betwoen the infinite continued fractions 
a & .J 1 1 1 141 71 é=é#sdi 1 l 


T+ 84+ 54+ 14+ 34 54° 34 14 54 34+ 14+ 54 °°" 
¥357. To convert a quadratic surd into a continued fraction. 


Tet MN be a positive integer which is not an exact square, 
and let a, be the greatest integer contained in /V; then 


r r * 
IN =a, + (/NV-a)-a,+ he afar: Va,’ 


JN +a, 
: Nt+a 
Let b, be the greatest integer contained in vi 's then 
y 
i 
JV +a, NN = br +4, fh _VV-a, ~b + "s i> 
i . ! ae ! r , 
v r, JN +a, 
where a,—byr,—a, and 7, r,-2 NV —a,’. 
Similarly 
IN + a, JN —a, ae 
NO a ae i Fahey 
s "e n/ +a, 
a nena. 6 2, 
where a,=br,—a, and rr, VN — 4,7; 


and so on; and generally 


JN+a_, JN -a r, 
Pee tain ane SAO ga ear aie 
ee Tas) Js aes 
where a,=b, 7, ,-4,_, and vr, 7,= VV -a,". 
1 1 121 st 
Hence fN sa, 4+ ppp po : 


is i 6,4 Be 
and thus ,/V can be expressed as an infinite continued fraction. 


We shall presently prove that this fraction consists of re- 
curring periods; it is evident that the period will begin when- 
ever any complete quotient is first repeated, 
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We shall call the series of quotients 
, JV+a, /N+a, J/N+a, 
IN, Teed OC ae %, ree og 


x 7, ", r. 


the first, second, third, fourth...... compiete quotients. 


*358, From the preceding article it appears that the quan- 


tities «,, 7,, 0, b,, b,...... are positive integers; we shall now prove 
that the quantities @,, @,, @, ...... +? hy Ty---are also positive in- 
tegers. 


/ 4} 
) ) ) : ° 
Let 2 ; PL be three consecutive convergents to ,/V, aud 


nz) 
q 


” 
) : ; : 
let. i he the convergent corresponding to the partial quotient 8. 
¢ . 


d : ; NV+a 
The complete quotient at this stage is VN ~--"3 hence 
JN = t,, , a 
Ty 
Wc eet pwd Pp ([N+a,p +7,p 
SO Li ra, q+q Yq /N+ad +rq- 
ve 


1" 
Clearing of fractions and equating rational and irrational 
parts, we have 
op +rpe Ng, ag +7,9=P7 3 
whence a, (pq - pg) = pp -97'N, 7, (pq - pg) = Na” -3 
But pq’ -y’q==1, and py’ —yy, pp’-qqN, Ng’ -p” have 
the same sign [Art. 344]; hence «, and 7, are positive integers. 


,; [N+a 
Since two convergeuts precede the complete quotient “~—-—’, 
r 
a 


,*, 


this investigation holds for all values of x yreater than 1. 


*359. To prove that the complete and partial quotients recur. 


In Art, 357 we have proved that 7,7,_,= VW-—a,2. Also r, and 
7, are positive integers ; hence a@, inust be less than ,/.V, thus 
¢,, cannot be greater than a,, and therefore it cannot have any 
values except 1, 2, 3,...a,; that is, the number of different values of 
a, cannot exceed &,. 

Again, a,,,-=7,b,—a,, that is rb,=a,+4,,, and therefore 
r,b, cannot be greater than 2a,; also b, is a positive integer ; 
hence r, cannot be greater than 2a,, Thus 7, cannot have any 
values except 1, 2, 3,...2a,; that is, the nwmber of different valueg 
of r, cannot exceed 2a,. 
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JV+a 


Thus the complete quotient -———" egnnot have more than 
r 


" 


2a," different values; that is, some one complete quotient, and 
therefore all subsequent ones, must recur, 


JV + a, 


Also 4, is the greatest integer in “; hence the partial 


? 2 
quotients must also recur, and the number of partial quotients in 
each cycle cawnot be greater than 2a,’. 


*360. 7'o prove thata <a +r. 
] Db n 


7. é ae . . 
We have a,_,+0,=6, 7,13 
oe Gy + ob, = Or > Tis 
since 6, , is a positive integer ; 


a (IN +u,>%,_;- 
1) 2 Fi 
But Vea2=7,0,_, ' 


IN-a,-7%,: 


a Ak 


ear NX 


n’ 


which proves the proposition. 


*361. To shew that the period begins with the second partial 
quotient und terminates with a partial quotient double of the first. 


Since, as we have seen in Art. 359, a recurrence must take 
place, let us suppose that the (+ 1) complete quotient recurs at 
the (s+ 1)"; then 


aed, rer, and b,-:b ; 
we shall prove that 


yoy ay ai) M1 aes ns 


We have 


Again, 


a 


3 b= b, Tio4.7 b 4 Daca 


tb ia * a, a b, eer ’ 


Pe Aba Ogg es (Ou, ? b,_1) ) 
at ve a . 
 amtd_ tts bb, = zero, or an integer, 
r 
ao] 
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But, by Art. 360, a,-a,_,<7r,_,, and a,—a,_,<7,_,; that is 


1 a— s—|] a—~j 2 


a,~—a,_,<7,_,; therefore a_,-—4a,_,<1,_,3 


a — a . 
> hence “7! -22) ig less 
7? 


* ax] 
than unity, and therefore must be zero. 
Thus @a,_,=a,_,, and also b,,=b,_,. 
Henoe if the (2+ 1)" complete quotient recurs, the 2" com- 
plete quotient must also recur; therefore the (— 1) complete 
quotient must also recur; and so on. 


This proof holds as long as m is not less than 2 [Art. 358], 
hence the complete quotients recur, beginning with the second 


JN +a, 


quotient ar eae It follows therefore that the recurrence 


1 
begins with the second partial quotient b,; we shall now shew 
that it terminates with a partial quotient 2a,. 


Let JN +a 


n 


"be the complete quotient which just precedes the 


JV +a, JN +a, 


second complete quotient Y--—~ ' when it recurs; then -¥---- 
r r 


1 a 


[Nt+a . ; 
and ‘---—- are two consecutive complete quotients ; therefore 
! 


~- 4 7 ren ioe ? * 
a,+64,27,5,, 77, =N-a'; 
but V—a,?=7,; hence 7, = 1. 
Again, a,-—a,<7,, that is <1; heuce a, —a,~: 0, that is 
==, 
Also a,+a,=7,b,=6,; hence b,-= 2a,; which establishes the 


proposition, 


¥362. 'o shew that in any period the partial quotients equt- 
distant from the beginning and end are equal, the last partial 
quotient being excluded. 


; then 


JN +a, 
vb 


Mw 


Let the last complete quotient be denoted by 


rel, aa, 6,= 2a. 


We shall prove that 
ao 6, > 


MWep=Ty, Gi) Ons 
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We have 
2s bes 2. + eae 
Tent, Naf =N-at=r,. 
Also 


, +d, =O, ,+@,=7,, Bs) ce De 2% 


and a +, --7, b; 


a, — dy. 1, (b, — b,4) 5 





a a, ° 
2 "1h —b, = zero, or an integer, 
r 1 
5. &- Wy Gao . &—a,. fae 
But *——"t«< +—"") that is <—!-—""!, which is less than 
a 7, ’ | 
unity ; thus @,—«,_,= iF hence a,.,=:¢@,, and 6,.,=0,. 
Similarly ToT, Gy» &, 6,.=6,; and so on. 


*363. From the results of Arts. 361, 362, it appears that 
when a quadratic surd ,/¥ is converted into a continued fraction, 
it must take the following form 

1 1 1 1 T.29 41 
(ODE se ey, GR ites as Cea Ges Wee eal 
1 b+ b+ b+ bb, +b, + 2a, + 


*364. 7'o obtain the penultimate convergents of the recurring 


periods, 


Let 2 be the number of partial quotients in the recurring 
period ; then the penultimate convergents of the recurring periods 


are the a!) Qatt, Bath). convergents; let these he denoted by 





Pr . Dam ; Ps ee respectively. 
q, Ton Ds, 
1 1 1 1 1 
Now JN =, TR yb 4b, + td Sa + rites 


so that the partial quotient corresponding to Past ig 2a; hence 
net 


Pras 2a Pat Pn ot 


Tat 2a, qi, + Yn 


aa 1 
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and is therefore equal to a,+,/N; hence 


pv a tN) Pat Pacs, 
(a, + lV) Vn au Vir 


Clearing of fractions and equating rational and irrational 
parts, we obtain 


©, Dy t Paar N Quy Oda + Gr Dy reeee cee (1). 
_ Dp, } 
Again Pe» can be obtained from and 2"! hy taking for the 
Yon x ant : 
quotient 
2a, + 
a 1 b rs b, 4s eee ene b 5) 


° e ), 
which is equal to a, 4? Thus 


n 


? 7 La 
(1 he) p,+p,. Nq,+ yr 2, 
), n ( z 
Po =. — == sar ae ‘ from (1); 
Fen is i 
a t+— + ¢ | Les caesar te f 
( ! Ty, 7, Tn-~t 7 n q, Te 
; ‘4 
Pan 28 1 (oe ee N ") (2) 
Pr ee CM I SS ea ee ee al Jo 
Von 2 Tn Pa 
* ° Poi . . 
In like manner we may prove that if Ben is the penultimate 


Cn 


convergent in the c! recurring period, 
a, Pen + Dey —1 a N35 a, Ton zs Vent i Pens 


and by using these equations, we may obtain *”™ Bn ; 
: Ton Ys, 
cessively, 
It should be noticed that equation (2) holds for all multiples 

of m; thus 

) 1 /p,, 

Pren MATS ee (es + ae) ; 

Goi Pen 


Jaen 2 
the proof heing similar to that already given. 
*365. In Art. 356, we have seen that a periodic continued 


fraction can be expressed as the root of a quadratic equation 
with rational coefficients. 
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Conversely, we might prove by the method of Art. 357 that 


: A+ fh of 
an expression of the form , where A, 3, C are positive 


integers, and 4 not a perfect square, can be converted into a 
recurring continued fraction. In this case the periodic part will 
not usually begin with the second partial quotient, nor will 
the last partial quotient be double the first. 


For further information on the subject of recurring continued 
fractions we refer the student to Serret’s Cours @Algébre Supé- 
rieure, aud to a pamphlet on The Expression of a Quadratic Surd 
as a Continued Fraction, by Thomas Muir, M.A., F.RS.E. 


*EXAMPLES. XXVII. b. 


Express the followime surds as continucd fractions, and find the 
fourth convergent to each: 


1, «fei. De. dato. 3. 


a ae . fares |e. t 


7 Prove that 


cern i... tf a 
/9a2 +3 = Bu Sa ete ee - 
ere aie Qa+ G6a+ 2a+ 6a 0" , 
and find the fifth convergent. 
8. Shew that 
4. Z. “b- # oe ot [Pad 
Dae ee aE area ee ee = p+ 4p, 
i+ pp lt p+ i+ ea 
9, Shew that 


Z 


| I it 1 ! 
Pea ae Py ae 
10. If /at-+1 be expressed as a continued fraction, shew that 
2041) Gy=Pu-rtPntis 2Pa=Yu-it Une 
1 1 1 ] 
11. J f v= a,+ at a+ + a, + easy 
ol 1} 1 1 
Oe 8 + Qdy+t Qa, + Lat ” 
1 1 1 1 


a ae aon 
shew that ue (y2— 2%) 4 Dy (2% — 2%) + Bz (02 — y”) =O, 
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12. Prove that 


( Pride (; iodo _@ 
waka A at b+ at ('/\b4 a+ b4 at] BO 


1 ad 7 1 
13. If vat ey ne a 
1 7 #71 
ye ae ab be ba 
shew that (ab? +atb) e--(ab+atb) yar - b. 


14. If 2" be the 2 convergent to ./a?+1, shew that 


bh 
PPPS tet ney Pas ena e7 Py Ps 
ot+ a+. AG ns) | Inti Inte" Ns | 


15. Shew that 
a a 3 re ee ee 
at b+ e+ 07 TE eet ge te J) l+abh- 


rea 
16, If “* denote the 7” conver vent to * ye : , shew that 
dy ood 


Pat Pst eee F Panay = Par Pas Yat gb eee + Gan 1 = Jan 7 Ye 
17. Prove that the difference of the infinite continued fractious 
food Pat 
a+ b+ ct" be at ot 


is equal to oe 
i a l+abh° 


Lee } 


18. If VV is converted into a continued fraction, and if 2 is the 
number of quotients in the period, shew that 


Jin=2Pn9ny Paw = 2,7 + (— 1)" 44, 


19. If JV be converted into a continued fraction, aud if the pen- 
ultiinate convergents in the first, second, ...4% recurring periods be 
denoted by 2,, i,,...7, respectively, shew that 


Sy = (* tat) k 


ny JV 


*CHAPTER XXVIII. 
INDETERMINATE EQUATIONS OF THE SECOND DEGREE, 


*366. The solution in positive integers of indeterminate 
equations of a degree higher than the first, though not of much 
practical importance, 18 interesting because of its connection with 
the Theory of Numbers. In the present chapter we shall confine 
our attention to equations of the second degree involving two 
variables. 


*367. To shew how to obtuin the positive integral values of 
x and y which satisfy the equation 
ax’ + 2hxy + by’ + 2gx + 2fy +o-0, 
a, b, ¢, f, g, h being integers. 


I=) 


Solving this equation as a quadratic in a, as in Art. 127, we 
have 


ax+hy+g=+* Rs —ab) y+ 2 (hy - of) y + (g? —ae)...(1). 


Now in order that the values of # and y may he positive 
integers, the expression under the radical, which we may denote 
by py’ + 2qy +7, must be a perfect square ; that is 


py’ + 2qy +r = 2", suppose. 
. Solving this equation as a quadratic in y, we have 
py tga lq’ prt pe; 


and, as before, the expression under the radical must be a perfect 
square ; suppose that it is equal to é’; then 


f? — ps =q’ — pr, 
where ¢ and x are variables, and p, g, 7 are constants, 
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Unless this equation can be solved in positive integers, the 
original equation does not admit of a positive integral solution. 
We shall return to this point in Art. 374. 


If a, b, A are all positive, it is clear that the number of 
solutions is lanited, because for Jarge values of a and y the sign 
of the expression on the left depends upon that of aa* + 2hay + by? 
[Art. 269], and thus cannot be zero for large positive integral 
values of iv and y, 

Again, if h’—ab is negative, the coetlident of y” in (1) is 
negative, and by similar reasoning we sce that the number of 
solutions 1s limited. 

Example. Solve in positive integers the equation 

a? dry + by? — Qe -- 2Oy = 29. 

Solving as a quadratic in 2, we have 

a Qy +1: ./30 + 24y — By*. 


But 80+ 24y - 2y*=102 -- 2 (y — 6)°; hence (y - 6)? cannot be greater than 
51. By trial we find that the expression under the radical becomes a 
perfect square when (y ~ 6)*=1 or 49; thus the positive integral values of y 
are 5, 7, 13. 

When y=5, +=21 or 1; when y=7, x=25 or 5; when y=13, 
c= 29 or 25. 


¥368. We have seen that the solution in positive integers 

of the equation 
an’ + Qhay + by’ + Igx + 2fy+e=0 
can be made to depend upon the solution of an equation of the 
form 
wee Ny? = & tt, 
rT e e . 

where V and a are positive integers, 


The equation 27+ N7'?=-—a has no real roots, whilst the 
equation x°-+ Vy?=a has a limited number of solutions, which 
may be found by trial; we shall therefore contine our attention 
to equations of the form a° —- Ny? =a. 


*369. Zo shew that the equation x*—Ny’=1 can always be 
solved tn positive integers. 


Let JN be converted into a continued fraction, and let 


/ "tl 
» p ; 
f ian de be any three consecutive convergents; suppose that 
q @ 


q 
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JV +a ie 


— "is the complete quotient corresponding to E ; then 
: r, (pa — pq) -- Nq? —p” [Art. 358}. 
But x, = 1 at the end of any period [Art. 361]; 
op Ng" = pq — pe ; 
im being the penultimate convergent of any recurring period. 


, 


e e al . } s 
Tf the number of quotients in the period is even, P is an even 


convergent, and is therefore greater than ,/V, and therefore 


greater than P ; thus p’q-pq’=1. In this case py? — Ng’? = 1, 


and therefore «= y’, y=:q' is a solution of the equation 2’ — Ny? = 1. 


p 


Since — is the penultimate convergent of any recurring 
period, the number of solutions is unliunited. 


If the number of quotients in the period is odd, the penultimate 
convergent in the first period is an odd convergent, but the 
penultimate convergent in the second period is an even convergent. 
Thus integral solutions will be obtained by putting w=p', y= 4’, 


P 


where © is the penultimate convergent in the second, fourth, 
sixth,...... recurring periods. Hence also in this case the number 
of solutions is unlimited. 


*370. Zo obtain a solution in positive integers of the equation 
x*— Ny*=— 1. 
As in the preceding article, we have 
pe ~ Ng" = 19 — pe. 
Jf the number of quotients in the period is edd, and if as 


is an odd penultimate convergent in any recurring period, 7 < ; . 
' and therefore p’q— pq’ =—1. 


In this case p*—Nq"=—-1, and integral solutions of the 
equation a’ — Vy*=—1 will be obtained by putting w=p’, y=’, 


where 7 is the penultimate convergent in the first, third, fifth... 


recurring periods. 
H.H. A 20 


306 HIGHER ALGEBRA. 


Example. Solve in positive integers x°- 13y*= +1. 
We can shew that . 

1 1 1 1 1 
1414 14 1+ 6+ 
Here the number of quotients in the period is odd; the penultimate con- 


/138=3 + 


escnvest 


vergent in the first period is i hence =18, y=5 is a solution of 
x7 - 13y?= -1, 


By Art. 364, the penultimate convergent in the second recurring period is 


1/18 5 . 649 
5 (F + 75% 18) , that is, 180° 


hence +=649, y = 180 is a solution of 27 - 13y?=1. 


By forming the successive penultimate convergents of the recurring 
periods we can obtain any number of solutions of the equations 


a? 18y2= -1, and a? 13y%= +1, 


*371. When one solution in positive integers of 2’~ Vy’ = 1 
has been found, we may obtain as many as we please by the 
following method. 


Suppose that a= h, y=k is a solution, 2 and & being positive 
integers ; then (1? ~— VA*)"=1, where 2 is any positive integer. 


Thus wc — Ni? = (hi — NR)". 
(ney IN) (¢~y JN) = (ht kN) (hk NY 
Put w+ yJ/N=(h+k/N)", w-yI/N =(h-k JN)"; 
» Qe= (h+k/N)"+(h-k/W)"; 
Qy/N=(h+k/N)" -(h-k JN)". 
The values of # and y so found are positive integers, and by 


ascribing to » the values 1, 2, 3,..., a8 many solutions as we please 
can be obtained. 


Similarly if #a=h, y=k is a solution of the equation 
a — No’ =— 1, and if 7 is any odd positive integer, 
x — Ny? == (h? — NK)". 


Thus the values of x and y are the same as already found, but 
n is restricted to the values 1, 3, 5,....... 


*372. By putting w= az’, y= ay’ the equations a’ — Vy" = « a* 
= me a*— Ny" =+1, which we have already shewn how to 
solve, 
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*373. We have seen in Art. 369 that 
re 2 i ¢ Pee 
PON SE PY AY 1) a ee 
Hence if a is a denominator of any complete quotient which 


‘ 
occurs in converting ,/V into a continued fraction, and if P is 


f 


the convergent obtained by stopping short of this complete 
quotient, one of the equations a?—- Vy’=+a is satisfied by the 
values w =p’, y=q’. 


Again, the odd convergents are all less than /V, and the 
/ 


even convergents are all greater than /4; hence if r is an even 
f4 


‘ 
° ° bal * y) 
convergent, a= p’, y=q' is a solution of a -Ny*=:a; and if I 


is an odd convergent, a=, y=’ is a solution of a’ — Vy? -:— a. 


*374. The method explained in the preceding article enables 
us to find a solution of one of the equations a” — Ny? =: + a only 
when @ is one of the denominators which occurs in the process of 
converting ,/V into a continued fraction. For example, if we 
convert ,/7 into a continued fraction, we shall find that 


| ae oes | 
Sse hear aan ee. ae 
Naa ae aa ty) Te dec 


and that the denominators of the complete quotients are 3, 2, 3, 1. 


The successive convergents are 
2 3 5 & 387 45 82 127 
1? 1? 2? 3? 14? 17’ Bl? 4800” 
and if we take the cycle of equations 


2 


x! — Ty? =—3, 2 - Ty? = 2, ab—Ty?: —38, a - Ty =], 


we shall find that they are satisfied by taking 
for a the values 2, 3, 5, 8, 37, 45, 82, 127,...... 


and for y the values 1, 1, 2, 3, 14, 17, 31, 48,...... 


*375, It thus appears that the number of cases in which solu- 
tions in integers of the equations 2’ — Vy’ = «a can be obtained 
with certainty is very limited, In a numerical example it may, 

however, sometimes happen that we can discover by trial a 
| on_9 
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positive integral solution of the equations a’ —- Vy" «a, when a 
is not one of the above mentioned denominators ; thus we easily 
find that the equation 2° — Ty’ =53 is satisfied by y= 2, x=9. 
When one solution in integers has been found, any number of 
solutions may be obtained as explained in the next article. 


*376. Suppose that 2=/, y=y 1s a solution of the equation 
a Ny? - a; and let c=h, y= k be any solution of the equation 


w- Ny’? 1; then 
et — Nyt =(f"— Ng!) (NB) 
= (fhe Ngh)!— N (fl gh 


By putting we fh Nyk, y= fk * gh, 


and ascribing to i, * their values found as explained in Art, 371, 
we may ol tain any number of solutions. 


*377. itherto it has been supposed that V is not a perfect 
square ; if, however, V is a perfect square the equation takes the 
form «* —n’y’ -a, which may be readily solved as follows, 


Suppose that @ be, where b and ¢ are two positive intevers, 
of which 0 is the greater; then 


(c+ny)(a—ny) be. 


Put a+ny=b, a~ny c; if the values of 2 and y found 
from these equations are integers we have obtained one solution 
of the equation; the remaining solutions may be obtained by 
ascribing to 6 and ¢ all their possible values. 


Example. Find two positive integers the difforence of whose squares ia 
equal to 60. 


Let x, y be the two integers; then «? - y?=- 60; that is, (x + y) (a—y)=60. 
Now 60 is the product of any of the pair of factors 
1, 60; 2, 30; 8, 20; 4,15; 5,12; 6, 10; 
and the values required are obtained from the equations 


; a+ y= 30, a4y=10, 
a~-y= 2; a-~y= 6; 


the other equations giving fractional values of x and y. 
Thus the numbers are 16, 14; or 8, 2. 
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Cor. In like manner we may obtain the solution in positive 
integers of 


ax* + Qhey + by® + Igx + 2fy 4 c=k, 
if the left-hand member can be resolved into two rational linear 
factors. 


¥378. Tf in the general equation a, or 6, or both, are zero, 
instead of employing the method explained in Art. 367 it is 
siinpler to proceed as in the following example. 


Hasample. Solve in positive integers 
2ry ~ 407+ 127 - 5y=11. 
Expressing y in terms of x, we have 
Art 12¢ +11 


6 
= -- —— =9r-—] Jie 
22-5 | Gacib 


: 6 : 
In order that y may be an integer Orb must be an integer; hence 2x -- 6 
must be equal to 4:1, or 4.2, or £3, or +6. 


The cases 4 2, +6 may clearly be rejected; hence the admissible values 
of « are obtained from 2r-5=241, 2x-5= 23; 


whence the values of x are 3, 2, 4, 1. 


Taking these values in succession we obtain the solution» 
e=8, y=1l; x=2, y= -3; c=4,y=9; r=ly= 1, 
and therofore the admissible solutions are 
r=3, y=ll; 2-4, y- 


*379. The principles already explained enable us to discover 
for what values of the variables given linear or quadratic 
functions of « and y become perfect squares. Problems of this 
kind are sometimes called Diophantine Problems because they 
were first investigated by the Greek mathematician Diophantus 
about the middle of the fourth century. 


Example 1. Find the general expressions for two positive integers which 
are such that if their product is taken from the sum of their squares the 
difference is a perfect square. 


Denote the integers by z and y; then 
x? ~ ry +-y? = 27 suppose ; 
 a(e-y)=e—y* 
This equation is satisfied by the suppositions 
me=n(z+y), n(e-y)=m(z-y), 
where +m and 7 are positive integers. 
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Hence mc ny-nz—=0, no+(m—n)y-m2= 
From these eyuations we obtain by cross multiplication 


x Y _ : 


~~ Fs ee 4 
Ymno on? ome—-nt mP—iman+en? 


and since the piven equation is homogeneous we may take for the general 
solution 
c=2mn-n, y=m-n, z=m-mnd+n. 


Here m and x are any two positive integers, m being the greater; thus if 
m=], n=4, we have 
a= 10, y=33, z-<37. 


Erample 2. Find the general expression for thiee positive integers in 
arithmotic progression, and such that the sum of every two 1s a perfect 
square. 


Denote the integers by xr- y, ©, 11 y; and let 
2e-y=p", 2e= gq", Iw+y=r*; 

then prt r= 24’, 
or re gra=_g— p, 

This equation is satished by the suppositions, 

m(r—yq)=n(q- p), n(r+q)—m(y4 p), 

where mand nx are positive integers. 

From these equations we obtain by cross multiplication 


P cae q _ . v 


n242mn~ m2 m2 tn? m?+ Qn = nu?" 
Hence we may take for the gencral solution 


pHi! 4 2mn em, qemt+n?, yam | 2mn ie, 


1 *) 4 
whence T=» (m? + 0")?, 7 — Ain (m? -- n°), 


and the three integers can be found. 


From the value of x it is clear that m and 7 are either both even or both 
odd; also their valucs muxt be such that « is greater than y, that is, 


(m* + 207)? > Bmn (wm? — n?), 
or m3(m — Bn) + 2m'n? 4. 8mn3 + utz-0; 
which condition is satisfied if m > 8n. 


If m=9, n=1, then r=3362, y=2880, and the numbers are 482, 3862, 
6242. The sums of these taken in pairs are 3844, 6724, 9604, which are the 
squares of 62, 82, 98 respectively. 
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*EXAMPLES. XXVIII. 


Solve in positive integers : 


1. 5927 -1Ory + 7y*=77. 2 Ta? ~ Qey + 3y7 = 27. 
3. y?—4ry+5c%-10v=4. 4, wy~Qv-y=8. 
5. 380+3ay—4y=14. 6. 402-7? =315. 
Find the smallest solution in positive integers of 
7 w—14y?=1, 8. «?7-19y*=1. Q we tly). 
10. 2? —61774+5=0. ll. 2?-7y?-9=0. 
Find the general solution in positive integers of 
12, 2*-—3y?=1. 13. 2? —5y* ==). 14,0 ®t = 1. 


Find the general values of « and y which make each of the following 
expressions a perfect square : 


15, a? ~ Bay + 37", 16.0 at 2ay+2y". 7, 5.v?-py?, 


18. Find two positive integers such that the square of one exceeds 
the square of the other by 105. 


19, Find a general formula for three integers which nay be taken 
to represent the lengths of the sides of a right-angled triangle. 


20. Find a general formula to cxpress two positive Integers which 
are such that the result obtained by adding their product to the sum 
of their squares is a perfect square. 


21. “There came three Dutchmen of my acquaintance to see me, 
being lately married; they brought their wives with them, The men’s 
names were Hendriek, Claas, and Cornelius; the women’s Geertruy, 
Catriin, and Anna: but I forgot the name of each man’s wife. They 
told me they had been at market to buy hogs; each person bought as 
many hogs as they gave shillings for one hog; Hendrick bought 23 hogs 
more than Catriin; and Claas bought 11 more than Geertrui; likewise, 
each man laid out 3 guineas moro than his wife. I desire to know the 
name of each man’s wife.” (Miscellany of Mathematical Problems, 1743.) 


22, Shew that the sum of tho first 2 natural numbers is a perfect 
square, if 2 is equal to £# or 2-1, where & is the numerator of an odd, 
and J’ the numerator of an even convergent to ./2. 


CHAPTER XXIX. 
SUMMATION OF SERIES. 


380. Examples of summation of certain series have occurred 
in previous chapters ; it will be convenient here to give a 
synopsis of the methods of summation which have already been 
explained. 

(i) Arithmetical Progression, Chap. LV. 

(ii) Geometrical Progression, Chap. V. 

(iii) Series which are partly arithmetical and partly geo- 
metrical, Art. 60. 

(iv) Sums of the powers of the Natural Numbers and allied 
Series, Arts. 68 to 75. 

(v) Summation by means of Undetermined Coefficients, 
Art. 312. 

(vi) Recurring Series, Chap. XXTV. 

We now proceed to discuss methods of greater generality ; 


but in the course of the present chapter it will be seen that some 
of the foregoing methods may stil] be usefully employed. 


381. If the 7 term of a series can be expressed as the dif- 
ference of two quantities one of which is the same function of r 
that the other is of r—1, the sum of the series may be readily 
found. 


For let the series be denoted by 
U+U,+Uz,+ +, 
and its sum by S|, and suppose that any term w, can be put in 
the form v,~v,_,; then 


S,= (Y, ~,) + (v,-%,) + (v,—%,) + seat (v,.—-%,~») +(v,~¥, 1) 
pam Vv, ~- v,. 
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Ezample. Sum to n terms the series 
ee eee eee Omer eee ees 
(142) (1 +2z) * (1422) (1 +32) * 43x) (1442) ee 


If we denote the series by 
Uy +Ugt+Ugt...... +Uy, 


1 1 1 
we have mys ontear mac ene 


Pe. 
ae ree 


ee eee ee ee ey 


” =3( ees hs ieee -) 
Nv ae\ltne jany¢i.e/’ 
.. by addition, sy=5 ¢ a “2 <=) 
n 


ots Sct emesis 


~(1+a)(l4n41. 2) 


382, Sometimes a suitable transformation may be obtained 
by separating w, into partial fractions by the methods explained 


in Chap. XXITI. 


Example. Find the sum of 
2 
. : ... ton terms. 


(142) (i+ax) * (ifax) (tate) * (1 ¥ 22) (14 ar) * 





th — eee hee = = er ee _s- sq) ° 
The n‘* term (l+a" is) (fanz) Tp aie +5 Pali, SUPPOKe; 
*, aw = 4 (Ll+a%r)+B (14+a"" 2), 
By putting 1+a""'z, 1+.a"z equal to zero in succession, we obtain 





ant a* 
2 l-a E Be l-a i 
1 1 a 
Hence = 1 = a (x, ee os <..) ’ 
® ‘ 1 a a’ 
similarly, W=rm, (Ke “ rae) ; 


eee meee Reeser nreeservesaseeerHes 
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383. To find the swum of n terms of a series each term of which 
is composed of r factors in arithmetical progression, the first factors 
of the several terms being in the same arithmetical progression. 


Let the series be denoted by wv, +%, +, +...... +U,, 
where 
Replacing » by n— 1, we have 
u,_,=(atn —1.b)(a4+nb)(atn41.d)... (atntr—2. b); 


(a +n—-] bu =(at+utr—L.byu_,. 


_ {a +n4r.b)u,—-(atn—1.b)u, 
Now Meo rele 
_ (a+ n+ 9 .b)u,— (a+ wer 1.0) w,_, 


(r+1)b 


Writing v, as an abbreviation for (a+ 2+7.6) w,, we have 


» identically, 


Vv —Vv 
n nu-] 


Ue oem 


"(rely b’ 


Replacing w by w—1, 


wee eer eee eee eew ere 


" ey ee 
= (rt1yb’ 
Gt ©, 
Mo. t Ty i 
' (r+1)b 
v—v 
By addition, SSNs? 
Z "(r+1)b 


(a+n+7.b) egg 
TD ee ee eee / Bay i 
(r+1)o nee 
where C is a quantity independent of », which may be found by 
ascribing to 2 some particular value. 


The above result gives us the following convenient rule : 


Write down the n™ term, affix the next factor at the end, divide 
by the number of factors thus increased and by the common differ- 
ence, and add a constant. 
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Example, Find the sum of n terms of the series 


1.38.54+3.5.74+5.7.94...... 
The xn term is (2n — 1) (2n4-1)(2n +3); hence by the rule 


g _ (2n = 1) (2n +1) (2243) (2n+5) | 
- a ner A 


4.2 
To determine (, put n=1; then the series reduces to its first teria, and 
1.3.! , 1 
we have 15= BOTY C; whence C= 
, _ (2n—-1) (2n4 1) (2n+38) (2n4+5) 1d 
re a a aaa aaa + 8 


=n (2n* + 8n*+7n— 2), after reduction. 


384. The sum of the series in the preceding article may 


also be found either by the method of Undetermined Coefficients 
[Art. 312] or in the following manner. 


We have w, = — —1)(2n +1) oe +3) = 8n* + 120? — 2-3; 
= 8307? + 1230? — 2Sn — 3n, 
using the notation of te 70; 
NS, = 200? (mv + 1)" + Qe (0 + 1) (20 + 1) — 2c (se +: 1) - Be 
== (2Qn® + 8n? + Tr — 2), 
385. It should be noticed that the rule given in Art. 383 is 
only applicable to causes in which the factors of each term form an 


arithmetical progression, and the first factors of the several terms 
are In the same arithmetical progression. 


Thus the sum of the series 
1.38.542.4.643.5,74..... to w terms, 


may be found by either of the Pies suggested in the preceding 
article, but not directly by the rule of Art. 383. Ilere 


w,= (nt 2)(m+4) =n (u+1+1)(v+2 42) 
= (+1) (n+ 2) +2 (m+ 1) +n (+ 2) + Jn 
= (n+ 1) (22 +2) +32 (2 +1) + 3. 
The rule can now be applied to each term; thus 
S = 10 (n+ 1) (m+ 2)(m +3) +n (4+ 1) (nt 2) + $n(n+ 1) +0 
=dn(n+1)(n+4) (rn +5), the constant being zero, 
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386. To find the sum of n terms of a series each term of which 
is composed of the reciprocal of the product of r factors in arith- 
metical progression, the first factors of the several terms being tn 
the same arithmetical progression. 


Let the series be denoted by zw, 4 u, 4 u,+4 +, 
where 
1 re 9 
se = (a+ nb) (a +nt+1.b)(atur2, b) (atn+r—1 6). 
a 


nn 


Replacing x by x — 1, 


= =(#+n—1.6)(at+nb)(a+n4+1.0) (w+ n+r—2.b), 


n—} 


(o+nt+r—l.bju (at+n—-l.b)u 


~y! 


(a+ ner- 1. bu, —(o+ nd)u, 





Now b CAT: , identically, 
_ (at n— L.b)u, ,—(a + mh) v0, 
7 (r—1)b _ 
If we write ve, for (a+ nb) w,, we have 
wna v,-1 ie v, 
""G- 1) 
Suuiarly, ue, any ; 
i Vy, 
1 (r-1)b’ 
ee Ue (a+ nb)u,, 
, (7 - i ae (r—1)b ’ 


where (is a quantity independent of 2, which may be found by 
ascribing to n some particular value. 


Hence the sum may be found by the following rule - 


Write down the n" term, strike of a factor from the beginning, 
divide by the number of factors so diminished aud by the common 
difference, change the sign and add a constant. 


This rule and that in Art. 383 may also be established by 
induction. 
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Example 1, Find the sum of n terms of the series 
1 1 1 


1.20314 79.8.6 + ava 5 bt 
1 


n(m+1)(n+2)(n+3)° 





The n" term is 


hence, by the rule, we have 


SO pate ts 
ne 8 (n+1) (n+ 2) (n +38)" 


] 1 
coae Sas 
1 1 


oe Sa eur 


“13 3(n +1) (n+ 2) (n+3)" 


Put n=1, then C- 


18? 


; 1 
By making n indefinitely great, we obtain S,, =Tg° 


Farample 2, Find the sum to » terms of the series 


3 , 4 : 5 rn 
1-9 4°98 5° 3 4.005"" 


Here the rule is not directly applicable, because although 1, 2, 3, ...... ; 
the first factors of the several denominators, are in arithmetical progression, 
the factors of any one denominator are not. In this example we may 
proceed as follows: 

Ls ae ELS) OD 
™™n(n+1)(n +3) n(n +1) (n+ 2) (0 +3) 
n(n+1) +8n4+4 


1 3 4 
™ (n+ 2) (n+3) a (+1) (n +2) (n+ 38) is n(n+1) (n+2)(n +3)" 


Fach of these expressions may now be taken as the nt term of a series 
to which the rule is applicable. 
of ance Ons ca ecg lt 
ee mt B 2 (+2) (n+8)  B(n+1) (n +2) (n +38)? 


put n=1, then 
: 8 — 
1.2.4 
CO Se eee RT 
r'B6 ont+B B(n+2)(n+8) 3 (n+1) (n +2) (n4+8) 


2 4 whence C=: 2 9 


C — 36° 





1 
4. 2.8.4 8.9.8.4’ 
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387. In cases where the methods of Arts. 383, 386 are directly 
applicable, instead of quoting the rules we may always effect the 
summation in the following way, which is sometimes called ‘the 
Method of Subtraction.’ 

Example. Find the sum of 1 terms of the series 
2.545.848. N41 M44... 


The arithmetical progression in this case is 
2,0, 8; 21, tii 


In each term of the given series introduce as a new factor the next term 
of the arithmetical proyvression; denote this series by S’, and the given series 
by S; then 


S'aQ.5.845.8.1148.11.14+......-+(32 — 1) (8n4 2) (845); 
+, S'-2.5.8=5.8.1148.11.144+11, 14.17+... to (n-—1) terms. 
By subtraction, 
~2.5.8=9[5.84+8,11411,144 ... to(n— 1) terms] -- (8x - 1) (Bn + 2)(3n +5), 
-~-2.5,8=9[S —2.5]- (8n—1) (8+ 2) (8n+5), 
9S = (3n — 1) (3n +2) (Bn4+-5)-2.5.842,5.4, 
S=n (3n? + 6n4+1). 
388. When the 2" term ofa series is a rational integral 


function of » it can be expressed in a form which will enable us 
readily to apply the method given in Art, 383. 


For suppose ¢ (7) is a rational integral function of n of p 
dimensions, and assume 


p(n) +> A+ But+ Cn (n+ 1) + Dn (a+ 1) (m4 2) + 


where A, 2B, C, D,...... are undetermined constants p+1 in 
number. 


This identity being true for all values of », we may equate 
the coefficients of like powers of 2; we thus obtain p+ simple 
equations to determine the p + 1 constants. 


Kzample. Find the sum of n terms of the series whose general term ia 


ar +. Gri + Bn?, 
Assume 


n§ + 6n8 + 52 = A+ Bn+ Cn (n+1)+ Dn(nt1)(u+2)+ En (n+ 1) (n +2) (n +8); 


it is at once obvious that 4=0, B=0, H=1; and by putting n=- 2, n=—38 
successively, we obtain C= ~6,D=0. Thus 


ni+ Bn! + bn? =n (n+ 1) (n +2) (n+.8) ~ 6n (n 4-1). 
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Hence S= : n(n +1) (n+ 2) (n4+38) (n+ 4) — 2 (241) (n 4-2) 


=z n(n+l) (2 +2) (n?+7n+ 2). 


POLYGONAL AND FIGURATE NUMBERS. 


389. If in the expression 2+) (2—1)b, which is the sum 
of n terms of an arithmetical progression whose first term is 1 
and common difference 5, we give to 6 the values 0, 1, 2, 3 
we get 


5 sav 
n,in(n+1), »*, in (8n—1),...... , 


which are the »™ terms of the Polygonal Numbers of the second, 
third, fourth, fifth,...... orders; the first order being that in which 
each term is unity, Tle polygonal numbers of the second, third, 
fourth, fifth,...... orders are sometimes called linear, triangular, 
square, pentagonal, ...... 


390. To find the sum of the first n terms of the rv order of 
polygonal numbers. 
The 2" term of the r" order is 2 + 1 (2 — 1) (r— 2); 
oS = dnt) (r-2) 3 (n-1) 2 
= tn(m+1)+ 4h (r— 2) (w—1) w(t 1) | Art. 383] 
dn (w+ 1) f(r — 2) (n— 1) + 3}. 
391, If the sum of 2 terms of the series 
ee (ea ae ay eae ; 
be taken as the 2" term of a new series, we obtain 
| (ee ae Cn ee 


: n(r+l a 
If again we take eS , Which is the sum of # terms of the 
and 


last series, as the 2" term of a new series, we obtain 
ix 
1 3, 6, 10, 15, eee enes 
By proceeding in this way, we obtain a succession of series 
such that in any one, the n‘* term is the sum of n terms of the 


preceding series. The successive series thus formed are known 
as Figurate Numbers of the first, second, third, ... orders. 
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392. To find the n™ term and the sum of n terma of the r& 
order of figqurate numbers. 

The x" term of the first order is 1; the n*” term of the 
second order is 2; the 2" term of the third order is Sn, that is 


in (n+1); the x" term of the fourth order is & — that is 


9 
be aks a — 2) - the 2" term of the fifth order is 3“ oe 2): 
that j n(n +1) (n+ 2) (u+3) 
4k 
Thus it is easy to see that the term of the 7" order is 
n(n+1) (m+ 2)... (m+r7— 2) ms a+r 
[rol in—1|r-1 
Again, the sum of 7 terms of the r" order is 
n(m+1) (n+ 2)... (m+r-1) 
|7 


; and 80 on. 














y 


which is the n" term of the (7 + 1) order. 


Notr. In applying the rule of Art. 383 to find the sum of n terms of 
any order of figurate numbers, it will be found that the constant is always 
Zero, 


393, The properties of jigurate numbers are historically 
interesting on account of the use made of them by Pascal in 
his Traité du triangle arithmétique, published in 1665. 


The following table exhibits the Arithmetical Triangle in its 
simplest forin 


i ook Ab oo ae Sf a ab a 
1 2 3 4 5 6 7 8 @9.. 
1 3 6 10 15 21 28 36.. 

1 4 10 20 35 56 84. 

1 6 1 35 70 126.. 

1 6 21 56 126... 

1 7 28 8&4... 

1 8 36... 

E Dies 

1 
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Pascal constructed the numbers in the triangle by the follow- 
ing rule : 


Each number is the swan of that immediately above tt and that 
immediately to the left of it; 


thus 15-=5 410, 28-7421, 126 = 56+ 70. 


From the mode of construction, it follows that the numbers in 
the successive horizontal rows, or vertical columns, are the figurate 
numbers of the first, second, third, ... orders. 


A line drawn so as to cut off an equal number of units from 
the top row and the left-hand column is called a base, and the 
bases are numbered beginning from the top left-hand corner. 
Thus the 6th base is a line drawn through the numbers 1, 5, 10, 
10, 5, 1; and it will be observed that there are six of these num- 
bers, and that they are the coefficients of the terms in the ex- 
pansion of (1 + i)’, 

The properties of these numbers were discussed by Pascal 
with great skill: in particular he used his Arithmetical Triangle 
to develop the theory of Combinations, and to establish some 
interesting propositions in Probability. The subject is fully 
treated in Todhunter’s History of Probability, Chapter 1. 


EXAMPLES. XXIX. a. 


Sum the following series to 2 terms : 


1. V9 939 3244 a 
2, 1.2.3.442.3.4.543.4.5.64..... 
DB ed 7 as 71047 10138 be 
4 1.4.742.5.843.6.94 2.00. 
5. 1.5.942.6.1043.7.114...... 
Sum the following series to 2 terms aud tu intinity: 
6 : + Lia cam 
sane bie a ee ek 
ae ee eee 
7.4" 47 HO eee 
l 1 1 
gS 8.0.7 oye 
1 1 1 
9 ay taco + riot te 
H. H. A, 21 
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hy ee ee 
‘ Te ate.3.at3.4a.g be 
1 2 3 
Me a sta.5.6ts.6.7 ti 
1 3 5 7 
2. 1 9.3tea3.atgcaintain.g | 


Find the sum of 4 terms of the series : 


13, 1.3.2742.4.8°4+3.5.4¢4+..0... 
14. (w?- 1%) 4 2(n?- 247438 0-384) +000... 

Find the sum of 2 terms of the series whose i term is 
15. nn? (n?- 1). 16. (rn? +5044) (2 4+5n4+8). 
2 +2n3 4 n2 - 1 
7. ae - = 18, | “ - - . 

19. + 3n? 4 2+ 2 net 
ne+2n nig n 


21, Shew that the 7" term of the 7" order of figurate mumbers is 
equal tu the 7" term of the 2 order. 


22, If the x™ term of the » order of figurate numbers is equal to 
the (7+2)" term of the (7 — 2)" order, slew that 7 = +2. 


23, Shew that the sum of the first x of all the sets of polygonal 
numbers from the linear to that of the 7® order inclusive is 


(7~1)n(r+1) 


a x). 
19 (rn — 2n-7+8) 


SUMMATION BY THE MeEtuop oF DIFFERENCES. 


394. Where no ambiguity exists as to the number of terms 
in a series, we have used the symbol & to indicate summation ; 
but in some cases the following modified notation, which indicates 
the limits between which the summation is to be effected, will be 
found more convenient. 


Let ¢ (a) be any function of x, then = ¢ (x) denotes the sum 


of the series of terms obtuined from ¢ («) by giving to x all posi- 
tive integral values froin 7 to m inclusive. 
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| * : . e e » 
For instance, suppose it is required to find the sum of all the 
terms of the series obtained from the expression 


(p—1)(p-2) ... (p—7) 
|" 
by giving to p all integral values from 7+ 1 to p inclusive. 
Writing the factors : the numerator in ascending order, 


the required sum = yr Se eae) 





pert |" 
1 | 
= Ir BR as ee ae ere eee ur? 1)+...4+(p—r) (prt 1)..(p-l)} 
1 ae = a 
. v UMS 7 een dp , | Art. 383. ] 
ie rel 


ee (2 =A) (p— 2). 1 (p— ”) 
[red 


Since the given expression is zero for al] values of p from 1 to 
y inclusive, we may write the result in the fori 


es (p~ 1) (p= 2) (p= so). _P (p- -1 ) (p = BY a (p- 7) 
: “rel 


ne 





pl 





395, Suppose there are a nuinher of series of different orders 
formed according to the law that the (p+ 1) term of any order 
is equal to the sum of the tirst p terms of the preceding order, 
increased by a constant. 


Let the first series be denoted by 


hay Oy Uys Uys lygees ens ees 


l 
all the terms being cqual. 
The (p +1)" term of the second serics is a, + pa,, where a, is 
some constant; and the first p terins of this ser ‘ies are 
hay Ay + yy Gy + Wd ed, + (p-t)a,. 


The (p +1)" term of the third series 1s @, + pe, PA at Ae a, 


where a, is some constant, and the first p terms of this series are 


»~ 1) (p-2 
Dy B+ Uy y+ 2G, + yyerereey Ay + (p— 1) a, Fa zs ee a 


. al 


21—2 
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The (p+ 1)" term of the fourth series 
a it) 


=U, + pa, +A a, if 
ape ; 
ah ics TOR 
a at ,, bt eds = (,. 


We shall now prove by tnduction that a similar law of forma- 
tion holds generally. 


Assume that the law holds up to the (g— 1) series; that is, 
suppose that the p" term of this series is 


1 ee 
a,,+(p—-l1)a,_,+ “~ A eee 


a2 
Now the (y+ 1)™ term of the g™ series is the sum of the first 
p terms of the (q— 1)" series increased by a constant, aud is 
therefore equal to 
p (poi) = Pps) 


a, + pu, , + yg Gs Ae 5 2 
‘ = 

yep jae ee, pcg 2 

Pina: S (p- 1) (p23)... Ga + 2) 
a y=2 


that is, equal to 


Ppl pre) (pa?) 


= 12 ee 8, a a re 


a, + pa, 


Pip \) (pp 2)... (p- 9+ 2) 
aaa mT 
Thus if the Jaw of formation holds for the (q-1)™ series, it 
holds for the qs but we have seen that it holds in the case of the 
first four series; hence it holds universally. Thus the n term 
of the series of the gq" order is 


aM (m= 2) (w= 1) (m= 2) (m3) 
2 


+ (u—T)a,_.4 ice 3 Oy. 4 


_ = 1) (m= 9)..(m=g +1) 
q-1 : 
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396. In the preceding article we have seen that 


(p+ 1)" term of g‘* order = sum of p terms of (q¢ — 1)" order 
+a constant, 


p™ term of g™ order = sum of (p—1) terms of (q¢— 1)" order 


+same constant; 
hence p term of (¢ — 1) order 


=(p+1) term — p term of g order; 
? y] q 


that is, a series of any order can be obtained by taking for its 
terins the differences between the consecutive terms of the series 
of the next higher order. 


Let us now suppose that a certain number of terms a, b, 
Cy... Of the series of the g" order are given, and that it is our 
object to find the general term of this series. 


We may write down the given series and form from it in sue- 
cession the series of the (qg— 1), (qg— 2)",...... orders: we shall 
thus obtain q series, namely those of the preceding article in 
reverse order, 


Let. these series be arranged as follows: 


d 


(by Us, Cy y) ey ore eresrenene « 
ray bs Cyois ae see eee eer roe 3 
(Loy uk eres: : 
Un Ce ; 


The a term of the first series has been shewn to be equal to 


a,+(n—l)a,_. + (ne }) (1 — 2) Ai (n—1) n—1)(r— —2)(n—3) 


jae Ba 
_@-) (n =: ee a. (Art. 395,] 
= 


The second, third,......series are called the first, second, third, ... 
orders of differences; hence if a is the first term of a given 
series, 7, d, d,y...... the first terms of the successive orders of 
differences, the n® term of the given series is obtained from the 
formula 


a+ (n— Ne eee he Die acces summit 


~——w — 


\2 
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Also, as explained in the preceding article, the suin of 1 
terms is 


pe) ee ce ial 


—_— 3 

ie | . 

Example. Find the general term and the sum of 7 terms of the series 
12, 40, 90, 168, 280, 432,...... 


The successive orders of difference are 
98, 50, 78, 112, 152,...... 
22, 28, 34, 40,...... 
6, 6, 6... 
0, O,.., 


? 


. (n~1(n-2) Gin-L (n-2)(n- 
Hence the n" term = 12 + 28 (n - 1) + - ue ne (" as ve ‘8 ) (a - 3) 


=n + bn2-+- On, 


The sum of » terms may now be found by writing down the value of 
Snb + 5En27462nu., Or we may use the formula of the present article and 


28n(u—1)  22n(n—1) (nv - 2) ‘ Gn (n~ 1) (n — 2) (uv — 8) 


S,=12n+" A ee ee aes ee 
obtain S, i+ F | 3 4 
= i. (3n2-+ 26n + 69u + 46), 


1 
“49 n(n +1) (82? + 23n + 46). 


397. It will be seen that this method of suinimation will only 
succeed when the series is such that in forming the orders of 
differences we eventually come to a series in which all the terms 
are equal, This will always be the case if the n™ term of the 
series is « rational integral function of n. 


For simplicity we wil] consider a function of three dimensions; 
the method of proof, however, is perfectly general. 
Let the series be 
U, + UM, +, occas FU FM HM HW teen, 


iy . 
where w= An + Bui t+ Cu +D, 


and Jet vw, 2, denote the 2‘ term of the first, second, third 
orders of differences ; 
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then ov,=u ,,-u, =A (3n?+ 8n4+1)4+ B(Qn41) 40; 


n 


that is, vo = 3An'? +(344+2B\n+A+B+4C; 
Similarly ow =v, -v,=34 (2n+1)+34+2B 
and z= W,,,-w,_= 6A, 


Thus the terms in the third order of differences are equal ; 
and generally, if the a" term of the given series is of » dimensions, 
the terms in the p" order of differences will be equal. 


Conversely, if the terms in the p order of differences are 
equal, the x“ term of the series is a rational integral function of 
a Of » dimensions. 


Example, Find the nt" term of the series —1, —3, 3, 23, 63, 129,,...., 
The successive orders of differences are 
~2, 6, 20, 40, G6....... 
8, 14, 20, 26,...... 


6, 6, 6,...... 
Thus the terms in the third order of differences are equal; henee we may 
ansume U, =A + Bn+ Cn? + Dni, 


where A, 2B, C, D have to be determined. 


Putting 1, 2, 3, 4 for n in succession, we have four simultaneous 
equations, from which we obtain A=3, B=~3, C=- 2, D=1; 


hence the general term of the series is 3 ~ 3n~ 2n? +n, 


— 89K. Ifa, ws a@ rational integral function of p dimensions 
on n, the serves 
G+ 0,0 + 42° +... 40,2" 


° e s s ° j 
is @ recurring scries, whose scale of relation 1s (1 - x)". 


Let § denote the sum of the series ; then 


S(1-a)=a,+(a,—a,)e+ (a,—@)0* +... 1 (4, —4,_,)2" - a, 


wt) 


=a, tbatbar+... + ba" —ag"", say; 
here b= a@,-a,_,, 8o that 6, is of p—-1 dimensions in 4. 
Multiplying this last series by 1-, we have 
S(1-«)’ 
: . a+) n+2 
=a,+(b,—a,)0+(b,—d,)a? +... + (Oy — By 1)2"— (@, +B,)0" +4, 
wt +2 Fs 
= +(b,—a,)atce' +e,a%+ ...4+¢,0°—(A,46, er +a,2""", say; 


here ¢, = 4, --b,., 80 that ¢, is of p —2 dimensions in n, 
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Hence it follows that after the successive multiplications by 
1 —a, the coefficients of x" in the first, second, third, ... products 
are general terms in the first, second, third, ... orders of differences 
of the coefficients. 

By hypothesis a, is a rational integral function of n of p 
dimensions ; therefore after » multiplications hy 1—a we shall 
arrive at a series the terms of which, with the exception of p 
terms at the beginning, and p terms at the end of the series, form 
a geometrical progression, each of whose coeflicients is the same. 


[Art. 397. ] 
Thus S(L—ayPak (at tat +... +a") +f (x), 


where & is a constant, and f(x) stands for the p terms at 
the beginning and p terms at the end of the product. 


ene) fla) 


. ‘ ka? (1 — x" pea + ] —2) x”) 
that is, Nee aa Be 


S (1 —a)? = 


thus the series is a recurring series whose scale of relation is 


(l—a)r. [Art. 325.] 


Tf the general term is not given, the dimensions of a, are 
readily found by the method explained in Art. 397. 


Example. Find the generating function of the series 
3 +b +922 + 15.03 4+ 23.24 4 8325 4+ 000... 


Forming the successive orders of differences of the coefficients, we have 
the series 
2, 4, 6, 8, 10,...... 
Diy. Dy. By Oh eee ; 
thus the terms in the second order of differences are equal; hence a, is a 


rational integral function of 2 of two dimensions; and therefore the oale 
of relation is (1-.)*. We have 


S=34 50+ 922415234 23.744 88254 0... 
~BaS= -90c-152? - 2723 -45a4- 6925- ...... 
8.29 = Ox? + L523 + 2704 + 452544. 0.0.., 
-29= - 828-— B5art-— Yr®-...... 
By addition, (l-a) S=38 - 474 32?; 
Se 205 eal + a 


(1-2) 
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399. We have seen in Chap. xxiv. that the generating 
function of a recurring series is a rational fraction whose denomi- 
nator is the scale of relation. Suppose that this denominator can 


be resolved into the factors (1 — aa)(1 —bx)(1—cz)......; then the 

generating function can be separated into partial fractions of the 
A B C 

forin eS in 


re oe + es as 
l-av l-be l-ex 
Each of these fractions can be expanded by the Binomial Theorem 
in the form of a geometrical series; hence in this case the re- 


curring series can be expressed as the sum of a number of 
geometrical series, 


If however the scale of relation contains any factor 1 ~ ax 
more than once, corresponding to this repeated factor there will be 


A A 
I J by bs i § , 2 bs Se aa Sen og a ate eereed 5 | i >] 
partial fractions of the form (ane ay ; which 


when expanded by the Binomial Theorem do not form geometrical 
series; hence in this case the recurring series cannot be expressed 
as the sum of a number of geometrical series. 


400, The successive orders of differences of the geometrical 
progression 
a, ar, ar, ar’, art, a", vee 


are w(r—1), a(r—I)r, a(e —1)2”, ar — )e",...... 


a(r—-1), ar—lyr, a(r—l)’r, 


ere ee eee r ees woe erasee Baeseteervregszersnarneve 


which are themselves geometrical progressions having the same 
common ratio 7 as the original series. 


401. Let us consider the series in which 
, =a wal 
uw ar" | + h(n), 


where (x) is a rational integral function of 2 of p dimensions, 
and from this series let us form the successive orders of differences. 
Each term in any of these orders is the sum of two parts, one 
arising from terms of the form @r"~', and the other from terms of 
the form ¢(n) in the original series. Now since (2) is of p 
dimensions, the part arising from #(2) will be zero in the (p + 1)* 
and succeeding orders of differences, and therefore these series 
will be geometrical progressions whose common ratio is 1. 


[Art, 400] 
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Hence if the first few terms of a series are given, and if the 
p™ order of differences of these terms form a geometrical pro- 
gression whose common ratio is 7, then we may assume that the 
general term of the given series is ar""'+f/(n), where f(m) is a 
rational integral function of of p—1 dimensions, 


Example. Find the nx term of the series 
10, 28, 60, 169, 494,...... 
The successive orders of differences are 
13, 87, 109, 335,...... 
24, 72, 216,...... 


Thus the second order of differences is a geometrical progression in which 
the common ratio is 3; hence we may assume for the general term 


U,= a. 3") + Ite. 


To determine the constants a, b, c, make m equal to 1, 2, 3 successively; 


then atb+e=10, 3a4-2b+c= 28, 9a+3b+¢e=60; 
whence a=6, b=1, c=3., 
Thus u,26.38""l4n43=2.3"4+43. 


402, In each of the examples on recurring series that we 
have just given, on forming the successive orders of differences 
we have obtained a series the law of which is obvious on inspec- 
tion, and we have thus been enabled to find a general expression 
for the 2" terin of the original series, 


Tf, however, the recurring series is equal to the sum of a 
number of geometrical progressions whose common ratios are 
a, 6, ¢,..., its general term is of the form Aa”! + Bb"! 4+ Cc"™'/ 
and therefore the general term in the successive orders of 
differences is of the saine form; that is, all the orders of difter- 
ences follow the same law ag the original series. Jn this case to 
find the general term of the series we must have recourse to the 
more general method explained in Chap, xxtv. But when the 
coefficients are large the scale of relation is not found without 
considerable arithmetical labour; hence it is generally worth 
while to write down a few of the orders of differences to see 
whether we shall arrive at a series the law of whose terms is 
evident. 


403. We add some examples in further illustration of the 
preceding principles. 
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Example 1. Find the sum of n terms of the series 


bly a 9 1 um dy 
hee Pr ae ee oe Oe a Oe 


2n4+3 1 


Here U,.= net) 3 
‘ 2n +3 A B 
A rv oe = ee 
ore n(n+1) 2 t nw+i1? 
we find A=8, B= -1, 
Hence U,= ee : : 
_ A Na el) BY a” B81 oe BM? 
and therefore S,=) : : 


etl" 3" 


Example 2. Find the sum of » terms of the series 


re ee ae 7 
Oa a ea oe td 
2n-1 

TI th te is SS a ee a 

eS At) ed) 

2n—1 A (n+1) +B An+B 

A emt tl met as wet mee — pl innedleretinmnememmennnsereraaemenavenl D 

wieccaaacee aL OR MUa CTTSG WE NG baum” We OR CE me SA, mT ae 


ve In-1=An+(d+B)- (An+B) (4n- 1), 


On equating coefficients we have three equations involving the two 
unknowns A and B, and our assumption will be correct if values of 4 and B 
can be found to satisfy all three. 

Equating coefficients of n?, we obtain A = 0, 


Equating the absolute terms, -1=2B; that is B=-4; and it will be 
found that these values of A and DB satisfy the third equation, 


Ses GREN, ot eet yen ein te, cai or priceless eat eels beet cs 
937 (dn 5) 2°87. (An 5) (4-1)? 
oh: A 1 
ane “wT SSF aL da) 


Kecample 8. Sum to n terms the series 
6.9+12.214-20.387430.57+42.81+...... 
By the method of Art. 396, or that of Art. 397, we find that the n* term 
of the series 6, 12, 20, 30, 42,...... is n*+38n+2, 


and the nth term of the series 
9, 21, 37, 57, 81,...... is 2n?+6n+1. 
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Hence Ua (n+1) (n+2) {2n (n+ 3) +1} 
=2n (n+ 1) (n+ 2) (n+ 3) + (n+1) (n+2); 
=. “=; n(n +1) (+2) (n+ 8) (w+ 4) + (t+]) (r+ 2) (20 -+ 3) — 2. 


fxample 4,. Find the sum of » terms of the series 


2.24+6.4412.8420.16430.324+...... 
In the series 2, 6, 12, 20, 30, ...... the n‘® term is n?4 1; 
hence = (n? +n) 2". 


Assume (2? +1) 2"= (An? + But C)2"—- {A (n - 1)?4+B(n-1) 4+ Cj; 2" 7; 
dividing out by 2"~) and equating coefficients of like powers of x, we have 
Q=A, 2=9A4+B, O=C-A+B; 


whence A=2, B= ~-2, C=4. 
"Wyse (2n® — 2n +4) 2" — (2 (a ~ 1)? - 2(u-—1) 44} 2"-7; 
and S22 (2n? — Qn + 4) 2" - 4=(n2— n+ 2) 241 ~ 4, 


EXAMPLES, XXIX. b. 


Find the 2 term and the sum of 7 terms of the series: 


1, 4, 14, 30, 52, 80, 114.00... 
2, 8, 26, 54, 92, 140, 198, ...... 
3, 2, 12, 36, 80, 150, 252, ...... 
4, 8, 16, 0, —64, —200, —432,...... 
5. 30, 144, 420, 960, 1890, 3360, ...... 
Find the generating functions of the series ; 
6. 14304 7a? 4 13234 Qlatt 814 00., 
7 1420492? + 2023 + 3527 4+ 5425+ 0.0... 
8. 2+574 1007 4+ 1723 + 2604 +8707 | o., 
9. 1-374 522-704 904 - lla t..... 
10, 14+ 24a + Bty? + 443 4 Stet oo, 


Find the suin of the infinite series : 


Le 2.38 B44 5 
11, got ge Ts + ar + wine 


2 2 2 2 2 
eee ae 


5 52 54 5A 5b peeneore 
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Find the general term and the sum of 2 terms of the series ; 
13. 9, 16, 29, 54, 103,...... 

14, --3, —1, U1, 39, 89, 167,...... 

15. 2, 5, 12, 31, 86,...... 
16. 1, 0, 1, 8, 29, 80, 193, 
17. 4, 13, 35, 94, 262, 755.. 


Ca aay 


Find the sum of # terms of the series: 


18. 1429432244034 5244-000... 
19, 143274 62774-10284 L524 oo. 
i | 4 ] 5 1 § 
®. iraate spt et The Rt 
P 2, eo 
al. 3 g¢ita ay * Va a wt ee 6 t+ Cevees 
29, 3.d48.01415. 20494. 31435. 44 40000., 
23. 1.344.749.1384 16.21495.314+...... 
O4, 1.5+2.1543.3144.5845. 814.00, 
} 2 8 4 
8. i styroga tise tia. 7g te 
1.2 2,2 3.2% 4,24 
26. --° + + Se Cee 
|B {4 [5 
Of, 2.244.447. 8411.16416. 324.00... 
28. B+3,3245. B47. B49. P+. 
i 1.3 prc edhe. 
og tong gta t 6 at 2. dé 8. vot a 
Q +5 10 i 3 
‘ Bae es ON ie bis 
30. = gt 573 Bt gm Bt poe +. 
©. “Ge the Gj 6] 
hd oy aa oe ee Be 
i 19 
32. ataty aoe ae 
19 1 W 4 39 #1 2 
8. y-g-g:atacga ated tet i6.6' at 
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404. ‘There are many series the summation of which can be 
brought under no general rule. In some cases a skilful modifi- 
cation of the foregoing methods may be necessary ; in others it 
‘will be found that the summation depends on the properties of 
certain known expansions, such as those obtained by the Binomial, 
Logarithmic, and Exponential Theorems. 


KMaauple 1. Vind the sum of the infinite serics 
2 12 28 #50 78 


tt tg tape 
2 
La a a 
The 2 term of the series 2, 12, 28, 50, 78...... in 3n2+ 2-2; hence 
_ fn? ne _ on (un —1) +4n - 
nee me In 
3 4 2 


Put n equal to 1, 2, 3, 4,... in succession; then we have 
2. 3 4 2 


M3 iy 4 2 ~ 33 
{_ Pt ‘ 


4 
aT a ja’ 


",=4- if 
and 50 on, 


Whence S,, = 3¢ + 4e -2(¢ -1)=5e4-2. 


Ecanple 2. Tf (+e) = ey teye tege? +... Fe, find the value of 
1°¢, -+ 2?ey + S?eg-+ 0. + ey. 
As in Art. 39% we may casily shew that 


14 2P rt eat tet eae = as 2 
(Leary 
Also Cyt Cy—pU + ...C,0" 7? + cc 1 + ee” (Lar) 


Multiply together these two results; then the given series is equal to 
(Lax) ©. (2-1—a)ntt 

“ae that is, in eae 

The only terms containing 2*~! in this expansion arise from 

(n+1)n 


i 


ant) — nv (n+1) 294 — 


the coefficient of a”-) in 


antl (1 ~ 2)-8 ~ (n+ 1) 2" (1 - 2)-? + an (1-2) 


*, the given series = —— . wt + 1) sh a 1) gn-1 


fame 


zn (r+ 1) 28-2, 
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Ezample 3. Ifb=a+1, and n is a positive integer, find the value of 


(n eel eas ~~ 3) sah Wiss (2 — 3) | 3) (2 ~ 4) (n ~ 5) adyn-6 4 
is ae 


be — (n ~ 1) ab"? 4 | 


By the Binomial Theorem, we sce that 


jp ee?) (x ~ 5) (nw — 4) WD) 





A: M- Q : oe gs [3 
are the coefficients of 2%, x", a®-4, 2-8, in the expansions of (L-x)"}, 
(L=a)7*), (b=2)-4, (=a) ass respectively. Hence the sum required is 
equal to the coefficient of x* in the expansion of the series 
1 ax atx a8 


1~be (i—ba)?* (P—Tays (A - ta)s* 
and although the given expression consists only of a finite number of terms, 
this series may be considered to extend to infinity. 


' 1 ac? 1 
t h sae Ss _ et id set Mt 
But the sum of the serics ibe (2 oe 4a) eee 


1 


ae eee ye ee an 


; : : ; 1 
Hence the piven serics =coefficient ofa” in, —~ 
(L—-w«) 1-ae) 
; 1 a 1 
—- Cec 10] nm : P So. Soe 
= coefficient of .” in sg Gi ae a) 
qrtl_y 

ak oS ee 

Erample 4. If the series 

1 oo a ‘ ; ee ‘ ae Ce in an 
hath eae pet a: oe ig tpt pt 


are denoted by a, hb, c respectively, shew that a?4 03+ ¢3 - Bube =1. 
If w is an imaginary cube root of unity, 
a3 403 4 03 — Babe =(at-b +c) (0+ wh + wie) (a + 7b + wr), 





N , Pr ee ee 
ow u-b+c= tet iyt [B eerie 
a= ot 
cae wit a r4 iat 

and a + ob + wie — 1+ wat - }2 aa ene ae ues 
=e. 
® ® ‘ 2-4; 
similarly a+wb+wome””. 


‘ ‘ % wr wx 14 wtw")2 


=1, since l+w+w'7=0, 
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405. To find the sum of the x powers of the first 1 natural 


svunbers. 

Let the sum be denoted by 3 then 

Sos 1 rt Be te’, 

Assume that 
So Ay + Al + Ay 4+ Aye + tA mt Aye (1), 
where A,, 4,, A,, A,, ... ave quantities whose values have to be 
determined. 

Write 24 1 in the place of 1 and subtract; thus 
(w+ 1) = A, {a+ ly al ht A f(e4 1) 0" 

Ay f(a LYE al} + A fee YP a ti, tA,...(2), 

Expand (w+ 1)", (2 +1)’, (w+1)';... and equate the co- 


efficients of like powers of ». By equating the coefficients of 1’, 
we have 


I 


l=A, (7 +1), so that A, — suey 


By equating the coeflicients of 2", we have 


A (x41) 1 
ieee +A”; whence A, -- 5. 


od onl 


Equate the coefficients of 2’~’, substitute for A, and d,, and 
multiply both sides of the equation by 


= - 
r(r—1)(r—2) .. (r= pe ly? 
we thus obtain 


es 2 
Lop tap Peg POE) oe) 7/35, 


+ esheaies Saree hom hoe 


; pe oO Ae TA ae lI) 4 P(e —1) (r—2) 
In (1) write »— 1 in the place of 2 and subtract; thus 

w=A tn) —(w—ly 4d, fn" (n-1)}+4, [nv ' - (an —- 1) J +. 
Equate the coefficients of 2’~", and substitute for 4,,.A,; thus 


i v P(p-1), , pip-l(p-2)_ 
Oe erate Aaa tages 
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From (3) and (4), by addition and subtraction, 
: = Ab + A ee ar i sevtrd cadet Nauk cenians (5). 


2 p+l “er %* r(r=1) (r= 2) 
1) pip-1)(p-2) (p-3) 
iy ea aoe ies 
(eat) +48 eT) r= 2) @ a8) Toren 
By ascribing to » in succession the values 2, 4, 6,..., we see 


from (6) that each of the coefficients A,, A,, A,,... is equal 
to zero; and from (5) we obtain 





lri,..1,. te=)DC¢-2). 
a a a 
1 r(r-1) (r-2) (7-3) (7 nee), 
a7 75" is aii 
By equating the absolute terms in (2), we obtain 
Ll=A,+4A,4+A,+A,+ ...... +A; 


and by putting «= 1 in equation (1), we have 
1=A,+4,+A4,+4,+ ..05. +A +A, ; 
thus A,,, = 0. 


406. The result of the preceding article is most conveniently 
expressed by the aoe 





aaa wn poe ey 
" 7+] i B, {4 
Fig oA Girne) Alacra ek) lead ere 


where B, = i B, = 30) B, = eH Bb, — 3) B, = ar ees 


The quantities B, B,, B,,... are known as Bernoulli's Numbers ; 
for examples of their application to the summation of other series 
the advanced student may consult Boole’s Minite Differences. 





Example. Find the value of 15+ 2°+ 35+4...... +n, 
ni nd 5 ee Os ee 
W ee ~~ ni — B, - nee 
e have Sa=gtgt Ag" B, 7 w+, 


wn bat a! 
=g 19 * Ta 7 1! 
the constant being zero. 
RBA 22 
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EXAMPLES, XXIX. c. 


Find the sum of the following series : 





oe a gt av 2 oe 
ei erates o. (ate3t3.47 poco 
3b x 1 | |3 
~~ Fo geesan Sag oa, = fe areson 
3 esi ar Md 4 E rel * jr42 
Q2—~] a@ 32-1 2% 44-1 at 
5. 14+ 227+——— (2 a (3 ry 4 + [4 “at eoeres 





2 4. er CB EP Se 3 penis 
6. cH \r— a 2" 2 |r 2a" eluates to 74 1 terms, 





a(l+e) n(w—1) 1422 


Tepe (2 *(L+ne}? 
aa ad . a oe Pe hanes ton terms, 

8 143 a (ta) +... to 2 terms. 

9. 1- is + sea re a oon + senaece to 2+1 terms. 
10. (142) log,24+ ae (log,2)? + = ar (log. 2)" ...... 
rae re a a ae 
12. oe : 1s hig tp ten 

2B e 
13. +e at a : cS : — mee 


14, Without assuming the formula, find the sum of the series: 
(1) 164264364 00... +28 (2) UT 4974 374 tent, 


SUMMATION OF SERIES. 339 





15. Find the sum of 134-23 ri ae vinceey 
2 Bt 
16. Shew that the coefficient of #” in the expansion of ee is 
2 2 2_ nt—1)(n2 — 4) (42 — 
hg ee os ee ae Se 9) Ot ics \. 


17. If xis a positive integer, find the value of 
(a —2)(a- = 3) on re (w—3)(m—4) (nm ~ - 5) Qn-64 


no n- 2 
2” — (7 —1) 2% 2+ 2 (3 
and if 2 is a multiple of 3, shew that 
(2 —2)(n— 3) MESO = O(n b) 20h 





1 ~ (2 - 1)++— 2 if 


18, If is a positive integer greater than 3, shew that 
—] = 
n(n — 1)(n — 2)(m — 3) n—4y°4.,. 


n(n —1) (n—2)34 z 


ae es acpi 
+ ——") 9 
=1n7 (10 +3) 2" 4, 


19, Find the sum of 2 terms of the series : 
1 2 3 
O) pips +t pparpart pare 
5 3 9 7 13 ll 17 
2) ~e-a3tza ete K7tT. 
20, Sum to infinity tl ies wh ian 
» Sumi to minmity the S€r1ies WHOSE 2 erm 18 n(n+1) (n+) A 


neetee 


@reeeoe 


at AU)" = C+ OU + C0? + 05.05 + 00000. +¢,7", 2 being a positive 
ieee find the value of 
(7 — 1)8e, + (2 — 8)? + (2 — 5), + oe 
22, Find the sum of 2 terms of the series: 
2 4 8 16 32 
a ane a ae Ce 
7 17 31 49 71 
2) pos satis feet R67 
23, Prove that, ifa<1, (1+ar)(1+a%r)(1+a®r)...... 
atx? az 


Lew aemt a ee 


<4 irget Ua ad tay ayaa 
22—2 
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24, If A, is the coefficient of x in the expansion of 


(toy (145) (145 i) (1 $F) vee 


2? 1072 
prove that cs ori (A4,.,+4,,), and A,= 315° 
25. If is a multiple of 6, shew that each of the series 


_a(a—1)(n-2) n(n — 1)(m — 2) (2 -3)(n - 4) 





3 3+ aay er aes ; 
m(nm-1)(n—2) 1 a(n—})(rn~-2)(r—-3)(n-4) 1 
as 13 ‘gt 7 aa Bo Tee , 


is equal to zero. 


26. Ifn is a positive integer, shew that 


R= nan 
(pgr—(n—1) palpate ORR) pit (pet gy to 
+1_ gnt+l 
is equal to —— aie 
P-Y 
27. If P=(n-1r)(n-714+1)(n—-r4+2).....(n—-r+p-—1), 
Q,=7 (r+1)(7+2).....(7 +9 - 1), 
shew that 
n-1l+p+ 
POA Ppt PyQgb escse + Pg Qy ge Phen le te 


eres? 
28. Ifn is a multiple of 3, shew that 
ses Ue ie (n — 5)(n—6)(n - 7) in 
2 [3 3 [4 ea Ir aia ty 
+(—1)1 (n-r~1)(n~- r~2)...(n — 27+ 1) A 


| 
r 


1- 


— 


; 3 1 j ; 
is equal to pr Raa according as 7 is odd or even, 


29, If is a proper fraction, shew that 
x x3 i x w wh 
Ton Io Tepe Oe gg pg ee 


JHAPTER XXX, 


THEORY OF NUMBERS. 


407. In this chapter we shall use the word number as equi- 
valent in meaning to posttive integer. 


a. number which is not exactly divisible by any number 
except itself and unity is called a prime number, or a prime; a 
number which is divisible by other numbers besides itself and 
unity is called a composite number; thus 53 is a prime number, 
and 35 is a composite number. Two numbers which have no 
common factor except unity are said to be prime to each other ; 
thus 24 is prime to 77. 


408. We shall make frequent use of the following elementary 
propositions, some of which arise so naturally out of the definition 
of a prime that they may be regarded as axioms. 


(i) Ifa number a divides a product bc and is prime to one 
factor b, it must divide the other factor c. 


For since a divides bc, every factor of @ is found in bc; but 
since a is prime to 8, no factor of @ is found in 6; therefore all 
the factors of a are found in c; that is, @ divides ec. 


(ii) Ifa prime number a divides a product bed..., it must 
divide one of the factors of that product; and therefore if a 
prime number a divides 5", where m is any positive integer, it 
must divide 0b. 


(iii) I£@ is prime to each of the numbers 6 and c¢, it is prime 
to the product dc, For no factor of a can divide b or c; there- 
fore the product bc is not divisible by any factor of a, that 1s, a 
is prime to be. Conversely if a is prime to 6c, it is prime to each 
of the numbers 6 and c¢. 


Also if a is prime to each of the numbers 4, c, d, ..., it is 
prime to the product bed... ; and conversely if @ is prime to any 
number, it is prime to every factor of that number. 
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(iv) If @ and b are prime to each other, every positive 
integral power of a is prime to every positive integral power of 6. 
This follows at once from (ill). 


n 


° e e a a . * 
(v) If @ is prime to 6, the fractions = and , are in their 


b b” 


° ee * . a 
lowest terms, 2 and am being any positive integers, Also if ; 


b 


is In its lowest terms, then 


and 


c . a 
-— are any two equal fractions, and ; 


d b 
c and d must be equimultiples of a and b respectively. 


409. The number of primes v8 infinite. 

For if not, let p be the greatest prime number; then the 
product 2.3.5.7.11...p, in which each factor is a prime num- 
ber, is divisible by each of the factors 2, 3, 5,...; and therefore 
the number formed by adding unity to their product is not 
divisible by any of these factors; hence it is either a prime 
number itself or is divisible by some prime number greater than 
p: in either case p is not the greatest prime number, and there- 
fore the number of primes is not limited. 


410. No rational algebrareal formula can represent prime 
numbers only. 

If possible, Jet the formula «+ bx + cx? 4 da®+... represent 
prime numbers only, and suppose that when w:.i the value of 
the expression is p, so that 

paadtbm+em + dm +... ; 
when w= a + 2p the expression becomes 
w+ b(n + np) +e (m+ np)’ +d (a+ np)" + ..., 
that is, a+ bm+em?4+dm'+...+ a multiple of py, 
or p+a multiple of y, 
thus the expression is divisible by p, and is therefore not a prime 
number. 


411. A neember cun be resolved into prime factors in only one 
way. 

Let WV denote the number; suppose WV =abcd..., where 
a, 6, c, d,... are prime numbers, Suppose also that V =aByé..., 
where a, £, y, 6,... are other prime numbers, Then 


abcd... = afsys... ; 
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hence a must divide abcd... ; but each of the factors of this pro- 
duct is a prime, therefore a must divide one of them, @ suppose. 
But a and a are both prime; therefore a must be equal to a. 
Hence bed...:.By8...; and as before, 8 must be equal to one of the 
factors of bed...; and so on. Hence the factors in oByd... are 
equal to those in abecd..., and therefore V can only be resolved 
into prime factors in one way. 


412. Zo find the number of divisors of w composite number. 


Let WV denote the number, and suppose ZV =a’b‘c’..., where 
a, b, ¢,... are different prime numbers and p, q, 7,... are positive 
integers. Then it is clear that each term of the product 
(l+qata?+...¢@)(14b4+B4+..4b) tet +. te)... 


is a divisor of the given number, and that no other number is a 
divisor ; hence the number of divisors is the number of terms in 
the product, that is, 


(p+ l) (q+ 1) (r41)..... 
This includes as divisors, both unity and the number itself. 
413. To find the number of ways ir which a composite number 
can be resolved into two factors. 


Let NV denote the number, and suppose WV = a’b'c’..., where 
a, b,c... are different prime numbers and p, q, 7... are positive 
integers. Then each term of the product 


(l+ata?+...¢a") (1404 0'4+...40) (Ltetert... +e’)... 


is a divisor of VY; but there are éwo divisors corresponding to 
cach way in which JW can be resolved into two factors ; hence the 
required number is 


=(p +1) (q+l)(r4+)])...... 


This supposes V not a perfect square, so that one at least of the 
quantities p, g, 7, ... is an odd number. 


If WV is a perfect square, one way of resolution into factors 
is {Nx ,/N, and to this way there corresponds only one divisor 
JN. If we exclude this, the number of ways of resolution is 


s{(o+1) 7+ 1) 41) Tp, 


and to this we must add the one way ./N » ,/V; thus we obtain 
for the required number 


s{(o+1) (+1 (re dyed. 
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414. Zo find the number of ways in which a composite 
number can be resolved into two factors which are prime to each 


other. 


As before, let the number =: a’b’c’.... Of the two factors 
one must contain a’, for otherwise there would be some power of 
@ in one factor and some power of a in the other factor, and thus 
the two factors would not be prime to each other. Similarly 6° 
must occur in one of the factors only; and so on. Hence the 
required number is equal to the number of ways in which the 
product abc... can be resolved into two factors; that is, the 


number of ways is ra +1)(1+1)(14+1)... or 2%', where m is 


the nuinber of different prime factors in WV. 


415. To find the sum of the divisors of a number. 


Let the number be denoted by a’b'c"..., as before. Then cach 
term of the product 
(ltata?+..¢@)(14b40'4+ 040) (lte+e?t+ uc 4)... 
is a divisor, and therefore the swm of the divisors is equal to this 
product ; that is, 
wet | ot ct - 1 
the sum required = -————--- . ,» —.-. = 
eS ged bed. oak 
Example 1. Consider the number 21600. 
Since 21600 = 63 , 10° = 28 . 83, 22, 52 = 25, 34. 5%, 
the number of divisors = (5+1)(3+1) (24+1)=72; 
2-1 B11 
Fak Gok hey 
= 63 x 40 x 31 
= 78120. 


Also 21600 can be resolved into two factors prime to each other in 2?-!, 
or 4 ways. 


the sum of the divisors == 


Example 2. Ifn is odd shew that n (n?-1) is divisible by 24. 
We hava n(n? —1)=n(n-1) (n4+1). 


Since n is odd, n-—1 and x+1 are two consecutive even numbers; hence 
one of them is divisible by 2 and the other by 4. 


Again n-1, n, n+1 are three consecutive numbers; hence one of them 
is divisible by 8. Thus the given expression is divisible by the product of 2, 
8, and 4, that is, by 24. 
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Example 3. Find the highest power of 3 which is contained in |100. 


Of the first 100 integers, as many are divisible by 3 as the number of 
times that 3 is contained in 100, that is, 33 ; and the integers are 3, 6,9,...99. 
Of these, some contain the factor 3 again, namely 9, 18, 27,...99, and their 
number is the quotient of 100 divided by 9. Some again of these last 
integers contain the factor 3 a third time, namely 27, 54, 81, the number of 
them being the quotient of 100 by 27. One number only, 81, contains the 
factor 3 four times. 

Hence the highest power required =33 + 114+3+1= 48, 


This example is a particular case of the theorem investigated in the next 
article. 


416. Zo find the highest power of a prime number a which is 
contained tn |n. 


rm 
eo) yy ++: Vespectively 
( ew 


“ 


s . . v7 P 
Let the greatest integer contained in —, 
a 


2b 


be denoted by J (“) Ps (2:) geal (=), ... Thenamong thenumnbers 


af; n ; ; 
1,2, 3,... 2, there are Z( -- } which contain @ at least once, namely 
a 


7 


the numbers a, 2u, 3a, 4a,... Similarly there are J & 
a 


) which 


en ve e s 
contain a? at least once, and / (3) which contain a’ at least once; 


and soon. Hence the highest power of « contained in |7 is 


(*) +1 (.) 4 (*:) Rare 


417, In the remainder of this chapter we shall tind it con- 
venient to express a multiple of m by the symbol AZ (7). 


418. Zo prove that the product of v consecutive integers ts 
divisible by |r. 


Let P, stand for the product of 7 consecutive integers, the 
least of which is 2; then 
P= (+1) (n+2) ... (utr—)), 
and P= (m1) (n+ 2) (n+ 3)... (wer); 
. aP ya(ner) Pi =nP +rP ; 


> 


ce Po - P= xe 


* of) 
= 7 times the product of r— 1 consecutive integers. 
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Hence if the product of » —1 consecutive integers is divisible by 
{r—1, we have 


P 


nti 


P,=rM (n=) 

= M (\r). 

Now P,= |r, and therefore P, is a multiple of |v; therefore 
also P,, P,... are multiples of j. We have thus proved that if 
the product of *—1 consecutive integers is divisible by j7—1, the 
product of 7 consecutive integers is divisible hy |7; but the 
product of every two consecutive integers is divisible by |2; 
therefore the product of every tliree consecutive integers is divisible 
by |3; and so on generally. 

This proposition may also be proved thus: 


By means of Art. 416, we can shew that every prime factor 
is contained in | +7 as often at least as it is contained in [7 |r 


This we leave as an exercise to the student. 
419. If pisa prime number, the coefficient of every term in 
the expansion of («+ b)?, except the first and last, is divisible by p. 
With the exception of the first and last, every term has @ co- 
efticient of the form 
p(p-l) (p—2)...(p—7r4+1) 


\7 


where 7 may have any integral value not excceding p—1. Now 
this expression is an integer; also since p is prime no factor of |r 
is a divisor of it, and since » is greater than 7 it cannot divide 
any factor of |7; that is, (y—1)(p—2)...(p—7 +1) must be 
divisible by |r, Hence every coetticient except the first and 
the last is divisible by p. 


420. If pis a prime number, to prove that 
(at+b+ce+td+...)PeaP+ Lh +oP4+ d+ ...+M(p). 
Write 8 for b+e+...; then by the preceding article 
(a+ B) =a? + B+ M(p). 
Again Br=(b+c+d+...)"=(b+y)" suppose ; 
= OF + 4? + M (p). 
By proceeding in this way we may establish the required result, 
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421. [Fermat’s Theorem.] If p is a prime number and N is 
prime to p, then N?~' —1 is a multiple of p. 


We have proved that 
(o+b+e+d+...P=a+btctd'+...4+M(p); 
‘Jet each of the quantities a, b, c, d, ... be equal to unity, and sup- 
pose they are V in number; then 
N? = N+ M(p); 
that is, N (NY! = 1)=: M(p). 


But J is prime to p, and therefore Ne we multiple of yp. 


Cor. Since p is prime, p — 1 is an even number except when 
p=2. Therefore 


p-l pl 
2 


(V2 41)(VF -1)> M (p). 


‘ pol nol : ’ 
Hence either V 2 + 1 or V 2 —1 isa multiple of », 


« rol re e . . 
that is V = = Ap+1, where A is some positive integer. 


422. It should be noticed that in the course of Art. 421 it 
was shewn that V’— N= Af(p) whether N is prime to p or not ; 
this result is sometimes more useful than Fermat's theorem. 


Hxample 1. Shew that 7-12 is divisible by 42. 
Since 7 is a prime, n? —n=M (7); 

also nv —n=n (n§—L)=n (n+ 1) (n — 1) (nt +n? +1). 

Now (n~1) n (n+1) is divisible by [35 hence n? — 2 is divisible by 6 x 7, or 42, 
Example 2. If p is a prime number, shew that the difference of the p** 


powers of any two numbers exceeds the difference of the numbers by a 
multiple of p. 


Let z, y be the numbers ; then 
x?—~c=M(p) and y?-y= JA (p), 
that is, aP —yP — (x —-y)=M (p); 
whence we obtain the required result. 


Example 3. Prove that every square number is of the form 5n or bn £1, 


If N is not prime to 5, we have N2?=5n where n is some positive integer. 
If N is prime to 5 then N‘*—1 is a multiple of 5 by Fermat's theorem; thus 
either N?- 1 or N3+1 ig a multiple of 5; that is, N?=5n+1. 
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EXAMPLES. XXX. a. 
1. Find the least multipliers of the numbers 
3675, 4374, 18375, 74088 
respectively, which will make the products perfect squares, 
2, Find the least multipliers of the numbers 
7623, 109350, 539539 
respectively, which will make the products perfect cubes. 


3. If «and y are positive integers, and if 2 —y is even, shew that 
x*—y? is divisible by 4. 


4, Shew that the difference between any number and its square 
is even. 


5. If 4e—-y is a multiple of 3, shew that 4u?+ Tey — 2? is divisible 
by 9. 


6. Find the number of divisors of 8064. 


7 In how many ways can the number 7056 be resolved into 
two factors ? 


8, Prove that 2!"--1 is divisible by 15. 
9. Prove that 2 (2+1) (+5) is a multiple of 6. 


10. Shew that every number and its cube when divided by 6 leave 
the same remainder. 


11. If 71s even, shew that 2 (2? +420) is divisible by 48. 
12, Shew that 2 (2? —1) (32+ 2) is divisible by 24. 


13, If is greater than 2, shew that »5-5n3+4n is divisible by 
120. : 


14, Prove that 3°47 is a multiple of 8. 


15. If is a prime number greater than 3, show that 2?—1 is 
a multiple of 24. 


16. Shew that 2° —2 is divisible by 30 for all values of x, and by 
240 if x is odd. 


17. Shew that the difference of the squares of any two prime 
numbers greater than 6 is divisible by 24. 


18, Shew that no square number is of the form 3n—1. 
19. Shew that every cube number is of the form 9n or 9n+L. 
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20. Shew that if a cube number is divided by 7, the remainder 
is O, 1 or 6. 


21, If a number is both square and cube, shew that it is of the 
form 7n or 7n+1. 


22. Shew that no triangular number can be of the form 3n— 1. 


23. If 2n+1 is a prime number, shew that 1%, 2?, 32,...2? when 
divided by 27+ 1 leave different remainders. 


24, Shew that a*+aand a*-a are always even, whatever @ and x 
may be. 


25. Prove that every even power of every odd number is of the 
form 87 +1. 


26, Prove that the 12 power of any number is of the form 13n 
or 132+ 1. 


27. Prove that the 8" power of any number is of the form 17” 
or 1l7n #1. 


28. If is a prime number greater than 5, shew that nt—1 is 
divisible by 240 


29, If 2 is any prime number greater than 3, except 7, shew that 
2 —1 is divisible by 168. 


30. Show that 25-1 is divisible by 33744 if a is prime to 2, 3, 19 
and 37. 


31. When p+1 and 29+1 are both prime numbers, shew that 
x%—} is divisible by 8(p+1)(2p+1), if x is prime to 2, p+1, and 
2p +1. 
aes a) 


82. If p is a prime, and 2 prime to p, shew that 2?"-P is 


divisible by p”. 


33. If m is a prime number, and. a, b) two numbers less than m, 
prove that 
am 24 am 36+ am 4*bFt |... +bm-2 


is a multiple of m. 


423. If @ is any number, then any other number V may 
be expressed in the form NV=aq+r, where g is the integral 
quotient when J is divided by a, and r is a remainder less than a. 
The number a, to which the other is referred, is sometimes called 
the modulus ; and to any given modulus a@ there are a different 
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forms of a» number J, each form corresponding to a different 
value of r. Thus to modulus 3, we have numbers of the form 
3g, 3¢+1, 3¢+2; or, more simply, 3g, 3¢#1, since 3q¢+2 is 
equal to 3 (g+1)-—1. In like manner to modulus 5 any number 
will be one of the five forms 5g, 5¢#1, 5g * 2, 


424, If 6b, ¢ are two integers, which when divided by a 
leave the same remainder, they are said to be congruent with 
respect to the modulus a. In this case b—c is a multiple of a, and 
following the notation of Gauss we shall sometimes express this 
as follows: 

b=c (mod. a), or b-c= 0 (nod. a). 


Either of these formulz is called a congruence. 
425. If b,¢ are congruent with respect to modulus a, then 
pb and pe are congruent, p beng any integer. 


For, by supposition, b-—c¢=:na, where n ig some integer ; 
therefore pb — pe = pna; which proves the proposition. 


426, Ifa is prime to b, and the quantities 


are divided by b, the remainders are all different. 


For if possible, suppose that two of the quantities ma and 
ma when divided by 6 leave the same remainder 7, so that 


mao=gb+r, ma=qb+r; 
then (m—m')a=(q-q')b; 


therefore 6 divides (m—m’)a; hence it must divide mm —m’, since 
it is prime to a; but this is impossible since 2 and m’ are each 
less than 0, 


Thus the remainders are all different, and since none of the 
quantities is exactly divisible by }b, the remainders must be the 
terms of the series 1, 2, 3, ...... b—1, but not necessarily in this 
order. 


Cor. If a is prime to 6, and c is any number, the 6 terms 
of the a.P. 
Cc, c+a, c+ 2a, ....., c+(b—l)a, 
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when divided by } will leave the saine remainders as the terms 
of the series 


Cc, C+ 1, 6+ 2, ccc0e. c+(b- 1), 
though not necessarily in this order; and therefore the re- 
mainders will be 0, 1, 2, ...... b—1. 


427. Ifb,,b,, b,, ... are respectively congruent to ¢,, C,, Cy5 ++ 
with regard to modulus a, then the products b,b,b, ..., ¢,¢,¢, ... 
are also congruent. 


For by supposition, 


b—¢, =a, b6,-c,= 1,4, b,-¢,-- ry, ... 


where 7,, ”,, %, ... are integers ; 
Ob), ... = (ce, +7,@) (c, + ma) (¢, + 22,0) ... 
= €,C,C, ... +A (a), 


which proves the proposition. 


428. We can now give another proof of Fermat’s Theorem. 


If p be a prime number and N prime to p, then N®-'—1 is 
a multiple of p. 


Since V and p are prime to cach other, the numbers 


WN EN ON gests Ce 8h Oe re oer (1), 
when divided by p leave the remainders 
ee Pere (PA), sieewmasenstniauiets (2), 


though not necessarily in this order, Therefore the product of 
all the terms in (1) is congruent to the product of all the terms 
in (2), p being the modulus. 


That is, |p-1 NW? and |p — 1 leave the same remainder when 
divided by p; hence 


jp- LN -1)=M(p); 
but |p—1 is prime to p; therefore it follows that 
N’-'—~1=M (p). 


429, We shall denote the number of integers less than a 
number a and prime to it by the symbol ¢ (a); thus ¢(2)=1; 
p (13) = 12; ¢(18)=6; the integers less than 18 and prime to 
it being 1, 5, 7, 11, 13, 17. It will be seen that we here 

consider unity as prime to all numbers, 
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430. To shew that if the numbers a, b, c, d, ... are prome to 


each other, 
d (abcd ...) = (a). 6(b). (Cc)... 


Consider the product ab; then the first ab numbers can be 
written in } lines, each line containing a numbers; thus 


1, De tangs eee (, 
a+, O+2, ...... WAM sais a +4, 
20+ 1, DOH seine Qath, ..... 2a + a, 


(6-l)a+l, (b-1l) at, ... (b-la+h, ... (b-l ata. 


Let us consider the vertical column which begins with &; if 
k is prime to a all the terms of this column will be prime to a; 
but if & and a have a common divisor, no number in the column 
will be prime to a. Now the first row contains ¢ (a) numbers 
priie to a; therefore there are ¢ (a) vertical columns in each 
of which every term is prime to a; let us suppose that the 
vertical column which begins with & is ‘one of these, This column 
is an A.P., the terms of which when divided by 5 leave remainders 
0, 1, 2, 3, ...6—1 [Art. 426 Cor.]; hence the column contains 
¢ (b) integers prime to 0. 

Similarly, each of the ¢ (a) vertical columns in which every 
term is prime to a contain ¢ (6) integers prime to 4; hence in the 
table there are ¢ (a). ¢ (0) integers which are prime to a and 
also to b, and therefore to ab; that is 


# (ab) = $ (a). 60). 
Therefore ¢ (abed ...) == (a). f (bed...) 
~ h(a). (0). (ed ...) 
= (a). 6(b).d(c).d(d).... 


431. To find the number of positive integers lear than a 
given number, and prime to it. 


Let VV denote the number, and suppose that WV = a?b'c’ . 
where a, b, c, ... are different prime numbers, and p, q, 7 
positive integers, Consider the factor a’; of the natural num- 
bers 1, 2, 3, ... a®—1, a’, the only ones not prime to a are 


a, 2a, 3a, ... (a?-'~ 1) a, (a?"")a, 
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and the number of these is a’! ; hence 
p p tm] 1 
¢ (@’)=a’-a" =a? (1—-). 
a 
Now all the factors a’, b!, cy ... are prime to each other ; 


p (aioe...) = h(a). b(!). b(C) «: 


“(ee )-e(t-}s 
=Whie € = -) (1 s ;) Q 7 -) 2 
o(M)a a (0 - -) ( 7 ;) ( 2 -) oe 


that is, 
Shew that the sum of all the integers which are less than N 


Haample. 
and prime to it is 4N  (N). 
If x is any integer less than N and prime to it, then N~ wz is also an 
integer less than N and prime to it. 
Denote the integers by 1, p, q, 7,..., and their sum by S; then 
S=l+ptgqtr+..t(N-r)4+(N ~ gh) 4 (N-p)+(N-)), 


the series consisting of @ (N) terms. 


Writing the series in the reverse order, 
S=(N~-1)+(N-p)+(N-q)+(N-r)t...+rtqgtpe.; 


.. by addition, 2S=N+4+N+N4-... to p (N) terms; 
oe S=4Nq(N). 
432, From the last article it follows that the number of 
integers which are less than WV and mot prime to it is 


v= -DO-HE-90-D 


that is, 
: -+ ies, So 
ae ees L oee so 


$a teti.n i Hee EH 
ab ac be 


all> 
o| > 


| 


Here the term -— gives the number of the integers 


R 


N 
a, 2a, 3a, ... at 


23 


which contain a@ as a factor; the term ab gives the number of 


Tr wr ia 
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" 
; iN , ; 

the integers ab, 2ab, 3ab, ... ab ab, which contain ad as a factor, 

and so on. Further, every integer is reckoned once, and once 

only; thus, each multiple of ab will appear once among the 

multiples of a, once among the multiples of 6, and once negatively 

among the multiples of a, and is thus reckoned once only. 


NN 
b’ e¢ 
terms which are multiples of a, 6, ¢ respectively; among the 


N N WN : : 
—,, —, ,- terms which are multiples of ab, ac, be respectively ; 
ab’ ac’ be 
N a 
and among the ae multiples of abc; that is, since 3.-34-1=1, 
abe 
each multiple of abe occurs once, and once only. Similarly, other 
cases may be cliscussed. 


Again, each multiple of abc will appear among the “a 


yr 


433, [Wilson’s Theorem.] [/p be a prime number, 1+ |p—1 
as divisible by p. 


By Ex. 2, Art. 314 we have 
RAGS? 
po L= (p= 1 =(p=1) (pay PDP (yay 


] s 2 


i eet A cet) cena ee 


3 yrh +... to p— 1 terms ; 


and by Fermat’s Theorem each of the expressions (»—1)'"', 
(p— 2)", (p— 3)P"', ... is of the form 1+ M4 (p); thus 


~l)(p-2 
lp-~1L= JM (p)+ {1 ~(p- ee ae top] terms} 
= M (p) + {1-1 " = (- 1} 
= M (p)— 1, since p—1 is even. 


Therefore 1+ |p—1=M (p). 


This theorem is only true when p is priine. For suppose p- 
has a factor q; then q is less than p and must divide |p—1; hence 


1+|p—1 is not a multiple of g, and therefore not a multiple of p. 


Wilson’s Theorem may also be proved without using the 
result quoted from Art. 314, as in the following article, 
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434, [Wilson’s Theorem.] Jf p be a prime number, 1 + Ip—1 
is divisible by p. — 
Let a denote any one of the numbers 
LS 25, Oy Ay. icc NSD) aie. cpeeeeeeseaes (1), 
then @ is prime to », and if the products 
Vy Bis. On Oy. aires (p-l)e 


are divided by p, one and only one of them leaves the re- 
mainder 1. [Art. 426.] 


Let this be the product ma; then we can shew that the 
numbers m and a are different unless a=y—1 orl. For if a? 
were to give remainder | on division by », we should have 

a --] = 0 (mod. p), 
and since » is prime, this can only be the case when @+1 = 9, 
or @a—1-=0; that is, when a=p—1 or 1. 

Hence one and only one of the products 2a, 3a, ... (p—2)a 
gives remainder 1 when divided by p; that is, for axy one of the 
series of numbers in (1), excluding the first and last, it is 


possible to find one other, such that the product of the pair is of 
the form Jf (p) + 1. 


Therefore the integers 2, 3, 4, ... (p—2), the number of 
which is even, can be associated 1 pairs such that the product of 
each pair is of the form Af (p) +1. 

Therefore by multiplying all these pairs together, we have 

2.3.4 0... (p-2)=M(p)+1; 
that is, 1.2.3.4 ... (p—l=(p-1)(M(p) +1}; 
whence jp—L=M(p)+p—1; 
or 1+ |p—1 isa multiple of p. 


Cor. If 2» +1 is a prime number (ip)? +(—1) is divisible 
by 2p +1. 
For by Wilson’s Theorem 1 + |2p is divisible by 2p+1. Put 
n= 294+ 1, so that p+1l=n—p; then 
|2p = 1.2.3.4 0.0... p(ptl) (p+ 2)... (v— 1) 
= 1 (av —1)2(m—2)3 (2-3)... p(a— p) 
=a, multiple of m+ (~ 1) (|p). 
Therefore 1+(- 1)? ({p)* is divisible by » or 2» +1, and 
therefore (|p)" + (-1) is divisible by 2p +1. 
22-—2 
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435. Many theorems relating to the propertics of numbers 
can be proved by induction. 
Example 1, If pis a prime number, 2” --.c is divisiblo by p. 
Let 2? — x be denoted by f(x); then 
f (e+ 1 —f (x) = (01)? ~ (i 4-1) — (xP — 2) 


oa | 
= paxP7} rae ot QP be pe 


=a multiple of p, if p is prime [Art. 119. ] 
* f(2+1)=f(r)+a multiple of p. 
If therefore f (7) is divisible by p, 80 also is f(x-+1); but 
f(2)=2P.-2=(14-1)P- 2, 


and this isa multiple of p when pis prime [Art. 419]; therefore f (3) is divisible 
by », therefore J (4) is divisible by p, and so on; thus the proposition is true 
universally. 


This furnishes another proof of Fermat’s theorem, for if x is prime to p, 
it follows that 2?~'~1is a multiple of p. 


Example 2. Prove that 5°"+? - 24n — 25 is divisible by 576. 
Let 524? ~ 24n — 25 be denoted by f (n); 
then f (m1) = 5244 — 24 (n 41) 25 
= §? , hort? _ Qin — 49; 
ve f (41) — 25 f (n) = 25 (24n + 25) — 24n — 49 
= 576 (n+1). 


Therefore if f(n) is divisible by 576, so also is f(n4-1); but by trial we 
see that the theorem is true when n=1, therefore it is true when n= 2, there- 
fore it is true when n:- 3, and so on; thus it is true universally. 


The above result may also be proved as follows: 
end? — Whe ~ 25 = QHw+H —~ 24m — 25 
= 25 (14 24)" — 240 — 25 
=25+25.n.244+M (24) — 24n — 25 
= 576n + M (576) 
= NM (576). 


EXAMPLES. XXX. b. 


1, Shew that 10°43. 4"+245 is divisible by 9. 

2. Shew that 2.7"+3.5"—5 is a multiple of 24. 

3. Shew that 4. 6*%+5"+! when divided by 20 leaves remainder 9. 
A 


Show that 8. 74.4842 iy of the form 24 (27-1), 
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5, If p is prime, shew that 2 |p—3+1 is a multiple of p. 


6. Shew that a%+1!—q@ is divisible by 30. 


7, Shew that the highest power of 2 contained in |2"—1 is 
grap], 


8, Shew that 3+24-52+1is a multiple of 14. 
9, Shew that 3?"+5 +4 1602? — 562 — 243 is divisible by 512. 


10. Prove that the sum of the coefficients of the odd powers of 
in the expansion of (1+2+4+a%+ 23 4 .24)""}) when x is a prime number 
other than 5, is divisible by 7. 


Il. If 2 is a prime number greater than 7, shew that 2°—1 is 
divisible by 50-4, 


12. If 2 is an odd number, prove that 2°+3n'+7a2-11 is a 
multiple of 128, 


13. If pis a prime nminber, shew that the coefticients of the terms 
of (1+.)?~lare alternately greater and less by unity than some mul- 
tiple of p. 


14. If » is a prime, shew that the sum of the (p--1)™ powers of 
any p numbers in arithmetical progression, wherein the common differ- 
ence Is not divisible by p, is less by 1 than a multiple of p. 


15, Shew that a? —) is divisible by 91, if @ and } are both prime 
to 91. 


16. If p isa prime, shew that |p—2r |2r—1—1 is divisible by p. 


17. If x-1, n+1 are both prime numbers greater than 5, shew 
that n(21%—4) is divisible by 120, and 2? (n?+16) by 720, Also shew 
that 2 must be of the forin 30¢ or 30¢+ 19. 


18. Shew that the highest power of x which is contained in [n"—1 


w—ar+er—l 


n—- 1 





is equal to 


19, If p is a@ prime number, and a prime to p, and if a square 
number c can be found such that c?-a@ is divisible by », shew that 
1 
le-, 

a? = — 1 is divisible by p. 


20. Find the general solution of the congruence 
982° —1=0 (mod. 139). 
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21. Shew that the sum of the squares of all the numbers Jess than 
a given number JV and prime to it is 


“yC 4) (1 -;) (1 ~ 2) ont GA “iI aees 


and the sum of the cubes is 


NVA 1 ] ] iV? , 
AD (2 ut Bao 0-2 


a, b,c... being the different prime factors of WV. 


22, If p and g are any two positive integers, shew that |pq is 
divisible by (|p)? |g and by (\)?. |p. 


23. Shew that the square numbers which are also triangular are 
given by the squares of the coefficients of the powers of « in the ex- 


pansion of er aes and that the syuare numbers which are also 
‘nig we 4" 
pentagonal by the coefficients of the powers of 2 in the expansion of 
} 


1 ~1074.22" 


24, Shew that the sum of the fourth powers of all the numbers 
less than V and prime to it is 


NS ] 1 ] ve ‘ 
i (1 me a (0 es i) (1 = i eet “3 (l-a) (1-6) 1 -~ 6)... 


N . . 
— 35 (1-3) (1 ~ 8) (1—e3),.., 
a, b, ¢,... being the different prime factors of 


25. If (4) is the number of integers which are less than V and 
prime to it, and if wis prime to N, shew that 


#%)_y=0 (mod. WV). 


26. Ifd,, d,, d,,... denote the divisors of a number 1, then 
 (d\) +o (d,) + (dy) +...22N, 
Shew also that 


wv a is wv (1 - 2?) 
Tyee Al ae Ret ves tif Soe 
> ( The dp ( )_pgot? O) pw 6 ad inf, (pate * 


*CHAPTER XXXI. 


THE GenERAT. THEORY OF CONTINUED FRACTIONS. 


*436, In Chap. xxv. we have investigated the properties of 
] 


1 
Continued Fractions of the form a, + — ..., where @,, @,, 
a+ a, # 


are positive Integers, and a, is either a positive integer or zero, 
We shall now consider Sonlinned fractions of a more general 


type. 


*437. The most general forin of a continued fraction is 


b 6b, Ob 
a ae a ere ,.Where @,, a,, (,, ..., 6, 6,, b,, ... represent 


any quantities whatever, = - 


b 
The fractions 7 , -7, ,... are called components of the 
( 


a 
1 8% 
continued fraction. We shall confine our attention to two cases; 
(i) that in which the sign before each component is positive ; 
(ii) that in which the sign is negative. 


¥438. 7'o rnvestigate the law of formation of the successive 
convergents to the continued fraction 


b ag: an ‘db, b, 


eer ens 


+ a+ at 


The first three convergents are 


b, ab, a,.4,0, + b,.6, 


a) aa, +3,” filed 2b \e ba. 

We sed that the numerator of the third convergent may be 
formed by multiplying the numerator of the second convergent by 
a,, and the numerator of the first by 4, and adding the results 
together; also that the denominator may be formed in like 
manner, 
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Suppose that the successive convergents are formed in a 
similar way; let the numerators be denoted by p,, p,, p,..-; 
and the denominators by ¢,, Qe) %,) ++ 


Assume that the law of formation holds for the 2” con- 
vergent ; that is, suppose 


Dr 9 ey Lee - bP, 29 vm a Bn + D Vaan 


th 


The (n+1)" convergent differs from the a only im having 


Dei 3 
a. + —* in the place of «3 hence 
" ve 


fa 


ant} 


the (2 + 1)™ convergent 


b 
(See ane +) ay La 
( a a “a ‘ J ae a pt = 4 ioe + ee ere 


a b a +b 
(«, + sg +0... G+" '9,_, wt Tn Fue Dn 
d a, n x u—-2 Fy " 


ntl 


If therefore we put 


i ere 3 hard s ey Pere my Misi dn + a eee 


we see that the numerator and denominator of the (av +1)" con- 
vergent follow the law which was supposed to hold in case of the 
n*, But the law does hold in the case of the third convergent ; 
hence it holds for the fourth; and so on; therefore it holds 
universally. 


*439, In the case of the continued fraction 
b, b, ob. 


—- a- A,—- 


we may prove that 


Da cig Put _ b.Pu-2 ? es a AS ao b.Qy-2 ) 


a result which may be deduced from that of the preceding article 
by changing the sign of 0. . 


*440, In the continued fraction 
bo 


2 3 


eee | 
G+ G+ a+ 


we have seen that 


Ps FY CP as - b, Py 9s qn a QT) - Pe 
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Pasi a P, es (24: Pu + bs Pua) qi -_ (24,9, + BG.) Pa 
! ere q, Vuri Ln 


Se ry Pe Pr = Pec) “ 


oa 


Jae q, J ene 


bq b 
Pati Ganr Ont Mund 
pat a +b 0 q_.’ 
Vat atin wer esi 
ry e ¥) ) » a 
and is therefore a proper fraction ; hence Pasi _ Pn ig humerically 
7 7 
nt} at 
, Dp cos eee 
less than 2s — ?«- , and is of opposite sign. 
Mm YF 
nu nun) 


By reasoning as in Art. 335, we may shew that every con- 
vergent of an odd order is greater than the continued fraction, 
and every convergent of an even order is less than the continued 
fraction ; hence every convergent of an odd order is greater than 
every convergent of an even order, 


) Ur ve Day My 
Thug Ze! — Pen is positive and less than Pout Dow ; hence 
Pans i] Jie Vy) Vs, 


Pores < Pay 
Von +1 Ton ~4} 


2, - an ° oa eee p, a as —s 
Also P21 — La jg positive and less than Povna Daw °; hence 
era Usui Van Vang 
Pon > Pons P 
TV, Vonma 


Hence the couvergents of an odd order are all greater than 
the continued fraction but continually decrease, and the con- 
vergents of an even order are all less than the continued fraction 
but continually increase. 


Suppose now that the number of components is infinite, then 
the convergents of an odd order must tend to some finite limit, 
and the convergents of an even order must also tend to some 
finite limit ; if these limits are equal the continued fraction tends 
to one definite limit; if they are not equal, the odd convergents 
tend to one limit, and the even convergents tend to a different 
limit, and the continued fraction may be said to be oscillating; in 
this case the continued fraction is the symbolical representation of 
two quantities, one of which is the limit of the odd, and the other 


that of the even convergents, 
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b, b, b 
*441, T'o shew that the continued fraction —"- -—*- -3 
a,t+ a, + a+ 
e e e . & . e . e 
has a definite value tf the limit of “ant! when 1 is infinite ta 
n+1 


greater than zero, 


-The continued fraction will have a detinite value when 2 is 


a glad ee d. 
infinite if the difference of the linits of Poss and Pn is equal to zero. 
| BF 


Now Prt = Pa Sos b, { Wn 1 (= =! Pu - ); < 
Pasa 7, qT, 41 vB 


whenee we obtain 


Pri Pa = (~ pyr Pandan 1 cree Ob ads “ih Ps -?) : 








V4 1 Gi Vn4a Dn eG Ts q, 

But Batt In- ae Ons Tn- ze | ‘ 

J ora =a eee ) 

Guar nay Vn 2 Don, q n-1 een Vin re i] 
b,, +1 qT, ~1 

al id a4 1 qT, ‘ a, 1 (a, Vn -1 “f b,, Vn ~ 2) 33 |G, @,.U 41 re a,, {1 b,, Tn -2, 

ie eam, Se eres 3% Saige Weg 9S 9 

ce ee Dna t%n -1 Woe. b.. 17 n-1 


also neither of these terms can he negative; hence if the limit of 


Mio st ‘J . e o a e e 
Ont Gg greater than zero so also is the limit of Sun ; in which 


ntl Inti Tn-1 


b 
mt In- “'is less than 1; and therefore Post _ Bn is 


Tn+ 1, “fl Vn 
the limit of the product of an infinite number of proper fractions, 


case the limit of 


and must therefore be equal to zero; that is, Puts and ?* tend to 


*« P ee whl Vn 
the same limit ; which proves the proposition. 


For example, in the continued fraction 
1? 2? 3? n® 
Rae eo ae In+]+4+ °°? 
2n+1)(2n4+3 
Lim “aot gl eee) pe 


abate (n+ijye 7? 


and therefore the continued fraction tends to a definite limit, 
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: b b, b 
*442. In the continued fraction —- —?- ae i 
a—- a — a, — 
s e 1 2 3 
of the denominator of every component exceeds the numerator by 
unity at least, the coiwergents are positive fractions in ascending 


order of magnitude, 


°3 


e e 2 ° e e 
By supposition —, =e —,... are positive proper fractions 
a 


3 
in each of which the denominator exceeds the numerator by 


s s b a 
unity at least. The second convergent is ——_edee, and since a, 
oe 
a, a 


o 
“ 


: b, . aes 
exceeds b, by unity at least, and -? is a proper fraction, it follows 
: a 
2 


that a,-— is greater than b,; that is, the second convergent is 
a, * 


Aa positive proper fraction. In Jike manner it may be shewn 


b, ie : 
that —__ is a positive proper fraction; denote it by 7, then 
a,~- — 


a, 


3 


a . ) . * e 
the third convergent is --- ,, and is therefore a positive proper 


a, ~f, 
b 


. a > b ° e,e 
fraction, Similarly we may shew that —-*- #- -4 is a positive 
—- @,- @ 
3 4 
proper fraction; hence also the fourth convergent 


b 6b, 6, 6 





is a positive proper fraction ; and so on. 
Again, P, in O Pun _ bP, 7, a7 OT) - bd, 5 


Prot Pa = wae Teo (Da Pazs) . 
qT, +1 qT, q., +1 q, ie 1 


y ° 
Pus _ Bu ang Px _ 2-1 have the sane sign. 


q, +) TV q,, ! a 1 


hence 


ab, b,  , 


pita Bee 
% Md Ua,- b, OH NTs 


hence 72 >?: : I's > Ps Ps > Ls and so on; which proves the 
W% % UG Ww GW 4s 
proposition. ss 


, and is therefore positive ; 
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Cor. If the number of the components is infinite, the con- 
vergents form an infinite series of proper fractions in ascending 
order of magnitude ; and in this case the continued fraction must 
tend to a definite limit which cannot exceed unity. 


*443, From the formula 
Pr a OPr\ + b,.Pu- y) q, = On -} a bdr 


we may always determine in succession as many of the con- 
vergents as we please. In certain cases, however, a general 
expression can he found for the a convergent, 


6 6 6 


zample, To find the x convergent to — . -=—...... 
Hy) =~ 5 Si epee 





We have p,, = 5p,_, ~ 6p,-.; hence the numerators form a recurring series 
any three consecutive terms of which are connected by the relation 


Pa- 5D n- rt 6Py—2: 
Let Sz Py t Pot + pat? 4... + pye™ 7! + o..5 


Pit (Py-5p,) # 


then, as in Art. 325, we have S-= a 
, j 1-52 +62? 


But the first two convergents are S, a 
Siac. 6 = 18 - da . 
1—5c¢602 1-32 1 2n’ 
whence Py lB. oY71-- 12. 2"-1= 6 (3" - 2”), 
Similarly if STH elt Gy bye. 
34 
whence (29 BP tat 2h Sot ea, 


Pa 6 (3" — 2”) 


n+l _ 6 i‘ 
“hig Be SORE 


This method will only succeed when a, and 0b, are constant 
for all values of 2. Thus in the case of the continued fraction 


b&b b 6b 


-—- ——..., We may shew that the numerators of the 
Gt at at 


successive convergents are the coefficients of the powers of 2 in 
the expansion of -—————-;, and the denominators are the 
— bx 


a+ be 


coefficients of the powers of « in the expansion of 
1 — aw — ba" 
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*444, For the investigation of the general values of », and q, 
the student is referred to works on Finite Differences ; it is only 
in special cases that these values can be found by Algebra, The 
following method will sometimes be found useful. 


! ‘ ‘ 3 
Haeample, Find the value of L+ ie auc" 
The same Jaw of formation holds for p, and q,,; let us take u,, to denote 


either of them; then Up = NU yz | Uy oy 


or U,- (m4) 0,1 = — (Uy UY). 
Similarly, Myo Ni wee (en ee fs Lab 2). 
—Au,= - (Uy —- Buy); 


whence by inultiplication, we obtain 
Um (n +1)%, -. (- Dyes (ty - 3u,). 


The first two convergents are > G3 hence 
Pan~ (+) py y= (- 1", gy (nt) gy. =(- 1)". 


Thus Pa Pra (-1)n Hn Inn. (= 1)" 


ju+1 [7 a [e+ ; judd [re [etd 
Pn poe Pn ae HA)E: - Gn—-1 oss Gno3 _ & ps 


Jn Ju-1 |n “d |r ja-1 |n ; 
ae en dy U3 
aa co cl Ro a al 
P\ 1 nm _1 1 


whence, by addition 





Pa 1 1 : 1 o (- ij"! . 
jut po “BT it sles Teed ; 
Wns pte ae! Bsr eae 
Ts lee 27 | at as : in +1 ° 


By making x infinite, we obtain 
Lim ?? = Ee: (1-2) eras 
In © é : 


which is therefore the value of the given expression. 
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b, b, 
*445, If every component ae —L —2 -% .., Ww a proper 
,+ a+ at 
fraction with integral numerator aa denominator, the continued 
Jraction is incommensurable. 


For if possible, suppose that the continued fraction is com- 


mensurable and equal to 


F h, ee : 
then — =: -—'-., where f, denotes the infinite continued fraction 
A a tf, 
b,  b Ab —~Bu, C 
Pe ie Gea 2 Sige. Nee 2 
aa - et ..3 hence f, = mre =z, Suppose. Now al, B, a, 6, 


are integers and f, is positive, therefore C' is a positive integer. 


where A and B are positive integers ; 


A’ 


os ot C ne 
Similarly RB #2, where f, denotes the infinite continued 


ie Bb,—Ca,_ D 
e ), 0, rat, a, 
fraction —*. —4- ...3 hence f.- = —-# = — suppose; and as 


+ + ee a C 


before, it tollows that D is a positive integer ; and so on. 


BC D ‘BL 


ei He ae ure proper fractions: for —- is less 
A’? BR? @ prop ) A 


b, Cc, b6 Db. 
than —, which is a proper fraction; ,, is less than a? Gs 


a, oa: a SG 


Again, 


b. 
less than -*; and so on. 
a, 
J 
Thus A, B,C, P, ... form an infinite series of positive integers 
in descending order of magnitude; which is absurd. Hence the 
given fraction cannot be commensurable. 


The above result still holds if some of the components are 
not proper fractions, provided that from and after a fixed com- 
ponent all the others are proper fractions. 


nt 


b e 
For suppose that — and all the succeeding components are 
m * r; e ° 
proper fractions; thus, as we have just proved, the infinite con- 


e e e * e D e e 
tinued fraction beginning with —* is incommensurable; denote 
a 
nr 


it by #, then the complete quotient corresponding to En mi is 
Pu at kPn 


and therefore the value of the continued fraction is a 
Coe f 
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. pay ) . 
This cannot be commensurable unless =! = P#-2 ; and this 
nu—1 Tung 
Bee ) = dy. 
condition cannot hold unless 22.2 a Pros Pus »+-, and 


fa ieee Ines Qn—4 


finally 22? that is bd -Q, which is impossible; hence the 
y qg q ) L~2 } ) 
2 4) 


given fraction must be incommensurable. 


bob, h, ; 

—~ — ... Ww @ proper 
a— ay a, — 
Jraction with integral numerator and denominator, and if the 


value of the infinite continued fraction beginning with any com- 
ponent is less than unity, the fraction is incommensurable. 








*446, If every component of 


The demonstration is sunilar to that of the preceding article. 


* EXAMPLES. XXXI. a. 


1, Shew that in the continued fraction 


b, b, dy 


y—- Uy ay 
Pa=CaPn-1 7 UiPn-2 Gu = (nda -1 7 bnYn -ge 


Qu-+ 1\2 , : . : : 
2. Convert (AS into a continued fraction with unit muime- 
rators. Be 


3. Shew that 


Ee ide 3 ee 
(1) va tbs Sq4 ; 
oe b b 
2.2. b§= ee ee Bs cetad 
(2) MeP—bma gee ose 
. . db. 
4, Inthe continued fraction i. “ee bs 


..., if the denominator 
Ay—- Uy Uy 


of every component excecd the numerator by unity at least, shew that 
Py and g,, increase with 2. 


5. If a,, ay, ag)...@, are in harmonical progression, shew that 
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6. Shew that 
+ Des ee : +la-—¢5 . ; 2 2u* 
7 Qe+ Qa+™™ “~ 94- Ga" os 


. 1 J re re ar ae oe 
ane OF ge Qt Pree a2 Oi Dias eee J— CO oe ae Qi — Borel 


7. In the continued fraction 





b bo b 
ee er 
shew that Pnoi= Ons bgp +1 OP ns p= Oda 1- 
%_ Ae 
8. Shew that Ye a® — 8 


ide ae a ee "qttl— geri? 
« being the number of components, and a, 8 the roots of the equation 
hk? —ak—b=0, 
9, Provo that the product of the continued fractions 
1 1 1 ] 1 1 ] } 





ire wey ow -- -- aay 
aie 8 e+ d+ at” Seer ee ~b+ -—a+ —d+ 
is equal to — 1, 
Shew that 
i, 2 2.8 (1 ED +2) Qn +8) 
" J- 5B- 18- 26-07" n?+(n+1)2 6 
m2 BR aed net) 
}T- 56- 7~ 22-4 1 2 
2 3 #4 m+1 n+2 ‘ 
12. en 3_ rie ecnece A te ee nee le [Bt et [ie 
] ] 2 3 n-I 
13. i= 3_ 4_ Rit evenee et eeece =@-] 
wa 4B 8 Bute _ (P=) 
° 1+ 2 +4. 3+ @eunnes n+ @estenea ay e+] e 
fee Se? Sa a. CMe) _, 6 (20+ 1) 
e (ee 2+ nee ervese + ~ 9 aeeve <r he ° 
a b a+b ; 
16. If w= B= ayy Ma ga gyre each successive fraction 


being formed by taking the denominator and the sum of the numerator 
and denominator of the preceding fraction for its numerator and denomi- 


heat 


nator respectively, shew that 7%, = aa ae 
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17. Prove that the 2 convergent to the continued fraction 











v T v : rn oe r 
r+] -- r+-i1—- r+j— ee eeee 1S prtlioy? 
18. Findthevalueof “-. “©. My | 


Gy, My, &g,... being positive and greater than unity. 





19. Shew that the 2!" convergent to 1— Fa - ena ix equal to 
the (2n —})" convergent to —— a ee 
i+ 2F 14 OF 
20. Shew that the 82'" convergent to 
ill Eat 1 re oe 9. 
ba Oe fo 5S 25-4 oe aye 
1 2 3 3—e€ 
° S ThE t, Br ee 5 iat <<  weenee = - . 
21. Shew tha eae ae apt 


hence shew that e lies between 23 and 2,4. 
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*447, It will be convenient here to write the series in the form 











1 1 ] 
Se ee Se eee 4+ — 
U UW, U, 1, 
1 1 1 
Put — mo 
UL U UW +w@ 
r+l r r 
then (ee +0) (te ,, FU) = MM, 
ape 
Say oe 
r 
Uw, oe are , 
1 | 1 1 u,? 
Hence ae + eens EEE =e Peeeis tetiowe, : 
, Uw = Uy u U,—- U.+U 
N fies 1 i L ? 
i 
U, + we, 


H. Hi. A. 24 
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Similarly, 
2 
1 ] 1 1 l 1 a, 
ee es i 
MU, Uy, Uy Uy U+B, MW — W+Uz+ HD, 
] u", u,” 
= en eee eine Sr 
U—- UtU— U+U,; 
and so on; hence generally 
Tock ck 1 
jo + + wan of eeeeae + — 
M, Us Ube , 
2 2 2 
= = a we le Se 
“y— Ut Wt Us, U,_ +, 
Example 1. Yxpress as a continued fraction the series 
1 v x x” 
ee $e +(-1)" ————_-.. 
iy Ay, AA, Ay A Ay... 
1 a 1 
Put ee dace 
ay An Any Ay Be Yn 
then (ay, Ae Yn) (Qty im 1) =A An415 
pee a,x 
oe n~— ° 
Any — © 
1 x 1 1 Ayxt 
Hence ao eee 
: 1 e x 1 «f1 xr 1 x 
Again, -- + -———-+——— =—-* (-— - —— )=— --———_ 
Gy AyA, AMYAAy Ag Ag \ YY g Qy Ay (y+ 44) 
es, oO 
ay -+- a, + Yy uy H ry 
= 1 Ayt ar 
Apt A,—-L+ dy—w’ 
1 r od am 
and generally  — — —--- + —~-—~...4+(-1)" aie 
_ 1 Ree 2. One 


Example 2. Eixpress log (1+) as a continued fraction. 


x? zat 
g@tg- at ste eed , 


The required expression is most simply deduced from the continued 
fraction equivalent to the series 


We have log (1+2)=2- 


ze 2% gS of 
— = 4, 
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l x 1 
By putting be Rise A a ee eae 
an Qnty an az Un 
; a,i2 
we obtain Vax 


ye aa ~ ae ’ 
Cnypy 7 Eye 
hence we have 


eo ae get _ @ 0 a2 3°00 


a ay Ay ay Gy Gy Ay A,-A.U+ Ay ayr + 


r lea 2°r 827 


i EN Ba eee aa 


*448, Incertain cases we may simplify the components of the 
continued fraction by the help of the following proposition : 


The continued fraction 


b, b h h 


2 3 i 


d+ a+ + a+ 
is equal to the continued fraction 


tabs Sit yby SyCaPy — cyead, 


Od, + C,+ C4,+ eC, + 
are any quantities whatever. 


. b b 
Let f, denote —?- --8- 22... ; then 
a+ Gh, + 


where ¢,, C,, Cy, Cqyereeee 


: : b cb 
the continued fraction = —'-. - oo ee 
ats, agate f 


‘ b, ob , 
Let f, denote. *. --+- ...5 then 


U,+ a, + 


63) = ob, =e C640, 
2 fae ose ars 
a, +F, Cw, te, J 


er C,C,0 se 
Similarly, c.f, = —* 3-3 ; and so on; whence the proposition 
: C40, + ¢. 3 


is established. 


24—2Z 
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*EXAMPLES. XXXI. b. 
Shew that 


1 1 ] ] 1 
1. aE ee + 7 eg + eeveoetes +-( > ] = 
Ugo Wy oA ls Un 
om 1 ar ty uy Uy =] 
Uy ty = Uy ty my Uy Uy” 
! x ae Ag 
Qt pe 
Ay it Bye Mollyy Cy 
A Lye aie Oy yl’ 
Aye Gye dy ba ye” 
9 ect I a ie) ee” 
S gees Green pee rN 
2 1 ; 
4, : ne 4 : = = foc to 2 quotients, 
5 as ie | | J at 2 1” 
a aoe ani mt] J+ B- 5- 7-0" 2Qu+1 
Lee ee (n4-1)% L- [e-oe- m2 + (ne 1)? 
Beige ip 
7. 6 uae es peo eas, foe ee 
1 1 I 1 I a hb c 
ap Perera 
a ab abe abed ot b-14 e-1+ d—-14+ 
1 2] ] " a 7 
Se TE eg OS gee ety TY eas a eee 
10 Os a ae se a 2h We Oe Un-~y 
, G+ Ayt Agi OO” Gy A+ aye a+ Cr Gy—1 ; 
a ob e a bee 
5 Oe ee oi ee (Y= es re 
i. at b+ c+ » We b+ ef dt , 
shew that. P(at+14+Q)=a+y. 
; 1 xv av Aras } 
12, Shew that ~---. + ~--— - +... is equal to the con- 
Yi U2 9293 WF 
‘ ee x 
tinued fraction —-  .* —— ..., where ¢, Guy Yq,--. are the 


t+ My + (gt Agt 
denominators of the successive convergents. 


CHAPTER XXXIL 
PROBABILITY. 
449, Derinirion. Ifan event can happen in «@ ways and fail in 


b ways, and each of these ways is equally likely, the probability, 


or the chance, of its happening is —- h? and that of its failing is 
a + 


For instance, if in a lottery there are 7 prizes and 25 blanks, 


7 
the chance that a person holding 1 ticket will win a prize is — 359 
vod 
20 
and his chance of not winning is 35 
ad 


450. The reason for the mathematical definition of pro- 
bability may be made clear by the following considerations : 


Tf an event can happen in @ ways and fail to happen in 6 
ways, and all these ways are equally likely, we can assert that the 
chance of its happening js to the chance of its failing as « to b, 
Thus if the chance of its happening is represented by ka, where 
& is an undetermined constant, then the chance of its failing 
will be represented by A6. 

.. chance of happening + chance of failing = & (a+ 6) 


Now the event 1s cortain to happen or to fail; therefore the sum 
of the chances of happening and failing must represent certainty. 
If therefore we agree to take certainty as our unit, we have 

1 


1 = k (a + b), or k = ee 3 


. 
*, the chance that the event will happen is — --- 
a 


+6 


> 


: . ob 
and the chance that the event will not happen is oa 


+b 
Cor. I£ p is the probability of the happening of an event, 
the probability of its not happening is 1 — p. 
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451. Instead of saying that the chance of the happening of 


an event is it is sometimes stated that the odds are a to b 


a 
a+b? 
an favour of the event, or b to a against the event. 

452. The definition of probability in Art. 449 may be given 
in a slightly different form which is sometimes useful. If ¢ is the 
total number of cases, each being equally likely to occur, and of 
these a are favourable to the event, then the probability that the 


event will happen is = and the probability that it will not 
happen is 1". 


Example 1. What is the chance of throwing a number greater than 4 
with an ordinary die whose faces are numbered from 1 to 6? 


There are 6 possible ways in which the dic can fall, and of these two 
are favourable to the event required ; 
therefore the required chance = = : ; 
Example 2, From a bag containing 4 white and 5 black balls a man 
draws 3 at random; what are the odds against these being all black ? 


The total number of ways in which 3 balls can be drawn is °C,, and 
the number of ways of drawing 3 black balls is °C,; therefore the chance 
of drawing 3 black balls 

354.8 5 
~ 9, 9.8.7 42° 

Thus the odds against the event are 37 to 5. 


Example 3. Find the chance of throwing at least one ace in a single 
throw with two dice. 


The possible number of cases is 6 x 6, or 36. 


An ace on one die may be associated with any of the 6 numbers on the 
other die, and the remaining 5 numbers on tho first die may cach be asso- 
era with the ace on the second die; thus the number of favourable cases 
is 11. 


Therefore the required chance is P 





Or we may reason as follows: 


There are 5 ways in which each die can be thrown so as not to give an 
ace; hence 25 throws of the two dice will exclude aces. That is, the chance 


of not throwing one or more aces is sad so that the chance of throwing one 


36 
, 25 11 
ace at least is 1~ gas OF 4g: 
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Fr Ezample 4. Find the chance of throwing more than 15 in one throw with 
3 dice. 


A throw amounting to 18 must be made up of 6, 6, 6, and this can occur 
in 1 way; 17 can be made up of 6, 6, 5 which can occur in 3 ways; 16 may 
be made up of 6, 6, 4 and 6, 5, 5, each of which arrangements can occur in 
3 ways. 

Therefore the number of favourable cases is 

14+34+38+3, or 10. 

And the total number of cascs is 6%, or 216; 

therefore the required chance = by go e 


Example 5, A has 3 shares in a lottery in which there are 3 prizes and 
6 blanks; J3 has 1 share in a lottery in which there is 1 prize and 2 blanks: 
shew that 4’s chance of success is to ’s as 16 to 7. 


4 may draw 3 prizes in 1 way; 


he may draw 2 prizes and 1 blank in yee 


T9y* Ways $ 


he may draw 1 prize and 2 blanks in 8 x ay 5 


the sum of these numbers is 64, which is the number of ways in which 4 can 


WAYS 5 


win a prize. Also he can draw 3 tickets in — esi , or 84 ways; 


1,2.3 
: 64 16 
therefore A’s chance of success = 34 a1" 


; 1 
B’s chance of success is clearly 3 


6 1 
therefore .1’s chance : B's chanee= 57 : 3 
=16: 7 
Or we might have reasoned thus: 4 will get all blanks in a or 
20 ways; the chance of which is - ay or Lae 
84’ 21° 
therefore A’s chance of success=1 5 16 
erefore .4’s ce of success=1-> = 57. 


453, Suppose that there are a number of events A, B, C,..., 
of which one must, and only one can, occur; also suppose that. 
a, 6, c,... are the numbers of ways respectively in which these 
events can happen, and that each of these ways is equally likely 
to occur; it is required to find the chance of each event. 


The ae number of equally possible ways is a+b+e+..., 
and of these the number favourable to 4 is a; hence the chance 
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that A will happen is Similarly the chance that B 


at+b+cH.... 


b 
will happen is _--;—--—--- ; and s0 on. 
PP at+b+c+...’ 

454, From the examples we have given it wil] be seen that 
the solution of the easier kinds of questions in Probability requires 
nothing more than a knowledge of the definition of Probability, 
and the application of the laws of Permutations and Combina- 
tions. 


EXAMPLES. XXXII. a. 


1. Jnasingle throw with two dice find the chances of throwing 
(1) five, (2) six. 


2. From a pack of 52 cards two are drawn at random; find the 
chance that one is a knave and the other a queen. 


3. A bag contains 5 white, 7 black, and 4 red balls: find the 
chance that three balls drawn at random are all white. 


4. Jf four coins are tossed, find the chance that there should be 
two heads and two tails. 


5. One of two events must happen: given that the chanco of the 
one ig two-thirds that of the other, find the odds in favour of the other. 


6. If from a pack four cards are drawn, find the chance that they 
will be the four honours of the same suit. 


7. Thirteen persons take their places at a round table, shew that 
it 18 five to one against two particular persons sitting together. 


8. There are three events A, B, C,-one of which must, and only 
one can, happen; the odds are 8 to 3 against 4, 5 to 2 against B: find 
the odds against C. 


_ 9 Compare the chances of throwing 4 with one dic, 8 with two 
dice, and 12 with three dice. 


10. In shuffling a pack of cards, four are accidentally dropped ; find 
the chance that the missing cards should be one from each suit. 


11, A has 3 shares in a lottery coutaining 3 ps and 9 blanks; 
B has 2 shares in a lottery containing 2 prizes and 6 blanks: compare 
their chances of success, 


12. Shew that the chances of throwing six with 4, 3, or 2 dice 
respectively are as 1:6: 18. 
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13. There are three works, one consisting of 3 volumes, one of 4, 
and the other of 1 volume, They are placed on a shelf at random; 
prove that the chance that volumes of the same works are all together 

3 


18 140 : 
14. 4 and B throw with two dice; if A throws 9, find B's chance 
of throwing a higher number. 


15. The letters forming the word Clifton are placed at random in 
arow: what is the chance that the two vowels come together ? 


16. Ina hand at whist what is the chance that the 4 kings are 
held by a specified player | 


17, There are 4 shillings and 3 half-crowns placed at random in 
a line: shew that the chance of the extreme coins being both half- 


crowns 18 =. Generalize this result in the case of a shillings and 


7 


ng half-crowns. 


455. We have hitherto considered only those occurrences 
which in the language of Probability are called Simple events. 
When two or more of these oecur in connection with each other, 
the joint occurrence is called a Compound event. 


For example, suppose we have a bag containing 5 white 
and 8 black balls, and two drawinus, each of three balls, are 
made from it successively. If we wish to estimate the chance 
of drawing first 3 white and then 3 black balls, we should be 
dealing with a compound event. 


In such a case the result of the second drawing might or 
might not be dependent on the result of the first. If the balls 
are not replaced after being drawn, then if the first drawing gives 
3 white balls, the ratio of the black to the white balls remaining 
is greater than if the first drawing had not given three white; 
thus the chance of drawing 3 black balls at the second trial 
is affected by the result of the first. But if the balls are re- 
placed after being drawn, it is clear that the result of the second 
drawing is not in any way affected by the result of the first. 


We are thus led to the following definition : 


Events are said to be dependent or independent according as 
the occurrence of one does or does not affect the occurrence of the 
others. Dependent events are sometimes said to be contingent. 
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456. If there are two independent events the respective pro- 
babilities of which are known, to find the probability that both will 
happen. 

Suppose that the first event may happen in @ ways and fail 
in b ways, all these cases being equally likely ; and suppose that 
the second event may happen in @ ways and fail in 0’ ways, 
all these ways being equally likely. Each of the a+ 6 cases may 
be associated with each of the @’+ 0" cases, to form (a+ b) (a’ +b’) 
compound cases all equally likely to occur. 

In aa’ of these both events happen, in bb’ of them both fail, 
in av’ of them the first happens and the second fails, and in a’b 
of them the first fails and the second happens. Thus 


, 


aa ; | cs captate aces 
yas 6) is the chance that both events happen ; 

bb’ . 
(a+b) (a+b) is the chance that both events fail ; 

, 
( Hit Pa b') is the chance that the first happens and the second 
a a 
fails ; 
ab 


——_———_—.,. is the chance that the first fails and the second 
(a+ 6) (a'+ 0’) 
happens. 

Thus if the respective chances of two independent events are 
p and p’, the chance that both will happen is pp’. Similar 
reasoning will apply in the case of any number of independent 
events. Hence it 1s casy to sce that if p,, p,, p,,... are the 
respective chances that a number of independent events will 
separately happen, the chance that they will all happen is 
PPPs +3 the chance that the two first will happen and the rest 
fail is p,p, (1—p,) (1—p,)...; and similarly for any other par- 
ticular case. 


457. If p is the chance that an event will happen in 
one trial, the chance that it will happen in any assigned suc- 
cession of 7 trials is y’; this follows from the preceding article 
by supposing 

Pi FT Dy = Py vee = DP 

To find the chance that some one at least of the events will 
happen we proceed thus: the chance that all the events fail 
is (l—p,)(1-p,)(1—p,)..., and except in this case some one 
of the events must happen ; hence the required chance is 


1-(1-p,)(1—p,) (1 —p,) .... 
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Exanple 1. Two drawings, each of 3 balls, are made from a bag con- 
taining 5 white and 8 black balls, tho balls being replaced before the second 
trial: find the chance that the first drawing will give 3 white, and the second 
8 black balls. 


The number of ways in which 3 balls may be drawn is 4C,; 

d Ueslehs Guiah' oe ansa Wer A arehutes was atm eb WIG uvsnmmiesitilaneoid. Cas 

Pee a et ee near B DIRK veces 8CQ. 

5.4 13. 12. it 5 
1.27 1.2.3 > 143° 


6 13.12.11 28 | 
g °° 4-9 8 (ag? 


5 28 140 
therefore the chance of the compound event =143 % 113 7 90di9° 


Therefore the chance of 3 white at the first trial = 


and the chance of 3 black at the second triada 


Example 2. Ju tossing a coin, find the chance of throwing head and tuil 
alternately in 3 successive trials, 


Here the first throw must give either head or tail; the chance that the 


second gives the opposite to the first is : , and the chance that the third throw 


is the same as the first is ; ; 


Therefore the chance of the compound event = = 


Example 3. Supposing that it is 9 to 7 against a person A who is now 
85 years of age living till he is 65, and 3 to 2 against a person B now 45 
living till he is 75; tind the chance that one at Icast of these persons will be 
alive 30 years hence. 
q 


The chance that A will die within 30 years is ri : 


; é ota sat 
the chance that B will die within 80 years is KS 


therefore the chance that both will die is oy : : , or - : 


therefore the chance that both will not be dead, that 1s that one at least will 
27 53 


be alive, is 1- =a, or oe. 

458. By a slight modification of the meaning of the symbols 
in Art. 456, we are enabled to estimate the probability of the 
concurrence of two dependent events. For suppose that when the 
Jirst event has huppened, a’ denotes the number of ways in which 
the second event can follow, and b' the number of ways in which 
it will not follow; then the number of ways in which the two 
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events can happen together is aa’, and the probability of their 
aa 
(a+b) (W@+’)° 
Thus if » is the probability of the first event, and p’ the 
contingent probability that the second will follow, the probability 
of the concurrence of the two events is pp”. 


concurrence 1s 


Evample 1, Tuna hand at whist find the chance that a specified player 
holds both the king and queen of trumps. 

Denote the player by 4; then the chance that .f has the king is clearly 
18 
52” 
to 4d. The chance that, when he has the king, he can also hold the queen is 

9 

then _” ; for the queen can be dealt in 51 ways, 12 of which fall to A. 


51’ 
: 13 #12 #7 
Therefore the chance required = 55 X ep 4a7- 


for this particular card can be dealt in 52 differcut ways, 13 of which fall 


Or we night reason as follows: 


The number of ways in which the king and the queen can be dealt to A is 
equal to the number of permutations of 13 things 2 at a time, or 13. 12. 
And similarly the total number of ways in which the king and quecn can be 
dealt ig 52.51. 


aw , a8 before. 


Therefore the chance = . 2°51 = TF 


Example 2. Two drawings, each of 3 balls, are made from a bag con- 
taining 5 white and 8 black balls, the balls not being repluced before the 
second trial: find the chance that the first drawing will give 3 white and 
the second 3 black balls. 

At the first trial, 3 balls may be drawn in 'C, ways ; 
and 3 white balls may be drawn in °C’, ways; 

. : ., §&.4,=138.12.11 3 
therefore the chance of 3 white at first trial = 1.87 Y.203 * 13° 

When 3 white balls have been drawn and removed, the bag contains 
2 white and 8 black balls ; 
therefore at the second trial 3 balls may be drawn in °C, ways ; 
and 3 black balls may be drawn in 8C, ways; 


therefore the chance of 3 black at the second trial 
8.7.6 10.9.8 7 | 


ae a ee ae ee ee ae Es 
therefore the chance of the compound event 
5 7 7 


743 * 15 > 499° 
The student should compare this solution with that of Ex. 1, Art. 457. 
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459. If an event can happen in two or more different ways 
which are mutually exclusive, the chance that it will happen ts 
the sum of the chances of its happening in these different ways. 


This is sometimes regarded as a self-evident proposition arising 
immediately out of the definition of probability. It may, how- 
ever, be proved as follows : 


Suppose the event can happen in two ways which cannot 


concur ; and let B ; be the chances of the happening of the 
2 
event in these two ways respectively. Then out of 6,), cases 
there are a,b, in which the event may happen in. the first way, 
and «a6, ways in which the event may happen in the second ; 
and these ways cannot concur. Therefore in all, out of b,b, Cees 
there are a,b,+a,b, cases favourable to the event ; hence the 
chance that the event. will happen in one or other "of the two 
ways is 
ab,+0,0, a, | a, 


b,6, b, b, 
Similar reasoning will apply whatever be the number of ex- 


clusive ways in which the event can happen. 


Hence if an event can happen in 2 ways which are mutually 
exclusive, and if Py Pas Psy +++ Px ave the probabilities that the 
event will happen in these different ways respectively, the pro- 
bability that it will happen in some one of these ways is 


PA DEP Py sewn +). 
Example 1. Find the chance of throwing 9 at least in a single throw 
with two dice. 


9 can be made up in 4 ways, and thus the chance of throwing 9 1s am 
10 can be made up in 3 ways, and thus the chance of throwing 10 is a5 


2 
11 can be made up in 2 ways, and thus the chance of throwing 2 is 36° 


1 
12 can be made up in 1 way, and thus the chance of throwing 12 is —. 86° 


Now the chance of throwing a number not less than 9 is the sum of these 


separate chances ; 


: 4434241 56 
. the required chance = aan wigs 
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Example 2. One purse contains 1 sovereign and 8 shillings, a second 
purse contains 2 sovereigns and 4 shillings, and a third contains 8 sovercigns 
and 1 shilling. If a coin is taken out of one of the purses selected at 
random, find the chance that it is a sovereign. 


Since each purse is equally likely to be taken, the chance of selecting 


the first is 3 and the chance of then drawing a sovereign is - hence the 


chance of drawing a sovereign so far as it depends upon the first purse is 


1 1 oe : ‘ : 
g Xgl ig: Similarly the chance of drawing a sovereign so far as it 
ee ee 1 : 
depends on the second purse is 3% G1 OF G3 and from the third purse the 
e , a 
: ee ae 1 
chance of drawing a sovereiyn is qX gr 43 
*. the required chance = ee, 
ws quired chan =joatgtg=o: 

460. In the preceding article we have seen that the pro- 
bability of an event may sometimes be considered as the sum of 
the probabilities of two or more separate events; but it is very 
important to notice that the probability of one or other of 
a series of events is the sum of the probabilities of the separate 
events only when the events are mutually exclusive, that is, when 
the occurrence of one is incompatible with the occurrence of any 
of the others. 


Example. From 20 tickets marked with the first 20 numerals, one is 
drawn at random: find the chance that it is a multiple of 3 or of 7. 


The chance that the number is a multiple of 3 is Ms , and the chance that 


20 

ae : . 2 

it is a multiple of 7 is 30? and these events are mutually exclusive, hence the 

required chance is 6 4 : or 
oa 30 © 20° OF 5° 


But if the question had been: jind the chance that the number ia a 
multiple of 3 or of 5, it would have been incorrect to reason as follows: 


Because the chance that the number is a multiple of 3 is a and the 


chance that the number is a multiple of 5 is on therefore the chance that 


it is a multiple of 3 or 5 is rh + a or 3. For the number on the ticket 
might be a multiple both of 3 and of 5, so that the two events considered 
are not mutually exclusive. 


461. It should be observed that the distinction between 
simple and compound events is in many cases a purely artificial 
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one ; in fact it often amounts to nothing more than a distinction 
between two different modes of viewing the same occurrence. 


Example. A bag contains 5 white and 7 black balls; if two balls are 
drawn what is the chance that one is white and the other black? 
(i) Regarding the occurrence as a simple event, the chance 
35 
(ii) The occurrence may be regarded as the happening of one or other 
of the two following compound events: 
(1) drawing a white and then a black ball, the chance of which is 
ee aes BOs 
12* a1 °° 133? 
(2) drawing a black and then a white ball, the chance of which is 
75 | 8S 
12” 11° * Ye" 
And since these events are mutually exclusive, the required chance 
85 85 385 
132 * 133 = 66" 
It will be noticed that we have here assumed that the chance of drawing 


two specified balls successively is the same as if they were drawn simul- 
taneously. A little consideration will shew that this must be the case, 


— 


EXAMPLES. XXXII. b. 


1. What is the chance of throwing an ace in the first only of two 
successive throws with an ordinary die ? 


2. Three cards are drawn at random from an ordinary pack: find 
the chance that they will consist of a knave, a queen, and a king. 


3. The odds against a certain event are 5 to 2, aud the odds in 
favour of another event independent of the former are 6 to 5: find the 
chance that one at least of the events will happen. 


4. The odds against A solving a certain peri are 4 to 3, and 
the odds in favour of B solving the same problem are 7 to 5: what is 
the chance that the problem will be solved if they both try ? 


5. What is the chance of drawing a sovereign from a purse one 
compartment of which contains 3 shillings and 2 sovereigns, and the 
other 2 sovereigns and 1 shilling ? 


6, A bag contains 17 counters marked with the numbers 1 to 17. 
A counter is drawn and replaced; a second drawing is then made: 


what is the chance that the first number drawn is even and the second 
odd ? 
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7. Four persons draw each a card from an ordinary pack: find 
the chance (1) that a card is of each suit, (2) that no two cards are of 
equal value. 


8. Find the chance of throwing six with a single die at least once 
in five trials. 


9, The odds that a book will be favourably reviewed by three 
independent critics are 5 to 2, 4 to 3, and 3 to 4 respectively; what is 
the probability that of the three reviews a majority will be favourable ? 


10, A bag contains 5 white and 3 black balls, and 4 are successively 
drawn out and not replaced ; what is the chance that they are alternately 
of different colours ? 


11. In three throws with a pair of dice, find the chance of throwing 
doublets at least once. 


12, If 4 whole numbers taken at random are multiplied together 
shew that the chance that the last digit in the product is 1, 3, 7, or 9 

16 

625 * 


13. In a purse are 10 coins, all shillings except one which is a 
sovereign; in another are ten coins all shillings. Nine coins are taken 
from the former purse and put into the latter, and then nine coins are 
taken from the hace and put into the former: find the chance that 
the sovereign is still in the first purse. 


14, If two coins are tossed 5 times, what is the chance that there 
will be 5 heads and 5 tails? 


15, If 8 coins are tossed, what is the chance that one and only 
one will turn up head? 


16. A, B, C in order cut a pack of cards, replacing them after each 
cut, on condition that the first who cuts a spade shall win a prize: find 
their respective chances, 


17. A and B draw from a pe containing 3 sovereigns and 
4 shillings: find their respective chances of first drawing a sovereign, 
the coins when drawn not being replaced. 


18. <A party of 7 persons sit at a round table, find the odds against 
two specified individuals sitting next to each other. 


19. A is one of 6 horses entered for a race, and is to be ridden b 
one of two jockeys B and C. It is 2 to 1 that B rides A, in whic 
case all tho horses are equally likely to win; if C rides A, his chance 
is trebled: what are the odds against his winning ? 


20. If on an average 1 vessel in every 10 is wrecked, find the chance 
that out of 5 vessels expected 4 at least will arrive safely. 
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462. The probability of the happening of an event in one 
trial being known, required the probability of its happening once, 
twice, three times, ... exactly in n trials. 


Let p be the probability of the happening of the event in 
a single trial, and let g=1—p; then the probability that the 
event will happen exactly 7 times in ~ trials is the (r+ 1)" term 
in the expansion of (q¢ +p)”. 


For if we select any particular set of 7 trials out of the total 
number n, the chance that the event will happen in every one of 
these y trials and fail in all the rest is p’g"~" [ Art. 456], and as 
a set of 7 trials can be selected in "C” ways, all of which are 
equally applicable to the case in point, the required chance is 


"Cp Q': 
If we expand (p+q)”" by the Binomial Theorem, we have 
pe" plat "CO pre + $C pg + $95 


thus the terms of this series will represent respectively the 
probabilities of the happening of the event exactly m times, n—1 
times, n — 2 times,... in 7 trials, 


463. If the event happens n times, or fails only once, 
twice, ... (n—r) times, it happens r times or more ; therefore the 
chance that it happens at least r times in 7 trials is 


p+ cp" “q+ "Cp" "29 Boe “a + °C | Pe: r 


or the sum of the first »-—7+1 terms of the expansion of 


(p+q)”. 


Example 1. In four throws with a pair of dice, what is the chance of 
throwing doublets twice at least? “ 


In a single throw the chance of doublets is wes OF 2 or &3 and the chance of 
failing to throw doublets is a Now the required event follows if doublets 
are thrown four times, three times, or twice; therefore the required chance 


1 
is the sum of the first three terms of the expansion of G +e 


19 
144° 


H, H. A. 25 


Thus the chance = a (14+4,5+4+6.5°%)= 
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Example 2. A bag contains a certain number of balls, some of which are 
white; a ball is drawn and replaced, another is then drawn and replaced; 
and so on: if pis the chance of drawing a white ball in a single trial, find 
the number of white balls that is most likely to have been drawn in n trials. 


The chance of drawing exactly r white balls is "C,p"q"-*, and we have to 
find for what value of r this expression is greatest. 


Now RCP ge atop gn rs 
80 long as (n-r+1)p>rq, 
or (n+ 1)p>(p+q)r. 


But p+q=1; hence the required value of r is the greatest integer in 
p(n+1). 


If 2 is such that pr is an integer, the most likely case is that of pn 
successes and gv failures. 


464. Suppose that there are » tickets in a lottery for a prize 
of £2; then since each ticket is equally likely to win the prize, and 
a person who possessed all the tickets mast win, the money value of 


each ticket is £- ; in other words this would be a fair sum to 
pay for each ticket; hence a person who possessed r tickets might 
reasonably expect £— as the price to be paid for his tickets by 
any one who wished to buy them; that is, he would estimate 
£~ a as the worth of his chance. It is convenient then to in- 
troduce the following definition : 


If p represents a person’s chance of success in any venture 
and M the sum of money which he will receive in case of success, 
the sum of money denoted by pM is called his expectation. 


465. In the same way that expectation is used in reference 
to a person, we may conveniently use the phrase probable value 
applied to things. 


Example 1, One purse contains 5 shillings and 1 sovereign: a second 
purse contains 6 shillings, Two coins are taken from the first and placed in 
the second; then 2 are taken from the second and placed in the first; 
find the probable value of the contents of each purse, 


The chance that the sovereign is in the first purse is equal to the sum of 
the chances that it has moved twice and that it has not moved at all; 
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pot 


Eos SS 
atg:l=q- 


that is, the chance = A 


wos 


.. the chance that the sovereign is in the second purse=¥ ; 


Hence the probable value of the first purse 


=i of 25s, +3 of 68, = £1, Os, 3c, 


.. the probable value of the second purse 
= 31s, — 2048.=10s, Yd. 


Or the problem may be solved as follows : 
The probable value of the coins removed 
=; of 25s, =8khs.; 
the probable value of the coins brought back 
1 , 
=a of (68, + 848.) =3y%8.; 


.. the probable value of the first purse 


= (25 - 84+3,',) shillings= £1. Ox. 3d., as beforo, 


Example 2. A and R throw with one die for a stake of £11 which is to 
be won by the player who first throws 6. If 4 has the first throw, what are 
their respective expectations? 


In his first throw 4’s chance is 53 in his second it is : x ; x 7 because 


each player must have failed once before A can have a second throw; in his 
5\ 4 

third throw his chance is (B) x ; because cach player must have failed 

twice; and so on. 


Thus 4’s chance is the sum of the influite serics 
1 5\2 5\4 | 
3 i+(G) +) cena es | . 
Similarly 3's chance is the sum of the infinite series 
5 1 5\2 /5\8 L. 
se t+ (a) + (4) Sore ji 


. A’s chance is to B’s as 6 is to 5; their respective chances are therefore 


sand Pa , and their expectations are £6 and £5 respectively, 


25-—2 
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466. We shall now give two problems which lead to useful 
and interesting results. 


Example 1. Two players A and B want respectively m and n points of 
winning a set of games; their chances of winning a single game are p and g 
respectively, where the sum of p and q is unity; the stake is to belong to 
the player who first makes up his set: determine the probabilities in favour 
of each player. 


Suppose that 4 wins in eractly m+7 games; to do this he must win the 
last game and m—1 out of the preceding m+7-—1 games. The chance of 
this is MST on q’ Py or uciuea.: Genmet pm gq’. 


Now the set will necessarily be decided in m+n-—1 games, and A may 
win his m games in exactly m games, or m+1 games, ..., or m+n—1 games; 
therefore we shall obtain the chance that 4 wins the set by giving to r the 
values 0, 1, 2,...2—1 in the expression ™*"-!C,,_, p™g". Thus 4’s chance is 


mu (m+ 1) [m+n —2 
m i] wee! 2 ob eee gt lf 
: i aa oe ied ek ’ 
similarly B’s chance is 
n(ntl), jmtn—2 





n . ~ S —_——eee—p | 
7 j++ ae tind TP < 


This question is known as the “ Problem of Points,” and has 
engaged the attention of many of the most eminent mathematicians 
since the time of Pascal. It was originally proposed to Pascal by 
the Chevalier de Méré in 1654, and was discussed by Pascal and 
Fermat, but they confined themselves to the case in which the 
players were supposed to be of equal skill: their results were also 
exhibited in a different form. The formule we have given are 
assigned to Montmort, as they appear for the first time in a work 
of his published in 1714. The same result was afterwards ob- 
tained in different ways by Lagrange and Laplace, and by the 
latter the problem was treated very fully under various modi- 
fications. 


Example 2, There are n dice with f faces marked from 1 to f; if these 
are thrown at random, what is the chance that the sum of the numbers 
exhibited shall be equal to p? 


Since any one of the f faces may be exposed on any one of the » dice, 
the number of ways in which the dice may fallis f". 


Also the number of ways in which the numbers thrown will have p for 
their sum is equal to the coefficient of x? in the expansion of 


(xt + cP +034... +a)"; 


for this coefficient arises out of the different ways in which n of the indices 


1, 2, 8,.., f can be taken so as to form p by addition. 
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Now the above expression =2" (1l+2+2°+...4+.0/~!)" 


1—-2%\* 
2. Ge a) 


We have therefore to find the coefficient of 2?~" in the expansion of 
(l—a2f)"(1—a)-* 
n(n-—1) ,, n(n—1) (n—-2) 
eet = eh ay) Gof ee Ey 
Now (l-«/)"=1-na/4 13 * Teg Ot 
n 


n+1 n(n+1)(n4-2) . 
and (L—-x)-"=1+nz see x? 4+ a x3 +4 
Multiply these series together and pick out the coeflicient of 2? ™ in the 
product ; we thus obtain 
wnt l).(p-l)_ niet dD). (p- fod) 
pen a so ont 6 
n(n--1) n(nt+1)...(p-2f-1) _ 


1.2 ° [pan 2f = 


where the series is to continue so long as no negative factors appear. The 
required probability is obtained by dividing this series by f™. 


This problem is due to De Moivre and was published by him 
in 1730; it illustrates a method of frequent utility. 


Laplace afterwards obtained the same formula, but in a much 
more laborious manner; he applied it in an attempt to demon- 
strate the existence of a primitive cause which has made the 
planets to move in orbits close to the ecliptic, and in the same 
direction as the earth round the sun. On this point the reader 
may consult Todhunter’s Mustory of Probability, Art. 987. 


EXAMPLES. XXXII. c. 


1. Inacertain game l’s skill is to B’s as 3 to 2: find the chance 
of A winning 3 games at least out of 5. 


2. A coin whose faces are marked 2, 3 is thrown 5 times: what 
is the chance of obtaining a total of 12? 


3. In each of a set of games it is 2 to 1 in favour of the winner 
of the previous game: what is the chance that the player who wins 
the first game shall win threo at least of the next four ? 


4, There are 9 coins in a bag, 5 of which are sovereigns and 
the rest are unknown coins of equal value; find what they must be if 
the probable value of a draw is 12 shillings. 
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5. A coin is tossed 2 times, what is the chance that the head will | 
present itself an odd number of times? 


6. From a bag oe 2 sovereigns and 3 shillings a person 
is allowed to draw 2 coins indiscriminately; find the value of his ex- 
pectation. 


7. Six persons throw for a stake, which is to be won by the one 
who first throws head with a penny ; if they throw in succession, find 
the chance of the fourth person. 


8. Counters marked 1, 2, 3 are placed in a bag, and one is with- 
drawn and replaced. The operation being repeated three times, what 
is the chance of obtaining a total of 6? 


9, A coin whose faces are marked 3 and 5 is tossed 4 times: what 
are the odds against the suin of the numbers thrown being less than 152 


10. Find the chance of throwing 10 exactly in one throw with 
3 dice. 


11. Two Moke of equal skill, A and B, are playing a set of 
ames; they leave off playing when A wants 3 points and B wauts 2. 
f the stake 1s £16, what share ought cach to take! 


12. A and BZ throw with 3 dice: if A throws 8, what is B’s chance 
of throwing a higher number ? 


13, A had in his pocket a sovereign and four shillings; taking out 
two coins at random he promises to give them to Band CL What is 
the worth of C’s expectation ? 


14, In five throws with a single die what is the chance of throwing 
(1) three aces evactly, (2) three aces at least. 


15, A makes a bet with B of 5s. to 2s. that in a single throw with 
two dice he will throw seven before #£ throws four. Each has a pair 
of dice and they throw simultaneously until one of them wins: find B's 
expectation. 


16, A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken in the 
case of the tetrahedron; what is the chance that the sum of the 
numbers thrown is not less than 5? 


17. A bag contains a coin of value Af, and a number of other coins 


whose aggregate value is #. A person draws one at a time till he 
draws the coin WM: find the value of his expectation. 


18. If 6n tickets numbered 0, 1, 2, ...... Gu—1 are placed in a bag, 
and three are drawn out, shew that the chance that the sum of the 
numbers on them is equal to 6n is 

Bm 
(6n — 1) (6n — 2)° 
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*INVERSE PROBABILITY. 


*467, In all the cases we have hitherto considered it has been 
supposed that our knowledge of the causes which may produce a 
certain event is such as to enable us to determine the chance of 
the happening of the event. We have now to consider problems 
of a different character. For example, if it is known that an 
event has happened in consequence of some one of a certain 
number of causes, it may be required to estimate the probability 
of each cause being the true one, and thence to deduce the pro- 
bability of future events occurring under the operation of the 
same causes. 


*468. Before discussing the general case we shall give a 
numerical illustration. 


Suppose there are two purses, one containing 5 sovereigns 
and 3 shillings, the other containing 3 sovereigns and 1 shilling, 
and suppose that a sovereign has been drawn: it is required to 
find the chance that it came from the first or second purse. 


Consider a very large number WV of trials; then, since before 
the event each of the purses is equally likely to be taken, we may 


. | 
assuine that the first purse would be chosen in 5 4 of the trials, 
aol 
. oO : 
and in 3 of these a ee would be drawn ; thus a sovereign 


o | 
would be drawn - a X5 5% or oa times from the first purse. 


9) 


cand 


The second purse would be chosen in ly of the trials, and in 


3 
~ of these a sovereign would be drawn ; thus a sovereign would 


4 


be drawn Sv tines from the second purse. 

Now WJ is very large but is otherwise an arbitrary number ; 
let us put V = 162; thus a sovereign would be drawn 5n times 
from the first purse, aud 6 times from the second purse; that is, 
out of the 1lnz times in which a sovereign is drawn it comes 
from the first purse 5n times, and from the second purse 6m 
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times. Hence the probability that the sovereign came from the 


first purse is and the probability that it came from the 


= 
re: 


seconcl is - ; 


*469. It is important that the student’s attention should be 
directed to the nature of the assumption that has been made in 
the preceding article. Thus, to take a particular instance, 
although in 60 throws with a perfectly symmetrical die it may 
not happen that ace is thrown exactly 10 times, yet it will 
doubtless be at once admitted that if the number of throws is 
continually increased the ratio of the number of aces to the 
number of throws will tend more and more nearly to the limit 


l e 
~. There is no reason why one face should appear oftener than 


6 
another; hence in the long run the number of times that each of 
the six faces will have appeared will be approximately equal. 


The above instance is a particular case of a general theorem 
which is due to James Bernoulli, and was first given in the Ars 
Conjectandi, published in 1713, eight years after the author's 
death. Bernoulli’s theorem may be enunciated as follows : 


If p is the probability that an event happens in a single trial, 
then of the number of trials is indefinitely increased, it becomes a 
certainty that the limit of the ratio of the nwmber of successes to the 
number of trials is equal to p; in other words, if the number of 
irials is N, the number of successes may be taken to be pN. 


See Todhunter’s J/istory of Probability, Chapter vu. A proof 
of Bernoulli’s theorem is given in the article Probability in the 
Encyclopedia Britannica. 


*470. An observed event has happened through some one of a 
number of mutually exclusive causes: required to find the pro- 
bability of any assigned cause being the true one. 


Let there be m causes, and before the event took place suppose 
that the probability of the existence of these causes was estimated 
at P,, P,, P,,...P,. Let p, denote the probability that when the 
o* cause exists the event will follow: after the event has occurred 
it is required to find the probability that the 7" cause was the 
true one. | 
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Consider a very great number J of trials; then the first cause 
exists in PN of these, and out of this number the event follows 
in p,P,¥; similarly there are »,?,N trials in which the event 
follows from the second cause; and so on for each of the other 
causes. Hence the number of trials in which the event follows is 


(p,P, +p Pit... +p P ) N, or NX (pP); 


and the number in which the event was due to the r cause is 
p,P.N ; hence after the event the probability that the 7” cause 
was the true one is 

pl N +N (pl); 


that is, the probability that the event was produced by the 7 
De. 
3 (pr) 


cause is 

*471. Itis necessary to distinguish clearly between the pro- 
bability of the existence of the several causes estimated before 
the event, and the probability after the event has happened of any 
assigned cause being the true one. The former are usually called 
a priort probabilities and are represented by P,, P., P,, Pa 5 
the latter are called a posteriori probabilities, and if we denote 
them by @,, Y,, 9,, --- Y,, We have proved that 


ye be 

0,5 $5 | 

= (pP)’ 

where p, denotes the probability of the event on the hypothesis 
of the existence of the r™ cause. 


From this result it appears that 3(Q)=.1, which is other- 
wise evident as the event has happened from one and only one 
of the causes. 


We shall now give another proof of the theorem of the pre- 
ceding article which does not depend on the principle enunciated 
in Art. 469. 


*472. An observed event has happened through some one of a 
number of mutually exclusive causes: required to find the pro- 
bability of any assigned cause being the true one. 


Let there be n causes, and before the event took place suppose that 
the probability of the existence of these causes was estimated at 
P,, P,, P,,...P,. Let p, denote the probability that when the 
r*® cause exists the event will follow ; then the antecedent proba- 
bility that the event would follow from the rt cause is p,f,. 
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Let Q, be the a posteriori probability that the r™ cause was the 
true one; then the probability that the 7 cause was the true one 
is proportional to the probability that, if in existence, this cause 
would produce the event ; 





0 9%  _@  3(@) 1, 
PP pl, p,P SB (pP) S(pPy’ 
Pls 
, = (pP) 


Hence it appears that in the present class of problems the 
product 7’.p,, will have to be correctly estimated as a first step; 
in many cases, however, it will be found that ?,, 2’,, P,, ... are 
all equal, and the work is thereby much simplified, 


Example. There are 3 bags each containing 5 white balls and 2 black 
balls, and 2 bags each containing 1 white ball and 4 black balls: a black ball 
having been drawn, find the chance that it came from the first group. 


Of the five bags, 3 belong to the first group and 2 to the second; hence 


3 2 
Pi=5, Py= 5. 


If a bag is selected from the first group the chance of drawing a black 
4 


ball is = if from the second group the chance is =; thus p, =5 » Pr= 3 


6 8 
os DP = 355 PaPa= yee 


Hence the chance that the black ball came from one of the first group is 
6 (6 8) _ 15 
35 is + 58) age 


*473. When an event has been observed, we are able by 
the method of Art. 472 to estimate the probability of any 
particular cause being the true one; we may then estimate 
the probability of the event happening in a second trial, or 
we may find the probability of the occurrence of some other 
event. 


For example, p, is the chance that the event will happen 
from the r cause if in existence, and the chance that the 9 
cause is the true one is Q.; hence on a second trial the chance 
that the event will happen from the 7 cause is p,Q,. Therefore 
the chance that the event will happen from some one of the 
causes on a second trial is & ( pQ). 
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_Example. A purse contains 4 coins which are either sovereigns or 
shillings; 2 coins are drawn and found to be shillings: if these are replaced 
what is the chance that another drawing will give a sovereign ? 


This question may be interpreted in two ways, which we shall discuss 
separately. 


I. If we consider that all numbers of shillings are a priori equally likely, 
we shall have three hypotheses; for (i) all the coins may be shillings, (ii) 
three of them may be shillings, (iii) only two of them may be shillings. 


Here Dien arene are 
1 1 
also p=), P2=o9) Ps=§%- 
<. ' 1 1 6 
Hence probability of first hypothesis = 1+ (1 tt ip ) a a i; 
bability of second hypoth oes 1 ae Ean, 
probability of second hypothesis = 5 = +5 +§ =a07 da 
bability OF tind hypotheses ee = 
probability of third hypo 1e81S = & ; +9 +§ = i0= @ 


Therefore the probability that another drawing will give a sovereign 


=(0,*0)+( x4) 7 (@*4) 


a ee 
=7°1074°10> 407 8° 


II. If each coin is equally likely to be a shilling or a sovereign, by taking 


4 
the terms in the expansion of 9+ 5) , wo see that the chance of four 


. J e 1 » e » 4 ‘ . e . 6 ‘. 
shillings is 16? of three shillings is ig’ of two shillings is TH thus 
1 ,_4 en 
A=ag ee arab 
1 1 
also, as before, pe=l. P2=5 Ps G- 


Hence 61276 424 24° 


Therefore the probability that another drawing will give a sovereign 


=(0,*0)+(0.%3) 4: (0.3) 


ee 
~ 8 


— 
— 


el es 


fat 


396 HIGHER ALGEBRA. 


*474, We shall now shew how the theory of probability may 
be applied to estimate the truth of statements attested by wit- 
nesses whose credibility is assumed to be known. We shall 
suppose that each witness states what he believes to be the truth, 
whether his statement is the result of observation, or deduction, 
or experiment; so that any mistake or falsehood must be 
attributed to errors of judgment and not to wilful deceit. 


The class of problems we shall discuss furnishes a useful 
intellectual exercise, and although the results cannot be regarded 
as of any practical importance, it will be found that they confirm 
the verdict of common sense. 


*475,. When it is asserted that the probability that a person 
speaks the truth is p, it is meant that a large number of state- 
ments made by him has been examined, and that p is the ratio 
of those which are true to the whole number. 


*476. Two independent witnesses, A and 5, whose proba- 
bilities of speaking the truth are p and p’ respectively, agree in 
making a certain statement: what is the probability that the 
statement is true ? 


Here the observed event is the fact that 4 and B make the 
same statement. Before the event there are four hypotheses; for 
A and B may both speak truly ; or A may speak truly, B falsely ; 
or A may speak falsely, # truly; or A and B may both speak 
falsely. The probabilities of these four hypotheses are 


pp, p(l—-p’) pU-p), (-p)(1-p’) respectively. 


Hence after the observed event, in which A and B make the 
same statement, the probability that the statement is true is to 
the probability that it is false as pp’ to (1 - =p), (1—p’); that 
is, the probability that the joint statement 1 i true is 


, 


_Pp 
pp’ +(1—p)(1-p’)’ 
Similarly if a third person, whose probability of speaking the 
truth is yp”, makes the same statement, the probability that the 
statement is true is 
Ene seen 
ppp’ +(1—p)(l-p) (L-p")’ 


and so on for any number of persons. 
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*477. In the preceding article it has been supposed that we 
have no knowledge of the event except the statement made by A 
and B; if we have information from other sources ag to the 
probability of the truth or falsity of the statement, this must be 
taken into account in estimating the probability of the various 
hypotheses. 


For instance, if A and B agree in stating a fact, of which 
the a priort probability is , then we should estimate the pro- 
bability of the truth and falsity of the statement by 


Ppp’ and (1—/?) (1 —p)(1—>p’) respectively. 


Example, There is a raffle with 12 tickets and two prizes of £9 and £3. 
A, B, C, whose probabilities of speaking the truth are 4, 4, }? respectively, 
report the result to D, who holds one ticket. 4 and B assert that he has 
won the £9 prize, and C asscrts that he has won the £3 prize; what is D’s 
expectation? 


Three cases are possible; JD may have won £9, £3, or nothing, for A, B, 
C may all have spoken falsely. 


Now with the notation of Art. 472, we have the a priori probabilities 


1 1 10 
Pi=zy> P:=75) P3=T93 
es Bib ete op cl Dc oe 8. 
Pi e* 3” R307 2 o* 8% 5307 P39 * 3% 5 = 303 
. Op 0a. Wan a 
‘4 3 20. 27’ 
« 4 a 3 a ry 
hence D’s expectation = 97 of £9+5, of £3 =£1. 13s, 4d. 


*478. With respect to the results proved in Art. 476, it 
should be noticed that it was assumed that the statement can be 
made in two ways only, so that if all the witnesses tell falsehoods 
they agree in telling the same falsehood. 


Tf this is not the case, let us suppose that ¢ is the chance 
that the two witnesses A and B will agree in telling the same 
falsehood ; then the probability that the statement is true is to 
the probability that it is false as pp’ to ¢(1—yp) (1—>p’). 

As a general rule, it is extremely improbable that two 
independent witnesses will tell the samo falsehood, so that ¢ is 
usually very small; also it is obvious that the quantity c becomes 
smaller as the number of witnesses becomes greater. These con- 
siderations increase the probability that a statement asserted by 
two or more independent witnesses is true, even though the 
credibility of each witness is small. 
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Example. A speaks truth 8 times out of 4, and B 7 times out of 10; they 
both assert that a white ball has been drawn from a bag containing 6 balls 
all of different colours: find the probability of the truth of the assertion. 


There are two hypotheses; (i) their coincident testimony is true, (fi) it is 
false, 


f 
(3) 
Here P=, Po=ei 


7 oe id. BS 
M=4% iq? P95 %4* 0! 
for in estimating p, we must take into account the chance that A and B will 
both select the white ball when it has not been drawn ; this chance is 
Xa OD 
5° 5 25° 
Now the probabilities of the two hypotheses are as Pyp, to P 2Pay 


therefore as 35 to 1; thus the probability that the statement is true is — 


*479, The cases we have considered relate to the probability 
of the truth of concurrent testimony ; ; the following is a case of 
traditionary testimony. 


Tf A states that a certain event took place, having received an 
account of its occurrence or non-occurrence from 3, what is the 
probability that the event did take place? 


The event happened (1) if they both spoke the truth, (2) if 
they both spoke falsely; and the eveut did not happen if only 
one of them spoke the truth. 


Let p, p’ denote the probabilities that A and B speak the 
truth ; then the probability that the event did take place is 


pp’ + (1 —p) (1p), 
and the probability that it did not take place is 
p(l—p) +p" (1 ~ p). 


' *480. The solution of the preceding article is that which has 
usually been given in text-books; but it is open to serious objec- 
tions, for the assertion that the given event happened if both A 
and B spoke falsely is not correct except on the supposition that 
the statement can be made only in two ways. Moreover, 
although it is expressly stated that A receives his account from 
B, this cannot generally be taken for granted as. it rests on 
A's testimony. 
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A full discussion of the different ways of interpreting the 
Neen and of the different solutions to which they lead, will be 
ound in the Educational Times Reprint, Vols. xxvil. and XXXIL 


*EXAMPLES, XXXII. d. 


1. There are four balls in a bag, but it is not known of what 
colours they are; one ball is drawn and found to be white: find the 
chance that all the balls are white. 


2. In a bag there are six balls of unknown colours; three balls 
are drawn and found to be black; tind the chance that no black ball 
is left in the bag. 


3. A letter is known to have come either from Loudon or Clifton ; 
on the postmark only the two consecutive letters ON are legible; what 
is the chance that it came from London ? 


4, Before a race the chances of three runners, A, B, C, were 
estimated to be proportional to 5, 3,2; but during the race A meets 
with an accident which reduces his chance to one-third. What are now 
the respective chances of B and C'? 


5, A purse contains 2 coins of unknown value; a coin drawn at 
random is found to be a sovereign; what is the chance that it is the 
only sovereign in the bag ? 


6. A man has 10 shillings and one of them is known to have two 
heads. He takes one at random and tosses it 5 times and it always 
falls head: what is the chance that it is the shilling with two heads ? 


7, A bag contains 5 balls of unknown colour; a ball is drawn 
and replaced twice, and in each case is found to be red: if two balls 
are now drawn simultaneously find the chance that both are red. 


8. A purse contains five coins, each of which may be a shilling 
or @ sixpence; two are drawn and found to be shillings: find the prob- 
able value of the remaining coins. 


9, Adie is thrown three times, and the sum of the three numbers 
thrown is 15: find the chance that the first throw was a four. 


10. A speaks the truth 3 out of 4 times, and B 5 out of 6 times: 
what is the probability that they will contradict each other in stating 
the same fact ? 
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11, A speaks the truth 2 out of 3 times, and B 4 times out of 5; 
they agree in the assertion that from a bag containing 6 balls of different 
colours a red ball has been drawn: find the probability that the state- 
ment is true. 


12, One of a pack of 52 cards has been lost; from the remainder 
of the pack two cards are drawn and are found to bo spades; find the 
chance that the missing card is a spade, 


13. There is a raffle with 10 tickets and two prizes of value £5 
and £1 respectively. A holds one ticket and is informed by B that 
he has won the £5 prize, while C asserts that he has won the £1 prize: 
what is A’s expectation, if the credibility of B is denoted by %, and 
that of C by ?? 


14, A purse contains four coins; two coins having been drawn are 
found to be sovercigns: find the chance (1) that all the coins are 
sovereigns, (2) that if the coins are replaced another drawing will give 
by sovereign. 


15. P makes a bet with Q of £8 to £120 that three races will be 
won by the three horses A, 2B, C, against which the betting is 3 to 2, 
4 to 1, and 2 to 1 respectively. The first race having been won by A, 
and it being known that the second race was won either by B, or by 
a horse D against which the betting was 2 to 1, find the value of P’s 
expectation. 


16. From a bag containing 2 balls, all either white or black, all 
numbers of each being equally likely, a ball is drawn which turns out 
to be white; this is replaced, and another ball is drawn, which also 
turns out to be white. If this ball is replaced, prove that the chance 


of the next draw giving a black ball is ; (n-1)(2n+1)71. 


17, If mn coins have heen distributed into m purses, 2 into each, 
find (1) the chance that two specified coins will be found in the same 
purse; and (2) what the chance becomes when 7 purses have been 
examined and found not to contain either of the specified coins. 


18. A, B are two inaccurate arithmeticians whose chance of solving 
a given question correctly are 4 and jy respectively; if they obtain the 
same result, and if it is 1000 to 1 against their making the same 
mistake, find the chance that the result 1s correct. 


19. Ten witnesses, each of whom makes but one false statement in 
six, agree in asserting that a certain event took place; shew that the 
odds are five to one in favour of the truth of their statement, even 


although the a priort probability of the event is as small as aT 
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LocaL PROBABILITY. GEOMETRICAL METHODS. 


*481. The application of Geometry to questions of Pro- 
bability requires, in general, the aid of the Integral Calculus ; 
there are, however, inany easy questions which can be solved by 
Elementary Geometry. 


Example 1. From each of two equal lines of length 7 a portion is cut 
off at random, and removed: what is the chance that the sum of the 
remainders is less than 1? 


Place the lines parallel to one another, and suppose that after cutting, 
the right-hand portions are removed. Then the question is equivalent to. 
asking what is the chance that the sum of the right-hand portions is greater 
than the sum of the left-hand portions. It is clear that the first sum is 
equally likely to be greater or less than the second; thus the required 
probability is 2 . 

Cor. Hach of two lines is known to be of length not cxceeding J: the 
chance that their sum is not greater than 1 is 5° 

Example 2, If three lines are chosen at random, prove that they are 
just as likely as not to denote the sides of a possible triangle. 

Of three lines one must be equal to or greater than each of the other 
two; denote its length by 2, Then all we know of the other two lines is that 
the length of each lies between 0 andl, But if each of two lines is known to 
be of random length between 0 and /7, it is an even chance that their sum 
is greater than 7. [Ex. 1, Cor.] 


Thus the required result follows. 


Example 8, Three tangents are drawn at random to a given circle: 
shew that the odds are 3 to 1 against the circle being inscribed in the triangle 
formed by them. 


“| 4 


Draw three random lines P, Q, R, in the same plane as the circle, and 
_ draw to the circle the six tangents parallel to these lines. 


H. H. A. 26 
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Then of the 8 triangles so formed it ia evident that the circle will be 
escribed to 6 and inscribed in 2; and as this is true whatever be the original 
directions of P, Q, R, the required result follows. 


*4892,. Questions in Probability may sometimes be con- 
veniently solved by the aid of co-ordinate Geometry. 


Example. On a rod of length a+b+c, lengths a, b are measured at 
random: tind the probability that no point of the measured lines will 
coincide. 


Let AB be the linc, and supposo AP=x and PQ=a; also let a be 
measured from P towards 2, so that 2 must be less than b+c. Again let 
AP'=y, P’Q’=b, and suppose P’Q’ measured from P’ towards B, then y must 
be Jess than a+c. 


Now in favourable cases we must have A?’~- 4Q, or else AP> AQ’, 
hence PACA MN OF RUD zcccen Soutien. secon aseieainl (1). 
Again for all the cases possible, we must have 
a>Q, and ~bte 
y > 0, and -.a4+¢ 
Take a pair of rectangular axcs and make OX equal to b+¢, and OY 
equal to a+c. 


Draw the line y=a-4., represented by TAL in the figure; and the line 
x=b+y represented by AN. 








AP a) B 
A CUP OB 


Then YI, 4X are each equal to ¢, OM, OT are each equal to a. 


The conditions (1) are only satisfied by points in the triangles MYL and 
KXIi, while the conditions (2) are satisfied by any points within the rect- 
angle OX, OY; 

.. the required chance ay 


(ate) (b+c)° 


*483. We shall close this chapter with some Miscellaneous 
Examples. 


Example 1. A box is divided into m equal compartments into which x 
balls are thrown at random; find the probability that there will be p com- 
partments each containing a balls, g compartments each containing b balla, 
r compartments each containing c balls, and so on, where 


pat go+re+ ere 8 (2) 
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Since each of the n balls can fall into any one of the m compartments 
the total number of cases which can occur is m”, and these are all equally 
likely. To determine the number of favourable cases we must find the 
number of ways in which the n balls can be divided into p, q, 7, ... parcels 
containing a, b, c,... balls respectively. 


First choose any s of the compartments, where s stands for p+qt+7r+...3 


me 
the number of ways in which this can be done is —- =— (1). 


Giga ene 


Next subdivide the s compartments into groups containing p, q, 7,... 
severally; by Art. 147, the number of ways in which this can be done is 


lig 
\p lq |r. Serer ricerr Cree re ee eae eee OIC 


Lastly, distribute the » balls into the compartments, putting a into each 
of the group of p, then b into each of the group of qg, c into each of the 
group of r, and so on. The number of ways in which this can be done is 


n 
mrright fle r Ran To erer or ees ae eee ed eee ee ee oe (3). 
ERE OE tet 
Hence the number of ways in which the balls can be arranged to satisfy 


the required conditions is given by the product of the expressions (1), (2), (3). 
Therefore the required probability is 


\ne \n 
TAGs IAN\r OO pe ea 


me" (a) OYE ero Le fom pg Pc 


Example 2. A bag contains » balls; / drawings arc made in succession, 
and the ball on each occasion is found to be white: find the chance that the 
next drawing will give a white ball; (i) when the balls are replaced after 
each drawing; (ii) when they are not replaced. 


(i) Before the observed event there are n+1 hypotheses, equally likely ; 
for the bag may contain 0, 1, 2, 3,... white balls, Hence following the 
notation of Art. 471, 


Py=P =P, =Py= aw aii 


1\* 2\- 3\4 n\# 
and Py=9, m= (5) : Py (=) > P= 9 aed orale > Pa - ; 


Hence after the observed event, 


atk 


Or ae Ory BF ene 
. * bd r 
Now the chance that the next drawing will give a white ball: .> "i Qrs 
: Lo eth getty Bet gp ttt 
thue the required chance =. . - Laie aie re 


and the value of numerator and denominator may be found by Art, 405. 


26—2Z 
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In the particular case when k=2, 
n(wt1)Q?  n(w+)) (2n+ 1) 
_) 6 


- 8 (+1) 
~2(2n+1)° 


the required chance 7 


If n is indefinitely large, the chance is equal to the limit, when » is in- 
ee eee ae 
n° k+2” WEI’ 

k+1 

k+42" 


finite, of 
and thus the chance is 


(ii) Ifthe balls are not replaced, 


i PN eS r-h-+1_ 
clam Tey et lr a n—-k-+1? 
*—hk+1)(r-k+2)...... ‘-I)r 
ae Geta ee ee 
“Pr SY (r-k4+ 0) (r-k+2) ou. (r-1)r 
r—0 
bs kV) (rk) (r-Ve 
mee T) (1 ~k+1) (n-k+2) 0.0... (n—1)n(n+1)° econ 
ae ‘ ray —k 
The chance that the next drawing will give a white ball= X . 1, @r 
r glk 
A+ 1 ey s 
Bae we ee ee (rh) (rv — +1)... ‘—1)r 
(n—k) (n-k+4) 0.0... n(n+1) ,-6 Poe +1) ( )? 
pete ee ES ee EE 
~ (n-h)(n-kd) i. n(n-+1)° k+2 
ae 
= 449? 


which is independent of the number of balls in the bag at first. 


Example 8. A person writes » letters and addresses n envelopes; if the 
letters are placed in the envelopes at random, what is the probability that 
every letter goes wrong? 


Let wu, denote the number of ways in which all the letters go wrong, and 
let abcd ... represent that arrangement in which all the letters are in their 
own envelopes. Now if a in any other arrangement occupies the place of an 
assigned letter , this letter must either occupy a’s place or some other, 


(i) Suppose b occupies a’s place. Then the number of ways in which | 
all the remaining n-2 letters can be displaced is u,_,, and therefore the 
numbers of ways in which a may be displaced by interchange with some one 
of the other n— 1 letters, and the rest be all displaced is (n ~ 1) u,—.. 
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(ii) Suppose a occupies b’s place, and b does not occupy a’s. Then in 
arrangements satisfying the required conditions, since a is fixed in b’s place, 
the letters b, c, d, ... must be all displaced, which cun be done in u,_, ways; 
therefore the number of ways in which a occupies the place of another letter 
but not by interchange with that letter is (n—1)u,_,3 


.U= (n -1) (Un—y ot Uy—y) ’ 
from which, by the method of Art. 444, we find w,, ~ nu,_, =(— 1)" (ug - u))- 
Also u,=0, w,=1; thus we finally obtain 
1 i, 1 (-1)") 
Me BT ES 
Now the total number of ways in which the » things can be put in n 
places is |n; therefore the required chance is 
17. gee 
|2 [3 jf" * re 





The problem here involved is of considerable interest, and in 
some of its many modifications has maintained a permanent place 
in works on the Theory of Probability. It was first discussed 
by Montmort, and it was generalised by De Moivre, Euler, and 


Laplace. 


*484,. The subject of Probability is so extensive that it is 
impossible here to give more than a sketch of the principal 
algebraical methods. An admirable collection of problems, illus- 
trating every algebraical process, will be found in Whitworth’s 
Choice and Chance; and the reader who is acquainted with the 
Integral Calculus may consult Professor Crofton’s article Proba- 
bility in the Hncyclopedia Britannica. A complete account of 
the origin and development of the subject is given in Todhunter’s 
History of the Theory of Probability from the time of Pascal to 
that of Laplace. 


The practical applications of the theory of Probability to 
commercial transactions are beyond the scope of an elementary 
treatise; for these we may refer to the articles Annuities and 
Insurance in the Encyclopedia Britannica. 


*EXAMPLES. XXXII. e. 


1. What are the odds in favour of throwing at least 7 in a single 
throw with two dice? 


2. Ina purse there are 5 sovereigns and 4 shillings. If they are 
drawn out one by one, what is the chance that they come out sovereigns 
and shillings alternately, bee's +h 9 sovereign 7 
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3. If on an average 9 ships out of 10 return safe to port, what 
is the chance that out of 5 ships expected at least 3 will arrive ? 


4. In a lottery all the tickets are blanks but one; each person 
draws a ticket, and retains it: shew that each person has an equal 
chance of drawing the prize. 


5. One bag contains 5 white and 3 red balls, and a second bag 
contains 4 white and 6 red balls. From one of them, chosen at random, 
two balls are drawn: find the chauce that they are of different colours. 


6. Five persons 4, B, C, D, / throw a die in the order named 
until one of them throws an ace: find their relative chances of winning, 
supposing the throws to continue till an ace appears. 


7. Three squares of a chess board being chosen at random, what 
is the chance that two are of one colour and one of another ? 


8, A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken in 
the case of the tetrahedron; find the average value of the throw, and 
compare the chances of throwing 5, 6, 7. 


9. A’sskillis to Bs as 1:3; to C’xas3:2; andto Dsas4: 8: 
find the chance that A in three trials, one with each person, will succeed 
twice at least. 


10. A certain stake is to be won by the first person who throws 
an ace with an octahedral die: if there are 4 persons what is the 
chance of the last ? 


11. Two players A, B of equal skill are playing a set of games; A 
wants 2 games to complete the set, and 2 wants 3 games: compare 
their chances of winning. 


12. A purse contains 3 sovereigns and two shillings: a person 
draws one coin in each hand and looks at one of them, which proves 
to be a sovereign ; shew that the other is equally likely to be a sovereign 
or a shilling. 


13. A and B play for a prize; A is to throw a dic first, and is to- 
win if he throws 6. If he fails B is to throw, and to win if he throws 
6 or 5. If he fails, 4 is to throw again and to win with 6 or 5 or 4, 
and so on: find the chance of each player. 


14. Seven persons draw lots for the occupancy of the six seats in - 
a first class railway compartment: find the chance (1) that two specified 
persons obtain opposite seats, (2) that they obtain adjacent seats on 
the same side. ' 


15, A number consists of 7 digits whose sum is 59; prove that the 


chance of its being divisible by 11 is Aa 


16, Find the chance of throwing 12 in 9 single throw with 3 dice. 
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17, A bag contains 7 tickets marked with the numbers 0, 1, 2, ...6 
respectively. A ticket is drawn and replaced; find the chance that 
after 4 drawings the sum of the numbers drawn is 8. 


18, There are 10 tickets, 5 of which are blanks, and the others are 
marked with the numbers 1, 2, 3, 4, 5: what is the probability of 
drawing 10 in three trials, (1) when the tickets are replaced at every 
trial, (2) if the tickets are not replaced ? 


19, If » integers taken at random are multiplied together, shew 
uu) 


that the chance that the last digit of the product is 1, 3, 7, or 9 is : 


BN? 
: ; . 4v— Qn - , . 5v—4n 
the chance of its being 2, 4, 6, or 8 is me of its being 5 is “jor 3 


: . ; 10* — 8% — he 4 4n 
and of its being Ois ) ----.--—-— 
10" 
20. A purse contains two sovereigns, two shillings and a metal 
dumuiny of the same form and size; a person is allowed to draw out one 
ata time till he draws the dummy: find the value of his expectation. 


21. <A certain sum of money is to bo given to the one of three 
persons 4, B, C who first throws 10 with three dice; supposing them 
to throw in the order named until the event happens, prove that their 
chances are respectively 


2 "56 and ‘ ; 
13/° 132? ¢ 13/° 


22. Two persons, whose probabilities of speaking the truth are 
i 
; and ; respectively, assert that a specified ticket has been drawn out 
of a bag containing 15 tickets: what is the probability of the truth of 
the assertion ? 


ae, 
2 


two are marked 4, threo are marked 9, and so on; a person puts in his 
hand and draws out a counter at random, and is to receive as many 
shillings as the number marked upon it: find the value of his ex- 
pectation. 


23. <A bag contains 


counters, of which one is marked 1, 


24. If 10 things are distributed among 3 persons, the chance of 
ticul on having more than 5 of them is ell 

a particular person having more th 5 9683 ° 
25. If a rod is marked at random in 2 points and divided at 
those points, the chance that none of the parts shall be greater than 


I thot thexed a. 
n nN 


n° 
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26. There are two purses, one containing three sovereigns and a 
shilling, and the other containing three shillings and a sovereign. A coin 
is taken from ono (it is not known which) aa dropped into the other; 
and then on drawing a coin from each purse, they are found to be two 
shillings. What are the odds against this happening again if two more 
are drawn, one from each purse ? 


27. Ifa triangle is formed by joining three points taken at random 
in the circumference of a circle, prove that the odds are 3 to 1 against 
its being acute-angled. 


28. Three points are taken at random on the circumference of a 
circle; what is the chance that the sum of any two of the arcs so 
determined is greater than the third? 


29. A line is divided at random into three parts, what 1s the chance 
that they form the sides of a possible triangle? 


30. Of two purses one originally contained 25 sovereigns, and the 
other 10 sovereigns and 15 shillings, One purse is taken by chance 
and 4 coins drawn out, which prove to be all sovereigns: what is the 
chance that this purse contains only sovereigns, and what is the prob- 
able value of the next draw from it: 


31. On astraight line of length «@ two points are taken at random ; 
find the chance that the distance letween them is greater than 0, 


32. A straight line of length @ is divided into three parts by two 
points taken at random; find the chance that no part is greater than 6, 


33. If on a straight line of length a+b two lengths a, b are 
measured at random, the chance that the common part of these lengths 


shall not exceed ¢ is where c is less than « or b; also the chance 


me 
ab? 
that the smaller length 0 lies entirely within the larger a is pe 


34. If on a straight line of length a+b+c two lengths a, b are 
measured at random, the chance of their having a common part which 
(c+ d)* 


(oka) (ob)? where @ is less than either a@ or 6. 


shall not exceed d is 


35. Four passengers, 4, B, C, D, entire strangers to cach other, are 
travelling in a railway train which contains / first-class, m second-class, 
and x third-class compartments, A and B are gentlemen whose re- 
spective hel cai chances of travelling first, second, or third clays are 
represented in each instance by A, pw, »; C and D are ladies whose 
similar a priort chances are each represented by J, m, n. Prove 
that, for all values of A, », » (except in the particular case when 
Aipivelim:n), A and B are more likely to be found both in the 
company of the same lady than each with a different one. 


CHAPTER XXXITI. 
DETERMINANTS. 


485. Tne present chapter is devoted to a brief discussion of 
determinants and their more elementary properties. The slight 
introductory sketch here given will enable a student to avail 
himself of the advantages of determinant notation in Analytical 
Geometry, and in some other parts of Higher Mathematics ; 
fuller information on this branch of Analysis may be obtained 
from Dr Salmon’s Lessons Introductory to the Modern Higher 
Algebra, and Muir’s Theory of Determinants. 


486, Consider the two homogeneous linear equations 
aet+by=-0, 
a+ by=0; 


multiplying the first equation by 6,, the second by b,, sub- 
tracting and dividing by 2, we obtain 


a,b, as a,b, = (), 


This result is sometimes written 
a, b, 


a, b, 


-0, 








and the expression on the left is called a determinant. It consists 
of two rows and two columns, and in its expanded form each 
term is the product of two quantities; it is therefore said to be 
of the second order. 


The letters a,, b,, a,, 5, are called the constituents of the 
determinant, and the terms a,0,, a,b, are called the elements. 
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487. Since 
| “, 6, 
a, b 


v 2 


=0,6,-a,b,=| a, a, 


b ob 


1 2 











it follows that the value of the determinant ts not altered hy chang- 
ung the rou's into columns, and the columns into rows, 

488. Again, it is easily seen that 
b 


b, a 


a, b, 


| 
| a, b 


3 2 


a, |, and! a, 6b ~ 


a, d, | 


2 2 


1 1 





| 
| 














2 


that is, ¢f we interchange two rows or two columus of the deter- 
minant, we obtain a determinant which differs from it only in sign. 


459. Tet us now consider the homogeneous linear equations 
ae+rbytesz=9, 
ae + by +¢,2=0, 
ae + by +c, =0. 
By eliminating 2, y, x, we obtain as in Ex, 2, Art. 16, 
a, (b,c, — b,¢,) +b, (e,0, — ¢,a,) + ¢, (a,b, — 4,b,) -- 9, 
b, ¢ | +6, 


¥ 2 


b. ec 


3 3 


. Vee. 
or at, ec, @ |+e,! 4, b, = Q, 




















Cc a, 


L a b, 


| 3 


This eliminant is usually written 


a, ob, ¢, | -9, 


and the expression on the left being a determinant which consists 
of three rows and three columns is called a determinant of the 
third order, 


490. By a rearrangement of terms the expanded form of 
the above determinant may be written 
a, (b,c, — b,¢,) + a, (b,c, — b,e,) + a,(b,c, — 6,¢,), 
L, b, bb 


or a, : ‘i 
c C 


+) b, b 


eG, © 


eb Ge P 

















2 8 C, Cy 
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hence 
a, ob ¢ |=, a a a, |; 
| a, ob, ¢, | b ob, 6, | 
| a, b, ¢, | GO 3C. | 


that is, the value of the determinant is not altered by changing the 
rows into columns, and the columns into rows. 


491. From the preceding article, 
































a, b, co =a b, o, |+a,| 6, ¢, | +4, b, ¢, 
a, b, C, : b, C, b, os b Cy 
a, b, C, | 
= 0, | b, ce, |-4, b, ¢, | +4, | b, Oy 4d oxtewit (1). 
; b, C, b, C, | b, Cy | 
Also from Art. 489, 
a, b, ¢, |~a,| b, e, |-d, | a, ¢, |+e,| a, b, (2) 
a, b, C, b, C, | | G., C, a b 3 | _ 
, Oy Cy 


We shall now explain a simple method of writing down the 
expansion of a determinant of the third order, and it should be 
noticed that it 1s immaterial whether we develop it from the first 
row or the first column. 


From equation (1) we see that the coefficient of any one of 
the constituents a@,, ,, a, is that determinant of the second order 
which is obtained by omitting the row and column in which 
it occurs. These determinants are called the Minors of the 


original determinant, and the left-hand side of equation (1) may 
be written 


aA, -—a,A,+a,A,, 
where A,, A,, A, are the minors of @,, a,, a, respectively. 
Again, from equation (2), the determinant is equal to _ 
a,A,—b,B, + c,C,, 


where A,, B,, C, are the minors of a,, b,, c, respectively 
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492. Thedeterminant a, b, ¢, 


a, b, C, 


! a, b, ¢, 
=a, (b,c, — b,c,) + b, (e,a, — c,4,) + ¢, (a,b, — a,,) 


et b(a,¢, 7s AC4) ad, (cb, a c,b,) haa (b,c, ee b,,) ? 


hence 
maa b, C, aaa b, tC, |, 
| @, b, ¢, | Di se, | 
| a, b, C, | b, Ue | 


Thus it appears that 7 two adjacent columus, or rows, of the 
determinant are interchanged, the sign of the determinant 18 
changed, but its value remains unaltered, 


Tf for the sake of brevity we denote the determinant 


a, ob, ¢, 
a, b, C, 
a, b, C, 


hy (a,0,¢,), then the result we have just obtained may be written 
(6,4,¢,) Pe («,0,¢,). 
Similarly we may shew that 


(c,a,0,) rae (7,¢,0,) as (a,0,c,). 


493, If two rows or two columns of the determinant are 
adentical the determinant vanishes. 


For let ) be the value of the determinant, then by inter- 
changing two rows or two columns we obtain a determinant 
whose value is —J); but the determinant is unaltered; hence 
D=— ), thavis )=0. Thus we have the following equations, 


a,A,-—a,A,+a,A,=D, 
b,A, —6,A, + b,4,:>9, 
c,A, —¢,A,+,A,:- 0. 
494. If each constituent in any row, or in any column, is 


multiplied by the same factor, then the determinant is multiplied 
by that factor. 
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For ma, 6, ¢, 


mu, ob, ¢, 


mau, ob, ¢, 


-- nut, A,—ma,, A, +ma,. A, 


=m (a,d,-4,4,+4,4,); 
which proves the proposition. 


Cor. If each constituent of one row, or column, is the same 
wultiple of the corresponding constituent of another row, or 
column, the determinant vanishes. 


495. If each constituent tn any row, or column, consists of two 
terms, then the determinant can be expressed as the sum of two 
other determinants. 


Thus we have 


ata, b ¢, |= a, ob, ¢, | +] a, b C, t3 
ata, 6, ¢, w, ob, ¢, a, Ob, ¢, 
+a, b, C, , b, c, a, Ob, C, 


for the expression on the left 
- (a, +a,) A, - (a, + ay) A, + (a, +.,) A, 
=(a,A,—a,4,4+4,A,) + (a,A,—0,4, +4,A,); 
which proves the proposition. 
In like manner if each constituent in any one row, or column, 


consists of m terms, the determinant can be expressed as the 
sum of m other determinants, 


Similarly, we may shew that 
a,+a, b, +B, ©, | 
ata, b,+B, ¢, 
a, + a, b, 5 B, C, 


=| a, b, eC] +) @, B, ce, | +] a, b, ec, | +] a, B, ae 
te b oC, a, B, ¢, a, be, a B, ¢ 
a, b, C, a, B 3 &% a, b, Cy a, B, Ca 
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These results may easily be generalised; thus if the con- 
stituents of the three columns consist of m, , » terms respec- 
tively, the determinant can be expressed as the sum of mnp 
determinants. 


Example 1. Shewthat | b+c a-b a | =8abe-a—-B—c3, 
eta b-ce 0b 


a+b e-a ce 


The given determinant 





=|b a se aa bait a@aj~je ba 
‘ \ 
! c | a bb; ac b 
j i | 
Ge? ly PA a OE og ae a | baie 





Of these four determinants the first three vanish, Art. 493; thus the ex- 
pression reduces to the last of the four determinants; hence its value 


~ {c (c?— ab) — b (ac — b*) +a (a? — be)} 
= Babe — a — 03 — 3, 


Example 2. Find the value of | 67 19 21 | 





39 13 14 
81 24 26 
We have 
167 19 2 j= 10457 19 21 j=) 10 19 2+) 7 19 21 
ea 13 14 0439 13 14 | | 0 13 14 be 13 14 
81 24 26| 9472 24 26) | 9 24 26) | 72 24 26 
=, 10 19 21:=/10 19 seta 19 2) 
| 0 18 Mo) 0 18 1B41) | 0 13 1 
1 9 4 26 | (9 Qt Qhees | 9 et 2 





i 13 1 
los 9 





+9 19 8 | =20-63= — 43. 
13 #41 
496. Consider the determinant 
| a t+pb+ge, 0, & |; 
| +pb+qce, 6, ¢, 
| a,4pb,+ge, b, ¢, 
as in the last article we can shew that it is equal to 
a, b, ¢; |* pb, b, C + qe, b, C, ; 
po, b, Gy qe, b Cc 


b, c¢ gc, 5b, ¢ 


3 é 8 


a, b, ¢, 


a, b, Cy 


a 





pb 
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and the last two of these determinants vanish [Art. 494 Cor.]. 
Thus we see that the given determinant is equal to a new one whose 
first column is obtained by subtracting from the constituents of 
the first column of the original determinant equimultiples of the 
corresponding constituents of the other columns, while the second 
and third columns remain unaltered. 


Conversely, 
a b, 6 |- | a +pb,+qe, pCR Ps 
a, 6, ¢, a,+pb,ige, b, «¢, : 
a, ob, ©, a,+pb,t+ge, b, ¢, 


and what has been here proved with reference to the first column 
is equally true for any of the columns or rows; hence it appears 
that in reducing a determinant we may replace any one of the 


rows or columns by a new row or column formed in the following 
way: 


Take the constituents of the row or column to be replaced, 
and increase or diminish them by any equimultiples of the cor- 


responding constituents of one or more of the other rows or 
columns. 


After a little practice it will be found that determinants 
may often be quickly simplified by replacing two or more rows 
or columns simultaneously: for example, it is easy to see 
that 


a,+pb, b-ge, o, |- | aq b& oy 45 
a, + pb, b, “qe, C, a, b % 
a, +) ,, b, — Je, C, o, b, Cy 


but in any moditication of the rule as above enunciated, care 
must be taken to leave one row or column unaltered. 


Thus, if on the left-hand side of the last identity the con- 
stituents of the third column were replaced by c,+7a,, c,+ra,, 
c,+7a, respectively, we should have the former value in- 
creased by 


a, + pb, b, —qQe, Ta, |, 
a, + pb, h,-—49, ra, 


a,+pb, 6,-qc, ra 
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and of the four determinants into which this may be resolved 
there is one which does not vanish, namely i 


po, —ge, TA, 
pp b, —qe, Ta, 
pb, -qge, 74, 


ixample 1, Find the value of | 29 26 22 


195 B81 27 
68 54 46 
The given determinant 
| 26 ~4h p= -Bxdx | 1 26 st cal 1 26 a 
- 31-4) | -2 81 1) |-3 5 0 
| 54-8 | | 3 b4 2| 1 2 0 | 
=~-+-12/1 1 a ae & | = 182. 
0 -3 5 2° 
0 1 2} 


[iarplanation, In the first step of the reduction keep the second column 
unaltered; for the first new column diminish cach constituent of the first 
column by the corresponding constituent of the second; for the third new 
column diminish each constituent of the third column by the corresponding 
constituent of the second. In the second step take out the factors 3 and 
~4, In the third step keep the first row unaltcred; for the second new row 
diminish the constituents of the second by the corresponding ones of the 
first; for the third new row diminish the constituents of the third by twice 
the corresponding constituents of the first. The remaining steps will be 
easily seen. | 











Example 2. Shew that | @-b-e 2a 2a =(a+b+c)', 
2b b-c-a 2b 
| 2¢ 2c c-a~-b 
The given determinant 
=| athbs¢ atbte a+b+e | =(at+b+e)xK{ 1 1 1 
2b b-c-a 2b 2b b-c~—a4 20 
2¢ 2c c--a—b 2c 2c c-~a~—b 
m(atb+ce)x: 1 0 0 
| 2b —-b-c-a 0 
| Qe 0) -~c-a-b 


m(a+b4+c)x | ~b-c-a 0 pene 
0 -c-a-b 


@ 
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[Ezplanation. In the first new determinant the first row is the sum of 
the constituents of the three rows of the orfginal determinant, the second 
and third rows being unaltered. In the third of the new determinants the 
first column remains unaltered, while the second and third columns are 
obtained by subtracting the constituents of the first column from those of 
the second and third respectively. The remaining transformations are suffi- 
ciently obvious. ] 


497. Before shewing how to express the product of two de- 
terminants as a deterininant, we shall investigate the value of 


4,0, a b,B, + OY; a, + bB, + Os (a, ae dB, + C"Ys 
a,a,+6,B +e,y, @0,+5,8,+¢,y, a,a,+ 6,8, +c¢,y, 
0, + dB, + Cay; 0, a bf, + One a, + 6.8, + CuYs 
From Art. 495, we know that the above determinant can be 
expressed as the sum of 27 determinants, of which it will be 
sufficient to give the following specimens : 
Oe AUG OO, I; ao 68, Ys |> Bit. CONG LB, ’ 
Ga, a, a, aa, OB, ey, aa, cy, OB, 
G0, Aa, 0, Oe, b.B a a OG, OY, bp a | 
these are respectively equal to 
aaa, | a, a, @ }, aBy, | a, b, © |, @By, 1a, ¢, 6 


a, a, tt, a, b, 6, a, ¢, Ob 


| 
a, Mt, a, a, 6, ¢y a, ¢, , 


the first of which vanishes; similarly it will be found that 21 
out of the 27 determinants vanish. Tho six determinants that 
remain aro equal to 


a, 6 «¢, 
(a,B,y, = 0. Bsy, a3 a8, — By, a8 a8. a.3,7,) * , b, Cy 
| Ob, b, C; 


that is, a. Bo ye lei, Be. '\5 


I 
a, B, Ys a, 6, © 
a. B, Ys a, b, Cy 
hence the given determinant can be expressed as the product of 
two other determinants. 


0 
as 


| 
| 


498. The product of two determinants is a determinant. 


Consider the two linear equations 
a,X,+0,X, = of 
a,X,+b,X,=o0f 
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where aed 2 
A, = Bx, + Bx, 
Substituting for .Y, and LY, in (1), we have 
(a,a, me b.B,) x, Bs (@,a, F vB.) Xy = of ae oe eetes (3). 
(4,0, x b,B,) x + (a0, =f b,B,) C= 0 
In order that equations (3) may simultaneously hold for 
values of x, and a, other than zero, we must have 
| aa,+68, uo,+6B, = Ay ieee eaees (4). 
| @,a, + b,B, a0. + 6,8, | 


But equations (3) will hold if equations (1) hold, and this 
will be the case either if 








WW ae whinge seen couuaens (5), 
a, 6, 
or if X,=0 and Y,=0; 


which last condition requires that 





Hence if equations (5) and (6) hold, equation (4) must also 
hold; and therefore the determinant in (4) must contain as 
factors the determinants in (5) and (6); and a consideration of 
the dimensions of the determinants shews that the remaining 
factor of (4) must be numerical ; hence 


ao a, B, | - aa,+ 6,8, Ga, + b,B, 
a, B, | 0. + b,B, M,0., + 6.8, 


1 q a 9 
1 a, &&, ; 


g 2 














the numerical factor, by comparing the coefficients of a,b,a,8, 
on the two sides of the equations, being seen to be unity. 


Cor. 


a ob 


2. | 2 g 
, v= 1 4, +b. aa, +,b, 


2 2 
| + 6,0, a,” + b, 


° 











at, b, 


The above method of proof is perfectly general, and holds 
whatever be the order of the determinants. 


Since the value of a determinant is not altered when we 
write the rows as columns, and the columns as rows, the product 
of two determinants may be expressed as a determinant in 
several ways; but these will all givé the same result on ex- 
pansion. | 
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Example. Shew that A, = By Cy i=pa, ty 21%, 
A, --Bs Cs dy by ¢y 








tho capital letters denoting the minors of the corresponding small letters in 
the determinant on the right. 


Let D, D’ denote the determinants on the right and left-hand sides 
respectively ; then 


=|D 0 0}; [Art. 493.] 


0D O 
0 0 D 


thus 1)D’= D3, and therefore D’ = D°. 


EXAMPLES. XXXIII. a. 


Caleulate the values of the determinants: 
1. 1 1 Lethe 2. 13°616 #19 4. 3, 138° 338) 





3) 37 dd 14. 17 20 30 7 53 

23 26 25 15 18 21 39 9 FO 
4 iah gl. 5, l eS. RF | 4 6. | 1 i 1 

| hb f ~~ 1 v J} lta | 

g fe a i ee f..4 I+y 
7. |u-b b-e e-a |. 8. | b+e a re at 

bee, WEY ae88 b eta db | 

e-a a-—b b—e | o¢ c a+b 


If » is one of the imaginary cube roots of unity, find the value of 





9. 1 ow wo |. 10. 1 ww w |. 
o wo | | o |] w 
w? | w | | wo wo 1 





11. Eliminate 7, m, » from the equations 
at+em+ba=0, d+bmt+an=0. bl+am+en=0, 


and express the result in the simplest form. 
27—-2 
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12. Without expanding the determinants, prove that 








a bej=ly 6 g\=|4 y 2 
voY¥ & uw p pg? | 
pg? ae ane: abe, 


13. Solve the cquations : 
Q)|a@ aoe |j=9. (2) | 15-2v 1 10 = 0. 





momom 11-3e 17 16 
b wi b i Fea It 13 
Prove the following identities : 
14. b+e etu atbl=2,a 0 e€}, 
gtr rtp pq py "| 
| Yts ott U+y an) A 








15. | Loa «| =(b-c)(e~«) (&— 0). 
1b By 
| l ¢ ¢ | 


16.11 2 1 | =e) (e-e) (a— bd) (a+b+e). 


We yt |= (y—2)(o— 2) (wy) Yat ew tay). 
| a2 ay 
| ys ae ey 


b+a -2b bite 


18, ie a+b ate |=4(b+e) (eta) e+). 
pied c+b -2e 


19. (b+¢)- a a = Babe (at-b +e) 
b? (e+a)? b 
a A (ut bP | 
20. Express as a determinant | 0 cb )%, 
c O @ 
ba 0 





21. Find the condition that the equation lc+my+nz=0 may be 
satisfied by the three sets of values (0, By, ©) (Ay, by, Cy) (Gg, bg, C3) 3 
and shew that it is the same as the condition that the three equations 

awthy+ez=0, agrthytez=0, agvt+bay+cye=0 
may be simultaneously satisfied by J, m, n. 
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22. Find the value of 


wW+tr? abtcrn ca—br| x r ¢ =p 
ab~crh Ob? +22 be+ar mp a 
ca+bry be-arn c+? b = xX 


23. Prove that a+tb e+u | x a-ip y—ww |, 
—e+id a~—ib | | —y—é a+7f | 
where ¢=4/—1, can be written in the form 
| A-iB C-wW | ; 
i ~-C-7D A+ibB 
hence deduce the following theorem, due to Euler: 
The product of two sums each of four squares can be expressed as the 
sum of four squares. 


Prove the following identities : 
24, | 1 be+ad b*c?+a*d* 
L catbd ctu? + bed? 

1 ab+ted u’b* + cd? 

sz —(b—v’) (e~ a) (a—b) (a—d) (b—ad) (e~d). 





25, be— a? ca — b* ab — ¢ 
—be+catab be-cat+ab  be+cu-ab 
(a+b) (a+e) (b+e)(b+u) (e+) +b) 
== 8 (b—-e) (e~a) (a—b) (a+b4+e) (be+catab), 


26. | (a-2)? (a-y)*? (a—<) | 
(b—x)? (b=)? (b-2? 
(o-a)? (ey)? (ez) 
=2 (b-c) (e—a) (a—b) (y —2) (2-- 7) (wy). 
27, Find in the form of a determinant the condition that the 
expression 








a? + vB? + wy? + 2u'By + 2v’ya+ 2w'aB 
may be the product of two factors of the first degree in a, B, y. 


28. Solve the equation : 
utaey w+abr vw +ace | =- 0, 
w + abs o+bx uw +bex 
| v+tace w+bex w+er 
expressing the result by means of determinants, 
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499, The properties of determinants may be usefully em- 
ployed in solving simultaneous linear equations. 
Let the equations be 
ae+byt+ez+d,=0, 
ac+by+es+d,=0, 
a,c+byt+ec+d,=0; 


multiply them by A,, —4,, 4, respectively and add the results, 
A,, A,, A, being minors of a@,, a,, @, in the determinant 


DENA Dy. oe, 


The coefficients of y and z vanish in virtue of the relations proved 
in Art. 493, and we obtain 


(a,A,—a,4,+a,A,)e+(d¢,A,—-d,A,+d,A,) = 9, 
Similarly we may shew that 
(6, B, -b,B,4+0,8,) y + (d,B, -d,B,+d,B,) = 0, 
and 
(¢,¢, ~ el, =e ¢,C;) ae (2,0, dC, 2g dC) = 0. 
Now a,A, — aA, a aA, ae. (6,8, a b,B, % b,B,) 
= ¢,C, -_ eC, a oC, re dD; 


hence the solution may be written 








we 7 —y 7 z ~1 
dbo] dq ae] jd ab] ja & 4] 
d, b, ¢, d, a, 6, d, a, 6, a, 6b ¢, 
d, b, C, d, a, C, \ d, @, b 3 a, b 3 C, 

or more symmetrically 

x 7 _ 7 z a —1 

bc, @| ja, ¢ d| fa, 6 ad] la Bb ef" 
b, « ad, a, c, d, a, ob, d, a, 6, c, | 
b, C, d, « Cy d, a, b, d, a, b, Cy 





500. Suppose we have the system of four homogeneous linear 


equati : 
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ae+by+ez+du=0, 
age+by+e72+du=0, 
ae+byt+cz+ du = 0, 
8 + by + €,2% + dat =), 


From the last three of these, we have as in the preceding article 








x 7 4 z —uU 
16. ¢ d,| |G « 4, @. 0, dl Van 6. 6.) 
b, c«, ad, a, ¢, d, a, ob, d, a, ob, ¢, 
b,c, a, a, ¢ d, a, b, d, a, bo ie, 








Substituting in the first equation, the eliminant is 





a, |b, ¢, d,|-b,! a, ¢, d,|+e,| a, b, d,|—d,| a 6, «| ~9. 
b, ¢, d, a,c, d, a, b, d, | a, b, c,, 
b,c, d, ae, d, a, 6, d, | a, b. ¢,| 

This nay be more concisely written in the form 
a b ¢ d, cas 
a, b, ©, d, | 
a, 6, «, d, | 
1a, b, ©, d, 


the expression on the left being a determinant of the fourth order. 


Also we see that the coefficients of a,, 6,, ¢,, d, taken with 
their proper signs are the minors obtained by omitting the row 
and column which respectively contain these constituents. 


501. More generally, if we have » homogeneous linear 
equations 


G2, +52, +60, +... thx, = 0, 
M0, + b,x, + Cw, eels ee kx, = QO, 
G0, +b m+ 6,i, + 00. +kh«=0, 


involving m unknown quantities «,, 7, x,,...%,, these quantities 
can be eliminated and the result expressed in the form 
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The left-hand member of this equation is a determinant which 
consists of 2 rows and 2 columns, and is called a determinant of 
the n™ order. 


“The discussion of this more general form of determinant is 
beyond the scope of the present work ; it will be sufficient here 
to remark that the properties which have been established in the 
case of determinants of the second and third orders are quite 
general, and are capable of being extended to determinants of 
any order. 


For example, the above determinant of the mn" order is 
equal to 


a,4,-bB +¢0,-d,D,+...4+(-1l "RA, 
or a,A,-a,A,+a,4,-a,A,+...+(-1)""a,4,, 


according as we develop it from the first row or the first column, 
Here the capital letters stand for the minors of the constituents 
denoted by the corresponding small letters, and are themselves 
determinants of the (7~—1)™ order, Each of these may be ex- 
pressed as the sum of a number of determinants of the (n— 2)” 
order; and so on; and thus the expanded form of the deter- 
minant may be obtained. 


Although we may always develop a determinant by means of 
the process described above, it is not always the simplest method, 
especially when our object is not so much to find the value of 
the whole determinant, as to find the signs of its several 
elements. 


502. The expanded form of the determinant 


a b, C, 
| a, b, ox 
a, 6b, ¢, 


= a,b,c, — a,b,c, + a,b,c, — a,b,c, + a,b,¢, 


— a,b,c, ; 

and it appears that each element is the product of three factors, 
one taken from each row, and one from each column; also the 
signs of half the terms are + and of the other half —. The signs 
of the several elements may be obtained as follows. The first 
element a,b,.c,, in which the suffixes follow the arithmetical order, 
is positive ; we shall call this the leading element; every other 
element may be obtained from it by suitably interchanging the 
suffixes. The sign + or - is to be prefixed to any element ac- 
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cording as it can be deduced from the leading element by an 
even or odd number of permutations of two suffixes ; for instance, 
the element a,b,c, is obtained by interchanging the suffixes 1 and 
3, therefore its sign 1s negative; the element a,b,c, is obtained 
by first interchanging the suffixes 1 and 3, and then the suffixes 
1 and 2, hence its sign is positive. 


503. The determinant whose leading element is a,b.c.d, sits 
mnzeters be expressed by the notation 


Sv 
X+ a,b,c, ...... ; 


the % + placed before the leading element indicating the aggregate 
of all the elements which can be obtained from it by suitable 
interchanges of suffixes and adjustment of signs, 


Sometimes the determinant is still more simply expressed by 
enclosing the leading element within brackets ; thus (a,.c,d, ...) 


‘ Os 2 es 4 
is used as an abbreviation of } + a,b,c,d rr 


Example, In the determinant («,b,cy7,e,) what sign is to be prefixed to 
the element a,b,c,d,e.? 


From the leading element by permuting the suffixes of a and d we get 
A,beC34,¢,; from this by permuting the suffixes of b and c we have aybyeyd,e,; 
by permuting the suffixes of c and d we have a,b,c,d,e,; finally by permuting 
the suffixes of d and e we obtain the required element a,b,c,d,e,; and since 
we have made four permutations the sign of the element is positive, 


504. Tf in Art. 501, each of the constituents b,, ¢,,... 4, is 
equal to zero the determinant reduces to aA; in other words 
it is equal to the product of a, and a determinant of the (2-1) 
order, and we easily infer the following general theorem, 


If cach of the constituents of the first row or column of a 
determinant is zero except the first, and if this constituent is equal 
to m, the determinant is equal to m times that determinant of lower 
order which 18s obtained by omitting the first column and first 
Tow. 


Also since by suitable interchange of rows and columns any 
constituent can be brought into the first place, it follows that if 
any row or column has all its constituents except one equal to 
zero, the determinant can immediately be expressed as a deter- 
minant of luwer order. 


This is sometimes useful in the reduction and simplification 
of determinants. | 
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FEazample. Find the value of 
830 11 20 88 
6 3 0 9 
11 -2 36 8 
19 6 17 22 


Diminish each constituent of the first column by twice the corresponding 
constituent in the second column, and each constituent of the fourth column 
by three times the corresponding constituent in the second column, and 
we obtain 


8 11 20 5), 
0 3 0 O 
15 -2 36 9 
| 7 #16 17 «#4 

and since the second row has three zero constituents this determinant 
=8 | 8 20 5/=3;8 20 5 |}=3 | 0 oe 
15 36 9 8 19 5 R19 5 | 7 4 
| 


7 17 4 (7 47 4 7 17 4 


505. The following examples shew artifices which are oc- 
casionally useful. 
Example 1. Prove that 
abe Beer ige ear tig ema een hans omen? 
bade 
ec dab 
deba 


By adding together all the rows we see that a+l+c+d is a factor of the 
determinant; by adding together the first and third rows and subtracting 
from the result the sum of the second and fourth rows we see that 
a-b+c-—d is also a factor; similarly it can be shewn that a-b-—c+d and 
a+b-c~—d are factors; the remaining factor is numerical, and, from a com- 
sales of the terms involving a+ on each side, is easily seen to be unity; 

nce we have the required result. 





Example 2, Prove that 
:1 2 1 1 |=(a—b) (a-c) (a-d) (b—-e) (b—d)(c-d). 


| a bed 
ja? BF ¢2 
[a 08 ¢8 @B 


The given determinant vanishes when }=a, for then the first and second 
columns are identical; hence a —~b is a factor of the determinant [Art, 514]. 
Similarly each of the expressions a—c, a-d, b—c, b—d, c—d is a factor of 
the determinant; the determinant being of six dimensions, the remaining 
factor must be numerical ; and, from a comparison of the terms involvin 
a each side, it is easily seen to be unity; hence we obtain the ronired 
r 


o 
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EXAMPLES. XXXII. b. 


Calculate the values of the determinants: 


1, 1 
} 
a 
] 
3. a 
1 
1 
1 
5, 3 
15 
16 
33 
7. | 0 
x 
y 
9. a 
a 
a 
a 
10. 


the square of 


mw Ww WM eK 


oe ae — 


29 
19 
39 


Cc 


tay 


<= 
Tw tS ee 


Oo ax 


av 


b 


a+b 
Q2a+b 
3a+b 


] 
w 
wo” 


w® 


a) 
@ 


@ 


1 


ct 


2 


3 


14 
\7 
38 


atb+e 


3a +26 +0 
6a+t3b+e 


wo 
wo 


@ 


2. 7 13 #10 6 
5 9 FT 4 
8 12 11 7 
14 10 6 8 
4. ;0 1 1 1 
1 b+e oa a 
1 6 e+a b 
1 ¢ @ a+b 
6. l+ua l 1 1 
] 1+b 1 1 
1 1 l+e 1 
1 l 1 l+d 
8. 0 a y 2 
—27 O cob 
-y —¢ O a 
—-z ~b -a QO 
ad 
at+tb+c+d 
4a+36+2c+d 
10a+6b+3c+d 


1 


] 
] 
i 
—2 


If w» is one of the imaginary cube roots of unity, shew that 


iY 
7 
, 


—2 Its 
1 —-2 
] 1 
1 J 


hence shew that the value of the determinant on the left is 3 ./—3. 


(f?— be) «+ (ch) y+ (by — hf) «=, 
(ch — fg) a+ (g*— ca) y + (af — gh) z=0, 


ll. If 


shew that 


(bg — hf) a+ (af—gh)y + (i? - ab) 2=0, 
abe + 2fgh ~ af? — by* ~ ch? =0, 
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Solve the equations : 


12. E+ yt sl, 13. av+ by+ «=A, 
at+ by+ cz=h, arty + cc=k, 
ar + Py + z= he, ar + boy += h%, 
14. Ut yt c+ w=), 


azt+by + «+ du=i, 
det by +024 us he, 
Bet by+ccc+dasus kh. 


15, Prove that 
b+e—-a—-d be-ad be (a+d)- ad (b+e) 
et+a—b-d ca—bd  ca(b+d)—bd (¢+a) 
atb—c-d ab-cd ab(e+d)—ed (a+) 
— -2(b-e) (e—a) (a- b) (a—d) (b- ad) (e—a). 





16. Prove that 
a= a@t—(b-c) be 
be BF -(e-a)* ea 
eo (a—b) ab 


—(b—e) (e~a) (a - b) (atb+e) (a2? +b? 40%), 








17, Shew that 

abede fi-jaB C4, 
J abe de C A B 
je f «bed , COA 
id e f «abe 
ec de fa 
bede fa 

where A =a*—d?42e — Qf, 


B=? —U? +2ac - 2d, 
C=c* —f2+4 2ae— hd. 


18. If a determinant is of the nm order, and if the constituents 
of its first, second, third, ...2 rows are the first 2 figurate numbers of 
the first, second, third, ...1' orders, shew that its value is unity, 


CHAPTER XXXIV. 
MISCELLANEOUS THEOREMS AND EXAMPLES. 


506. We shall begin this chapter with some remarks on the 
permanence of algebraical form, briefly reviewing the fundamental 
laws which have been established in the course of the work, 


507. In the exposition of algebraical principles we proceed 
analytically ; at the outset we do not lay down new names and 
new ideas, but we begin from our knowledge of abstract 
Arithmetic ; we prove certain laws of operation which are capable 
of verification in every particular case, and the general theory of 
these operations constitutes the science of Algebra. 


Hence it is usual to speak of Arithmetical Algebra and Sym- 
bolical Algebra, and to make a distinction between them. In the 
former we define our symbols in a sense arithmetically intelligible, 
and thence deduce fundamental laws of operation; in the latter 
we assume the laws of Arithmetical Algebra to be true in all 
cases, whatever the nature of the symbols may be, and so find 
out what meaning must be attached to the symbols in order that 
they may obcy these laws. Thus gradually, as we transcend the 
limits of ordinary Arithmetic, new results spring up, new Jan- 
guage has to be employed, and interpretations given to symbols 
which were not contemplated in the original definitions. At the 
same time, from the way in which the general laws of Algebra 
are established, we are assured of their permanence and uni- 
versality, even when they are applied to quantities not arithmeti- 
cally intelligible. . 

508. Confining our attention to positive integral values of 
the symbols, the following laws are easily established from a priors 
arithmetical definitions. 
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I. The Law of Commutation, which we enunciate as follows: 
(i) Additions and subtractions may be made in any order. 


Thus a+b—c=a-—-c+b=b-c+a. 


(ii) Madtiplications and divisions may be made in any order. 
Thus axb=bxa; 
axbxe=bxexa@=axcxh; and so on, 


ab-c=axbs+e=(a+¢) xb=(b+e) xa. 


II, The Law of Distribution, which we enunciate as follows: 


Myltiplications and divisions may be distributed over additions 
and subtractions. | 


Thus (a—b+c¢)m=an—bm+em, 
(a — 6) (c —-d)-- ac — ad — be + bd. 
[See Elementary Algebra, Arts, 33, 35.] 


And since division is the reverse of multiplication, the distri- 
butive law for division requires no separate discussion. 


III. The Laws of Indices. 


(i) axa =a", 
a" + aq" -~ a” ", 
(ii) | (a™)* =a", 


[See Elementary Algebra, Art. 233 to 235.] 


These laws are laid down as fundamental to our subject, having 
been proved on the supposition that the symbols employed are 
positive and integral, and that they are restricted in such a way 
that the operations above indicated are arithmetically intelligible. 
If these conditions do not hold, by the principles of Symbolical 
Algebra we assume the laws of Arithmetical Algebra to be true 
in every case and accept the interpretation to which this assump- 
tion leads us. By this course we are assured that the laws of 
Algebraical operation are self-consistent, and that they include in 
their generality the particular cases of ordinary Arithmetic. 


509. From the law of commutation we deduce the rules 
for the removal and insertion of brackets [Hlementary Algebra, 
Arts. 21, 22]; and by the aid of these rules we establish the law — 
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of distribution as in Art. 35. For example, it is proved that 
; (a — b) (c- ad) = ac — ad — be + ba, 


with the restriction that a, 6, ¢, d are positive integers, and a 
greater than 6, and c greater than a. Now it is the province of 
Symbolical Algebra to interpret results like this when all restric- 
tions are removed. Hence by putting @a=0 and c=0, we obtain 
(— 6b) x (—d) = bd, or the product of two negative quantities %s 
positive. Again by putting 6=0 and c- 0, we obtain ax (—-d)=—ad, 
or the product of two quantities of opposite signs is negative. 


We are thus led to the Rule ef Signs as a direct consequence 
of the law of distribution, and henceforth the rule of signs is 
included in our fundamental Jaws of operation. 


510. For the way in which the fundamental Jaws are applied 
to establish the properties of algebraical fractions, the reader is 
referred to Chapters x1x., XXL, and xx. of the Hlementary Algebra ; 
it will there be seen that symbols and operations to which we 
cannot give any @ prvort definition are always interpreted s0 as 
to make them conform to the laws of Arithmetical Algebra, 


511. The laws of indices are fully discussed in Chapter xxx. 
of the Elementary Algebra. When m and n are positive integers 
and 29>, we prove directly from the definition of an index that 


a" x a" ue Fi aia : a” oe a” ae qt (a")" ae a. 


We then assume the first of these to be true when the indices 
are free from all restriction, and in this way we determine mean- 
ings for symbols to which our original definition does uot apply. 


P 
The interpretations for a‘, a°, a7" thus derived from the first law 
are found to be in strict conformity with the other two laws; 
and henceforth the laws of indices can be applied consistently and 
with perfect generality. 


512. In Chapter vi. we defined the symbol ¢ or /—1 as 
obeying the relation 77+—1. From this definition, and by 
making 7 subject to the gencral laws of Algebra we are enabled 
to discuss the properties of expressions of the form a+126, in 
which real and imaginary quantities are combined. Such forms 
are sometimes called complex numbers, and it will be seen by 
reference to Articles 92 to 105 that if we perform on a complem 
number the operations of addition, subtraction, multiplication, 
and division, the result is in general itself a complex number, 
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Also since every rational function involves no operations but 
those above mentioned, it follows that a rational function of a 
complex number is in general a complex number. 


Expressions of the form a‘, log(#+iy) cannot be fully 
treated without Trigonometry; but by the aid of De Moivre’s 
theorem, it is easy to shew that such functions can be reduced to 
complex numbers of the form 4 + iB, 


The expression ¢e**” is of course included in the more general 
form a’*, but another mode of treating it is worthy of attention. 
Ing 


We have seen in Art. 220 that 
ab, n 
e =: Lim (1 A: -) , when 2 is infinite, 
iO 


a being any real quantity; the quantity ¢*” may be similarly 
defined by means of the equation 


. ; x + vy\" oe ace es 
et’ = Tim ( pie ) , When 7 is infinite, 
me 


x and y being any real quantities. Ey 


The development of the theory of complex numbers will be 
found fully discussed in Chapters x. and x1. of Schliémilch’s 
Handbuch der algebraischen Analysis. 


513. We shall now give some theorems and examples illus- 
trating methods which will often be found useful in proving 
identities, and in the Theory of Equations, 


514. To find the remainder when any rational integral function 
of x ts divided by x —a. 


Let f(x) denote any rational integral function of «; divide 
J (#) by « — a@ until a remainder is obtained which does not involve 
x; let @ be the quotient, and 2 the remainder; then 


ST (a) =Q (e-a) + &. 


Since # does not involve x it will remain unaltered whatever 
value we give tox; put w=a, then 


JS (a)=Qx04+K; 
now @ is finite for finite values of x, hence 


R= (a). 
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Cor, If /(«) is exactly divisible by x-a, then #= 0, that is 
J(a)=0; hence ifa rational integral function of x vanishes when 
X= A, it is divisible by x — a. 


515. ‘The proposition contained in the preceding article is so 
useful that we give another proof of it which has the advantage 
of exhibiting the form of the quotient. 


Suppose that the function is of » dimensions, and let it be 
denoted by 


pt” + pe + pao" ? + 9) oe ae a es +9 


n? 


then the quotient will be of 2 — 1 dimensions; denote it by 


ne t n—-3 


Jt +x * + ga caer Sic ua” See 


let # be the remainder not containing v; then 
Poe +p +p + pat tp, 
= (a — a) (Qya"' + qa" 8 + ga" + +g) +e. 
~ Multiplying out and equating the coefficients of like powers of a, 
we have 
Yo = Pos 
YQ, ~ UM = Py» OF J, = AG, + PY, 5 


—~ 49, = Py, OF Y= UM, + Pes 


ewe eee ereee terse eee ese ese eee eee seeases 


R- ay, y= Par OF fi = aq, +23 


thus each successive coefficient in the quotient is formed by 
multiplying by a@ the coetficient last formed, and adding the 
next coefficient in the dividend. The process of finding the 
successive terms of the quotient and the remainder may be 
arranged thus: 


Po P, Py Ps Pat P, 
ag, og, Uf, ad 2 ag, 
TN GW GW mn & 


Thus k=ag,_,+p 0 = 4 (14-2 +P) AP = veveee 


=p" +p,a + pa +... +p. 





If the divisor is +a the same method can be used, only i in 
his case the multiplier is — a. 


H. HA. 28 / 
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» 
Example. Find the quotient and remainder when 82’ ~ x6 + 81a*+21¢+6 
is divided by x + 2. 


Here the multiplier is - 2, and we have 
83-1 0 81 0 0 21 5 
_~6 14 -28 -6 12 -24 6 
8-7 14 3-6 12-38 il 
Thus the quotient is 3.xc%~ 7c5 414244 375 -6274+12r-3, and the re- 
mainder is 11. 


516. In the preceding example the work has been abridged 
by writing down only the coefficients of the several terms, zero 
coefficients being used to represent terms corresponding to powers 
of x which are absent. This method of Detached Coefficients may 
frequently be used to save labour in elementary algebraical 
processes, particularly when the functions we are dealing with 
are rational and integral. The following is another illustration. 


Example. Divide 8.° -— 8x4 — 5x3 + 2627 ~ 33x +26 by x? - 227 - 47 +8. 
14+24+4~—8)3-8- 5+26-33+426(3-2+43 
A tahoe 
~-2+ 7+ 2-33 
B- € 
3+ 6412-24 





Thus the quotient is 327 - 22+38 and the remainder is - 5x +2, 


It should be noticed that in writing down the divisor, the sign of every 
term except the first has been changed; this enables us to replace the process 
of subtraction by that of addition at each successive stage of the work. 


517. The work may be still further abridged by the following 
arrangement, which is known as Horner’s Method of Synthetic 
Division. 

1 3~8— 54+26~334 26 
2 6+12—-24 
4 ~ 4-— 84+16 
—8 6 4-12 ~ 24 
3-2+ 3+ O- 54+ 





[Explanation, The column of figures to the left of the vertical line 
consists of the coefficients of the divisor, the sign of each after the first being 
changed; the second horizontal line is obtained by multiplying 2, 4, -8 
by 8, the first term of the quotient. We then add the terms in the second 
column to the right of the vertical line; this gives — 2, which is the coetl.| 
cient of the second term of the quotient. With the coefficient thus obtained’ 
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Ser 


we form the next horizontal line, and add the terms in the third column; 
this gives 3, which is the coefficient of the third term of the quotient. 


By adding up the other columns we get the coefficients of the terms in 
the remainder. ] 


Example, Divide 6a’ + 5atb — 8a°)? — 6a°b? — Gabs by 203 + 3a7b - b3 
to four terms in the quotient. 


2,64+5-8-6-6 


-8: —~9+048 
0, 640-2 
1 3+0/- 1 


sett Oe 
3—-2-14+0-4 | +114+0-4 
Thus the quotient is 8a?-2ab—0b?-—4a-°bt, and 11b5-4a-*b’? is the 
remainder, 


Here we add the terms in the several columns as before, but each sum has 
to be divided by 2, the first coefficient in the divisor. When the requisite 
number of terms in the quotient has been so obtained, the remainder is 
found by merely adding up the rest of the columns, and setting down the 
results without division. 


The student may easily verify this rule by working the division by 
detached coefficients. 


518, The principle of Art. 514 is often useful in proving 
algebraical identities; but before giving any illustrations of it 
we shall make some remarks upon Synunetrical and Alternating 
Functions. 


A function is said to be symmetrical with respect to its vari- 
ables when its value is unaltered by the interchange of any pair 
of them; thus w+y+2, be+cat+ab, a+y*+2°—aye are sym- 
metrical functions of the first, second, and third degrees respec- 
tively. 

It is worthy of notice that the only symmetrical function of 
the first degree in a, y, 2 is of the form A/ (a+ y+), where MV is 
independent of a, y, %. 


519, It easily follows from the definition that the sum, 
difference, product, and quotient of any two symmetrical expres- 
sions must also be symmetrical expressions. The recognition of 
this principle is of great use in checking the accuracy of alge- 
braical work, and in some cases enables us to dispense with much 
of the labour of calculation. 

For example, we know that the expansion of (w+ y+ 2)* must 
be a homogeneous function of three dimensions, and therefore 
of the form a°+ 4° +2°+ A (ay + xy’ + y%2 + y2" + 20 + 2x") + Boyz, 
where A and B are quantities independent of a, y, 2. 

28—2 
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Put 2=0, then A= 3, being the coefficient of a"y in the ex- 
pansion of (x +y)". 
Put w=y=2=1, and we get 27=3+(3 x 6)+B; whence 
B= 6. 
Thus (w+ y+)" 
=O yt + oF + Baty + day? + dy%s + dy2? + 327a + Baa? + Bayz. 


_ §20. <A function is said to be alternating with respect to its 
variables, when its sign but not its value is altered by the inter- 
change of any pair of them. Thus z-y and 


a (b—c) + B*(e-a) +07 (a—b) 


are alternating functions. 


It is evident that there can be no linear alternating function 
involving more than two variables, and also that the product of 
a symmetrical function and an alternating function must be an 
alternating function. 


521. Symmetrical and alternating functions may be con- 
cisely denoted by writing down one of the terms and prefixing 
the symbol 3; thus Xa stands for the sum of all the terms of which 
a is the type, Sab stands for the sum of all the terms of which 
ab is the type; and so on. For instance, if the function involves 
four letters a, b,c, d, 

Sa=at+b+e+d; 
2ab = ab + ac + ad + be + bd + ed; 
and s0 on. 


Similarly if the function involves three letters a, 6, ¢, 
Za’ (b—c) =a’ (b—c) + B3(c—a)+e(a—b); 
Ya*be = a*be + b'ca + cab; 


and so on. 


It should be noticed that when there are three letters involved 
%a7b does not consist of three terms, but of six: thus 


Sab = ab + alc + b'c + Oa + c¥a + 0%. 


The symbol % may also be used to imply summation with 
regard to two or more sets of letters; thus 


<Zyz (b— 0c) =yz (b —c) + zu (e — a) + wy (a— 4). 
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522. The above notation enables us to express in an abridged 
form the products and powers of symmetrical expressions: thus 


(a+64+c)*= 3a’ + 330% + babe ; 
(o+b+ce+d) = Xa’ + 330%) + 6Xabe; 
(a+b +c)* = da‘ + 430°b + 6307? + 123%; 
Sa x Sa? = Ba? + da’. 


Example 1. Prove that 
(a+b)®—a? - b®=5ab (a-4-b) (a? +4b+ 0%). 


Denote the expression on the left by #; then KE is a function of «a which 
vanishes when a=(; hence a is a factor of #; similarly b is a factor of E, 
Again HE vanishes when a= — b, that is a+b is a factor of #; and therefore 
E contains ab (a+b) as & factor. The remaining factor must be of two 
dimensions, and, since it is symmetrical with respect to a and b, it must be 
of the form Aa?+ Bab+Ab?; thus 


(a+b)5— a — b®=ab (a+b) (da? + Bab + Ad), 
where 4 and B are independent of a and b. 


Putting a=1, b=1, we have 15=24+B; 
putting a=2, b= —1, we have 15=5A -2R; 
whence 4=5, B=5; and thus the required result at once follows. 


Example 2, Find the factors of 
(b° + ¢3) (b-c) + (c8 4- a) (¢ ~ a) + (a3 +03) (a — 8). 


Denote the expression by #; then F is a function of a which vanishes 
when a=b, and therefore contains a—b as a factor [Art. 514]. Similarly it 
contains the factors b-c and c—a; thus # contains (6—c) (c—«) (a—b) aga 
factor. 


* ea Kf is of the fourth degree the remaining factor must be of the 
18, Sa?(b+cjce it is a symmetrical function of a, b, c, it must be of 
. fArt. 518]; 
3 
19, 2 O+2) B=M (b-c) (c-a) (w—8) (a+b+e), 
4° (a-—b)(a- 
nay give toa, b, c any values that we find most con- 
von, 43(b—c)(bing a=0, b=1, c=2, we find M=1, and we have the 
required «: 
Exam ‘ that 


(ety (4b) (= 5 (y +2) (+a) (ety) (ty + e2+yz+ ext ay). 


Denot Pc (%a)3 - (# on the left by E; then # vanishes when y= —z, 
and ther, /2_ ¢)8(b+c factor of E; similarly z+z and 2+y are factors; 
therefor {z+2) (x+y) as atactor. Also since E is of the 
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fifth degree the remaining factor is of the second degree, and, since it is 
symmetrical in x, y, 2, it must be of the form 


A (x? +-y? + 2°) + B (yz+ 20+ ay). 
Put e=y=z=1; thus 10=A+B; 
put e=2, y=1, z=0; thus 835=5442B; 
whence A=B=6, 
and we have the required result. 
523. We collect here for reference a list of identities which 


are useful in the transformation of algebraical expressions; many 
of these have occurred in Chap. xxix. of the Elementary Algebra. 


Bbe(b— ce) - — (b —c)(c-a) (a—d). 

za’ (b —c)- ~(b6-—¢)(c~—a) (a— 5). 

Xa (b° —c*) = (b—e) (c-a) (aD). 

za’ (b —c) =— (b- c) (ec —a) (a—b) (a+b +). 
a+ b°+¢°— dabe=(a+ b+) (a?+b'+c?— be —ca— ad). 


This identity may be given in another form, 
a’ +b? + ¢° — Babe = 5 (a+ b+c) {(b—c)? + (e—a)’+(a—b)’}. 


(b—c)? +(c—«a)' + (a— 6)’ = 3(b—c¢) (ca) (a — 6). 
(a+b+c)*—a’'—b’—c=3(b +c) (e+a) (a+b). 
Zhe (6 + c) + 2abe = (b +e)(e + a) (a+ 6). 
2a"(b +c) + 2abe = (6 +c) (e + a)(a +B). 
(4+6+c)(be+ca+ ab) — abe= (6 +c) (e+ a) (a+b). 
2b%c" + 2c*a? + 2a°b* — a* — bt — ct 


=(at+b+c)(b+e-a)(e+a—h > 


EXAMPLES. XXXIV. a. 


‘ee letters inv’ 


1. Find the remainder when 3° + 1124+ 90.02 ~" thus " ided 


by +5. ob, 
2, Find the equation connecting a and 6 in or 7 summatir 
Qa — T+ an+b 


may be divisible by «x — 3. + wy (a — 6) 
: / ms 


} 
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3. Find the quotient and remainder when 
x — Bat + Oc — 62? —16%+13 is divided by 2? - 3x42. 
4, Find a in order that 23 —72+5 may be a factor of 
wo — M44 — 493 +192? ~—-381v4+12+a. 


Oe expend at — 528 ae +u--8 
terms, and find the remainder. 
Find the factors of 
6. a(b—c8+b(e—apt+e(a— bys, 
7. at (6? — 0?) + 64 (ce? — a®) + c4 (a? ~ 0%). 
8. (at+b+c)3--(b-+e—a)— (e+a-—-bP—(at+b—-c), 
9, a(b—c)?+b(c—«a)?+c¢ (a - b)? + Babe. 
10. a (b'— 4) +b (c§— a) +e (at 0%), 
ll. (be+ca+ aby — 8 - Bad — a3b*. 
12. (a+b+c)'- (b+c)— (c+ a)i--(a+b)t+at+bi+et 
13. (a+b+c)>—(b+ce- a) ~(e+a—b)> — (a+b—-c)’. 
14. (w—a)3(b-e +(e — 0) (e — a+ (2 — c)3 (a — DY, 
Prove the following identities : 
15. Bb6+c—-2s=3 (b+e- 2) (e+a— 2b) (w+ b — vc). 


ODO ox BCS) 4 EO) os. 
OD Cewaoh Ube WeoCly 
2a 2b Qe, (b—e)(e—a) (a—-b) 7 
a+b? bet chat (b¥e)(eta)(atb) 


in descending powers of w to four 


17. 


18. 3a? (b+c) — 2a3—Qabe=(b +e -u) (c+a- b) (a+b ~e). 


a®(b+¢) b3 (c+ a) (ath) 5. 
Mi eho OLN blay Ge 


2. 43(b—c)(b+c—2u)?=93 (b-c)(b+e-—a)*. 

21. (y+2)2 (2+ a) (w+y)? = Sat (y te +2 (Byz)? — Qary2? 

9%, % (ab — c) (ac — b?) = (Xe) (be - Ba’). 

abc (Sa)8 — (Xbe)? = abe a3 — B33 = (a? — be) (48 — eax) (c? — ad). 
3(b—c)8 (b+c—2a)=0; hence deduce 3 (8 — y) (8 +y—2a)8=0. 
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25. (b+c)8+(c+a)3+ (4+ b)*—3 (b+¢) (c+a) (a+b) 
= 2 (a3 +b? +3 — 3abc). 

26. If v=b+c-—a, y=et+a-b, z=a+b-c, shew that 

B+ y+ — 3ryz=4 (a3 +68 + 8 — Babe). 
27. Prove that the value of a?+03+c—3abe is unaltered if we 

substitute s—a, s—b, s—c for a, b, c respectively, where 
38=2(a+b+c). 

Find the value of 





a b c 
8. G=b)(a=0)(@-a) * (b=) (B— a) (@—b) * (=a) (6-6) (@= 0) 
a? — 52 —¢2 $2 2 — q? ec — qt — §2 
29. (a—b) (a0) * (b=) (b-a) * ea) (ED) 
39, (a+r) (a +9) _(b+p) (6+9) __(e+p)(e+9) 
* (a-b)(a—c)(a+z)  (b-c)(b-a) (b+) (c—a) (0-5) (c+) ° 
31 bed 39 at 


Fie Gece Aa ase asdy 


33, Ife+ty+z=s, and wyz=p? shew that 


Saen Bs can ee ak P_*\(P _¥\_4 
ys p/\ss p csp) \.rs op vs p/\ys p 8. 


MIscELLANEOUS IDENTITIES. 


a. 
= i3 


524. Many identities can be readily established by making 
use of the properties of the cube roots of unity; as usual these 
will be denoted by 1, a, w’. 


Example. Shew that 
(a+y)! —a? ~ y= Tay (x+y) (a? + ay ty")? 

The expression, #, on the left vanishes when r=0, y=0, e+y=0; 
hence it must contain zy (v+y) as a factor. 

Putting «= wy, we have 

B= (140)? oF 1p y= {(~ uw) - w? -1p y7 
=(- wo? w~1)y?=0; 
hence EF contains x - wy as a factor; and similarly we may shew that it: 
tains 7—w*y asa factor; that is, # is divisible by 
(2 — wy) (a - w*y), or 27+ 2y+y%. 
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Further, E being of seven, and zy (x+y) (2?+2y+y°) of five dimensions, 

the remaining factor must be of the form A (z?+y) + Bay; thus 
(a+ y)’ - a? — y? =ay (a+ y) (2? + ay +y") (Ax? + Bay+ Ay’). 

Putting z=1, y=1, we have 21=24+B; 
putting g=2, y=—1, we have 21=-54 -23, 
whence A=7,B=7; 

*. (aty) - a? y= Tay (wry) (e+ ay ry’)? 


525. We know from elementary Algebra that 
a+ 6° 4c? ~ 3abe = (a+b+0e)(a? + 0? +c? —be-—cu— ab); 
also we have seen in Ex. 3, Art. 110, that 
a’ +b*° +0 —be —ca—ab= (a+ wb + wc) (a + 0b + we) ; 
hence a’ + b* +c — 3abe can be resolved into three linear factors; 


thus 
a’ +b? +c" — 3abe = (a + b +0) (4 + wb + wie) (& + wb + we). 


Example. Shew that the product of 
a’ +63 +c¢3—3abe and 2+ y3+ 2 — 3xryz 
can be put into the form A?+ B%+4 C3-3ABC. 
The product =(a+6+c) (a+ wh+w°c) (a+ wh + we) 
x (wt+y42) (2+ wy + wz) (2+ wy + wz). 
By taking these six factors in the pairs (a+ b+ ¢) (x+y+2z); 
(a+ wb + wc) (x+w*y+wz); and (a+ w*b + we) (2+ wy + wz), 
we obtain the three partial products 
A+B4+C, A40B4+w°C, A+WB+0l, 
where A=art+byt+ez, B=bat+eytaz, C=cr+ay +t bz, 


Thus the product =(4+B+C) (4+B+-w°C) (4 +°B+wC) 
= 43+ B34 -34BC. 


526. In order to find the values of expressions involving 
a, b, c when these quantities are connected by the equation 
a+6+c=0, we might employ the substitution 


az=h+k, b=wh+0°k, c=a'h+t ok. 


If however the expressions involve a, 6, c symmetrically the 
method exhibited in the following example is preferable. 
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Example. If a+b+c=0, shew that 
6 (a5 + 5 +05) = 5 (a3 + 63 +c?) (a? + 6? 404). 
We have identically 
(1+az) (1+b2) (1+cr)=1+pae+q2x?+rz4, 
where p=atbt+e, q=be+catab, r=abe. 


Hence, using the condition given, 
(1+az) (1+ bx) (1+exr)=14+ gz?+r2°, 
Taking logarithms and equating the coefficients of a", we have 
_ Fyn) 
ci (a” +b" +c”) = coefficient of 2 in the expansion of log (1+ qx°+1x*) 
=coefficient of "in = (qa*+ra*) - : (qa? + rc)? + : (qa? + rra8)3 - .., 
By putting n= 2, 3, 5 we obtain 
a+htc? atte aw tbP+oh 


= ae -=— Yl; 


go 2 3 , 5 





h a® ao ps + ch _ as + b3 ee Pk ve +b? x 
whence é a are gt 
and tho required result at once follows. 
If a=B-y, b=y-a, c=-a-—f8, the given condition is satisfied; hence 


—_— 


we have identically for all values of a, 8B, y 
6 {(B- y)' + (y- a) + (a - B)} 

=5 {(B- y)> + (y—a)§+ (a~B)*} UB- vy)? + (y- 4)? + (a - B)7} 
that is, 
(8 -7)° + (y- a)® + (a~ B)°=5 (8 - y) (y~ a) (a-f) (07+ 8’ + 7? ~ By ~ ya - a8); 
compare Ex. 3, Art. 522. 


EXAMPLES. XXXIV. b. 
l If (a+b+c8 = ++, shew that when » ix a positive 
integer (a+b+c)* 1 gint+l 4 Jen+l + cnt 1 
2. Shew that 
(a+ wb + wc)? + (a+ wb + we)? = (2a — b — ¢) (2b —c—a) (Qe - a —b). 


3. Shew that (7+y)"—«"—y" is divisible by xy (2?+xcy+y?), if 
n is an odd positive integer not a multiple of 3, 


4, Shew that 
a (bz — cy) + 08 (cx ~ az B+ (ay — bax) = Babe (bz — ey) (cx — az) (ay — bar). 
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5. Find the value of 
(b—¢)(e—a) (a— b)+(b— we) (ce — wa) (a — wh) + (6 — we) (¢ — w2) (a — wd). 


6. Shew that (a?+06?+c? -be—ca—ab) (224+ 9? + 2 — yz - 24 — xy) 
may be put into the form A?+ B2+C2— BC-CA— AB. 


7. Shew that (a? + ab+b*) (2?+.2y+7*) can be put into the form 
A24+ AB+ B*, and find the values of 4 and B. 


Shew that 
8. S(a?+ 2bc)3 — 3(a? + 2be) (b? + Qea) (c? + Zab) = (a3 + 63 + &F — Babc)?*. 
9. 3(a?— bc)? — 3 (a? — be) (b? — ca) (c? — ab) = (8 +03 + 8 — 3abc)?. 
10. (a?+6?+c?)342 (be+ca+ab)3 — 3 (a? +b? +c?) (be + ca+ab)? 
= (a+ 034 ~3abc)*, 
If a+b+c=0, prove the identities in questions 11—17. 
11. 2 (at+b44+c4) = (a? +b? +c?) 
12, a5 +554 c= — babe (be+ ca + uh). 
13. af +b9+ co = 3a%bc? — 2 (be +ca+ab). 
14, 3(@?+ 0? +c) (405+) =5 (a8 +53 +c) (at4+b4+c4). 


a+bl+c? G8 thi'te® 24040 
15. aaa aes = a a ‘ ~ 3 — | 


16. (a4 GS)" + ty) =. 


—ce ¢-a a—b 





17. (Bc+c?a+ a2b — 3abc) (be? + ca? + ab? — Babe) 
=(be+ca+ab)' +27a*b%2, 
18, 25 {(y—2)¥ + -2y + @- YY —-2P + @-2P + ey} 
=21 {(y —2)h + (2-2) + (yf? 
19, {(y-z)+(e-v)P+(w—y)yP- 54 (y—2)? @- a) (vy? 
== 2 (y+2—- 2x)? (2+a—- Qy)? (a@t+y — 22z)%, 
20. (b-c+(e—a)'+ (a-b)8 —- 3 (6 —c)? (c— a)? (a— 6)? 
= 2 (a* + b?+¢% — be —ca — ab). 
21. (b-c)i'+(c—a)'+(a- by? 
‘ = 7 (b—c) (ec—a) (a—b) (a? +b? +0? — be — ca — ab). 
22. If a+b+c=0, and r+y+2=0, shew that 
4 (ax + by +028 ~3 (ax + by + cz) (a? +b? +c) (2? +y?+2*) 
~2(b—c) (c—a) (4—b) (y - 2) (2 -@) (@—~y) = d4aberys, — 
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If a+6+c+d=0, shew that 
og CPt at P4e4d Pte ed 
e 5 mee 3 « 2 e 
24, (+63 +03+a")?=9 (bed +cda+dab 4 abc)? 
=9 (be — ad) (ca - bd) (ab — ed). 


25. If2s=a+b+c and 2¢7=a?+6?+c%, prove that 
3 (8 — 6) (8 —e) (02 — a*) + Sabes = (8* — 0?) (48° +07). 


26. Shew that (23+ 6.22y + 3.xy? — ¥7)3 + (43 + 6xry? + 3.2°y — x) 
= 27 ry (ety) (x + ay +y7)%. 
a 
(w—b) (ac) (a—d) 
=a +h? 4+ c4d?4+ub+act+ud +be+ bd+cd. 


27. Shew that 3 ,- 


28. Resolve into factors 
2u2b*e2 + (a3 + 8 +c) ube + B33 + a3 + a8D3. 


ELIMINATION. 


527. In Chapter xxx. we have seen that the eliminant of 
a system of linear equations may at once be written down in the 
form of a determinant. Gencral methods of elimination ap- 
plicable to equations of any degree will be found discussed in 
treatises on tho Theory of Equations ; in particular we may refer 
the student to Chapters rv. and vi. of Dr Salmon’s Lessons [ntro- 
ductory to the Modern Higher Algebra, and to Chap. x11. of 
Burnside and Panton’s Theory of Equations. 


These methods, though theoretically complete, are not always 
the most convenient in practice. We shall therefore only give a 
brief explanation of the general theory, and shall then illustrate 
by examples some methods of elimination that are more practi- 
cally useful. 


528. Let us first consider the elimination of one unknown 
quantity between two equations. 


Denote the equations by /(x)=0 and ¢(«)=0, and suppose 
that, if necessary, the equations have been reduced to a form in 
which J (x) and ¢$(«) represent rational integral functions of 2. 
Since these two functions vanish simultaneously there must be 
some value of « which satisfies both the given equations; hence 
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the eliminant expresses the condition that must hold between the 
coefficients in order that the equations may have a common root, 


Suppose that «=a, w= B, x=y,... are the roots of f(x) =0, 
then one at least of the quantities @(a), (8), $(y), ...... must 
be equal to zero; hence the eliminant is 


(2) p(B) p (y).---. = 0. 


The expression on the left is a symmetrical function of the 
roots of the equation f(x) —0, and its value can be found by the 
methods explained in treatises on the Theory of Equations. 


529. We shall now explain three general methods of elimina- 
tion: it will be suflicient for our purpose to take a simple 
example, but it will be seen that in each case the process is 
applicable to equations of any degree. 


The principle illustrated in the following example is due to 
Kuler. 


Example, Eliminate x between the equations 
ax3+ba®+cr+d=0, fx?+gx+h=0. 


Let 2+k be the factor corresponding to the root common to both equa- 
tions, and suppose that 


av + ba? +er4-d= (a+ k) (aa? +le+m), 
and fort gz+h=(cr+k) (frrn), 
k, 1, m, n being unknown quantities. 
From these equations, we have identically 
(ax? + ba? +en +d) (fx+n) =(ax* + let m) (fer4+-gxth). 
Equating coefficients of like powers of x, we obtain 
fl —an+ag —df=0, 
gl+jfm —bn+ah—-cf=0, 
hl+gm-—cn - af=0, 
hm — dn =0. 


From these linear equations by eliminating the unknown quantities J, m, 
n, we obtain the determinant 


| 7 0 a ag-df |=0, 
g f bo ah-of 
hge -df 

Oh a 0 
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530. The eliminant of the equations f(x)=0, @(x)=0 can 
be very easily expressed as a determinant by Sylvester’s Dialytic 
Method of Elimination. We shall take the same example as 
before. 


Example. Eliminate x between the equations 
ae+be2+cxr+d=0, fart+gr+h=0. 
Multiply the first equation by z, and the second equation by 2 and x? in 


succession; we thus have 5 equations between which we can eliminate the 4 
quantities 24, x°, x*, 2 regarded as distinct variables. The equations are 


ax? + bxy?+ cx+d=0, 


act bet + crt+dr =0, 
fr?+gr+h=0, 
fe+gethr =0, 
Fd + 93 + hin? ==): 
Hence the eliminant is 

0 abe dj\=0. 

abed 90 

00 f gh 

0 f g h O 

fg kh 00 


531. The principle of the following method is due to Bezout; 
it has the advantage of expressing the result as a determinant oi 
lower order than either of the determinants obtained by the pre 
ceding methods. We shall choose the same example as before, 
and give Cauchy’s mode of conducting the elimination. 


Example. Eliminate « betweon the equations 
a + be? +ce+d=0, far+gr+h=0. 


From these equations, we have 


bz? +cr+d 


a 
if gu? + hz 


, 


azr+b_ cx+d_ 


at Ae 


fe+g ha ’ 
whence (ag — bf) 2? + (ah~ cf) « - df=0, 
and {ah — cf) 2°+-(bh-cg - af) x-dg=0. 


Combining these two equations with 
fetgrth= 0, 


he 
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and regarding x? and x as distinct variables, we obtain for the climinant 


f 9 h | =. 
ag — bf ah —ef -~Y¥ 
ah-cf bh-ceg-df -—dg | 


532. If we have two equations of the form ¢, (a, y)=9, 
d, (2, y):: 9, then y may be eliminated by any of the methods 
already explained; in this case the eliminant will he a function of x, 


If we have three equations of the form 
, (x, ¥, 2%) = 9, PAtey-2) as, P(X) Y %) = 9, 


by eliminating z between the first and second equations, and then 
between the first and third, we obtain two equations of the form 


(a, y)=0, yy (a, y) =0. 


If we eliminate y from these equations we have a result of 


the form f(a) = 0. 


By reasoning in this manner it follows that we can eliminate 
m variables between n + 1 equations. 


533. The general methods of elimination already explained 
may occasionally be employed with advantage, but the eliminants 
so obtained are rarely in a simple form, and it will often happen 
that the equations themselves suggest some special mode of 
elimination. This will be illustrated in the following examples, 


izample 1. Kliminate l, m between the equations 
le+my=a, me-—ly=b, P+m?=1. 
By squaring the first two equations and adding, 
Pa? 4+. mex? + m2y? + Py?=a2 +02, 
that is, (72 + m?) (a? + y?) =a? +L; 
hence the eliminant is v+y?=a+b?, 


If 1=cos 6, m=sin 6, the third equation is satisfied identically; that is, 
the eliminant of 
xcon O-+-y sind=a, x sin d-y cos d=b 


is | x? 4 y2= a? +b, 
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Example 2. Eliminate z, y, z between the equations 
y+eaayz, 2+a%=ber, 22+ y%=cry. 


We have WG ge ee ah he Sie 
2 Y tog Y x 
by multiplying together these three equations we obtain, 
2g? ak 2 72 92 
24% +-% + a) “4- “3 +=, + 4 =abe; 
cae | ie oa ia! fool 
hence 2+ (a? - 2)4+ (6? — 2) +(c?- 2)=abe; 


. a74+b% 4¢7- 4=abe, 


Example 8. Eliminate 2, y between the equations 
z?-y=pr-qy, 4ty=qr+py, 2+y=1,. 
Multiplying the first equation by z, and the second by y, we obtain 
B+ Sayt=p (2+ y%); 
hence, by the third equation, 


p=x + 3xy?. 
Similarly qg= 8a7y + y%. 
Thus ptq=(et+y), p-~q=(x-y)'; 
(pt Qh+(p- gia (aty)?+(e-yP 
: H2(e+y"); 


“. (ptg)i+(p—q)i=2. 


Example 4. Eliminate x, y, z between the equations 
y 2 #4, 2 Y 


a ee ia a aa aoe 

z y e.°2 y 2 

u(y? — 2) +y (2? —m") +2 (x?-y’) 
xyz 


_ (¥~2) (@—#) (@—y) 


ye 
If we change the sign of x, the signs of b and ¢ are changed, while the 


sign of a remains unaltered; 
pope Wo ete) ety) 


We have at+b+cz= 


hence a ) 
LYz 
Similarly ppg VO ey) 
xyz ? 
and poppe CaO a ey). 
xyz 
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*: (abd 40) (b4e=e)leta-d (adb+o a4 pn eae 


=- (4-2) @ a\? (ae y\? 
~ Ney x 2 y « 
== — a®h%c?, 


wo. 2b%c? + Wc%a® + Qa2h? — at — b4 ~ ct 4 a7h2e? = O. 


EXAMPLES. XXXIV. c. 


1, Eliminate o» from the equations 
mar—Mmy+a=O0, my+v=0. 


2. Eliminate m, 2 from the equations 
me—myt+ta=0, wWe-ny+a=0, mn+1=0. 


3. Eliminate m, 2 between the equations 
ma—ny=a(nmi—n*), natmy=2Zamn, me+ni= 1, 


4. Eliminate py, g, 7 from the equations 
p+gtr=0, a(gr+rp+pq)=2a-a, 
(pg =); gr=— 1. 
5. Eliminate « from the equations 
ac®—Qa2v+1=0, @+27-8ar=0. 
6. Eliminate » from the equations 
ytme=a(l+m), my—-xe=a(l—m). 
7, Kliminate a, y, < from the equations 
ye=a*, zamb* aysc®, at pyt+etad*, 
8. Eliminate », ¢ froin the equations 
“(ptg=y, p-q=uk(l+pq), tpqg=u. 
9, Eliminate w, y from the equations 
a-y=d, B-#=V, B- P=. 
10, Eliminate x, y from the equations 
aty=sda, a®+y?=b*, at+yt=ct. 
11. Eliminate «, y, z, uv from the equations 
v=by+ez+du, ycz+dutax, 
z=dutarthy, u=axc+by+ez. 
12, Eliminate , 7, z from the equations 
e+yt2=0, wpy?+2=a?, 
B84 y8t8=b8, gh +yh+ bab, 
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13. Eliminate x, 7, z from the equations 


CY a _ rae eae Hao \ (ae \ fg eye 
Fa ae a er b, (+4) % +2) (E+9) C. 


14, Eliminate 2, y, z from the equations 


ar(ybe) yr (eta) Awty) _ vye_ j 
a BB a 





15. Eliminate 2, y from the equations 
A(at+y?)=ac+by, 2(0?-y?)=ar—by, xy=c*. 
16. Eliminate 2, y, z from the equations 
(y+cP=4darys, (2+u)?=4b%er, (at+y)=4erry. 
17. Eliminate x, y, < from the equations 
(ety—z)(a-ytz)=ayz, (yte-—ax) (y - 2+) = ben, 
(z+u-y) (2-et+y)=cxy. 
18. Eliminate x, y from the equations 
vy=a, vlety)=b, 2wt+y=c. 
19. Shew that (2+b+c)3—-4 (b+c) (ec+a) (a+b) +5abe=0 
is the eliminant of 
an? + by* + cet = an + by + cz=ys+20+ry=0, 
20. Eliminate x, 7 from the equations 


ax? 4- by? =ar+ br sh ee, =, 
thytmartby= 2h =e 


21. Shewthat 633+ c°a3+a3b3= 5a2%c? 
is the eliminant of 
ar+yz=be, by+ex=ca, cztry=ab, xyz=abe, 
22, Eliminate x, y, 2 from 
ei+yt+emaety+e=l, 
a b C 
. tr, Y¥—g)= 5-7). 
23. Employ Bezout’s method to eliminate x, y from 
a+ baty+ery?+dy=0, ax+b'ey+cexy+dy=0, 


CHAPTER XXXV, 


THEORY OF EQUATIONS. 


534. In Chap. 1x. we have established certain relations be- 
tween the roots and the coefficients of quadratic equations. We 
shall now investigate similar relations which hold in the case of 
equations of the degree, and we shall then discuss some of the 
more elementary properties in the general theory of equations. 


535. Let p,e"+ pe" + p+. +p, +p, be a rational 
integral function of x of n dimensions, and let us denote it by 
J(x); then f(x) =0 is the general type of a rational integral equa- 
tion of the n™ degree. Dividing throughout by p,, we see that 
without any loss of generality we may take 


a) 


a + ae! + a bo +p, e+p,=0 


as the type of a rational integral equation of any degree. 


Unless otherwise stated the coeflicients »,, p,,...p, will always 
be supposed rational. 


536. Any value of « which makes f(a) vanish is called a 
root of the equation f(a) = 0. 


In Art. 514 it was proved that when f(x) is divid 
%—a, the remainder is f(a); hence if f(x) is divisible © 
without remainder, a is a root of the equation f(z) 


537. Weshall assume that every equation of 
has a root, real or imaginary. The proof of thi 
be found in treatises on the Theory of Equati 
the range of the present work. 
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538, Hvery equation of the n™ degree hasn roots, and no more, 
Denote the given equation by f(x) =0, where 
T(x) = pe" + pr! + pent oe, +p, 


The equation f(x) =0 has a root, real or imaginary; let this be 
denoted by a,; then f(x) is divisible by x—a,, 80 that 


SI (a) = (@— a,) $, (#), 
where ¢, (x) is a rational integral function of m—1 dimensions. 
Again, the equation ¢,(x)=0 has a root, real or imaginary; let 
this be denoted by a,; - then gd, (a) is divisible by «—a,, so that 


p, (x) ce (x ~ a,) ?, (x), 


where ¢,(x) is a rational integral function of n — 2 dimensions, 
Thus S (x) = (a - a,) (w@—a,) $, (x). 
Proceeding in this way, we obtain, as in Art. 309, 


J (2) AG (x = a) (x _ a,) Nig sits (x ~ a,,). 


Hence the equation f(x) =0 has x roots, since f(a) vanishes 
when # has any of the values a,, @,, a,,...4 


Also the equation cannot have more than 7 roots; for if 2 has 
any value different from any of the quantities @,, @,, a@,...¢,, all 
the factors on the right are different from zero, and therefore 
J (x) cannot vanish for that value of a. 


In the above investigation some of the quantities a,, @,, @,,...@, 
may be equal; in this case, however, we shall suppose "that the 
equation has still roots, although these are not all different. 


539. To wvwestigate the relations between the roots and the 
coefficients in any equation. 


Let us denote the equation by 


a" + pe"! + pen? eae +p,_et+p,=9, 
and the roots by a, J, ¢,...... k; then we have identically 
a" + pe) + peat +p, C+p, 


= (%—a) (w—b) (w#—c)......(e—); 
“ance, with the notation of Art. 163, we have 


a" + pat! + pet oe. +p, +p, 
= te Sal + Sate oo. +(—1)'S_ a+ (-1)*8.. 
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Equating coefficients of like powers of x in this identity, 
— p, =, =sum of the roots; 


p,=S, =sum of the products of the roots taken two at a 
time; 


—p,=S, =sum of the products of the roots taken three at a 
time ; 


oer awe seen ae ere renee een ernest eee eons aseseeseresreersrer ort voee ree eseeees seeee 


(—1)"p, --S, = product of the roots. 


lf the coefficient of a" is p,, then on dividing each term by 
py, the equation becomes 


aot Pt gt g Le gene 4 Poet yp Pu Q 
naan : 
Po Po Py Po 


and, with the notation of Art. 521, we have 


? , 
Ps y Po 0 


Example 1. Solve the equations 
rtaytez=a*, w+ by+b'2=b', x+cyt+e%=c', 


From these equations we see that a, b, c are the values of ¢ which 
satisfy the cubic equation 


3 — z0?-yt-x=0; 
hence g=atb+c, y= —(be+ca+ab), r=abe. 


Example 2. If a,b, c are the roots of the equation 23 + p,77+ p.w + py =9, 
form the equation whose roots are a’, b?, c?. 


The required equation is (y—«a*) (y—b°) (y —c*) =0, 
or (x? — a?) (2? — b*) (v2 —c2)=0, if y=2"; 
that is, (a — a) (x - b) (a —c) (w+ a) (a+b) (uv +c) =0. 
But (a —a) (aw — b) (a —c) =a + px? + pot + Pg; 
hence (w+ a) (+b) (2+c) =a - pix? + pot ~ Py. 
Thus the required equation is 
(+ py? + poe + ps) (x? — px" + py - ps) =0, 
or (23 + px)? — (pyx? +py)?=0, 
or a8 + (2p, — p,*) xt + (p.? — 2p, py) 2? — py? =0; 
and if we replace x? by y, we obtain 
y? + (2p, -p,°) y? + (pa? - 2p, Py) y - pyP=0. 
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540. The student might suppose that the relations established 
in the preceding article would enable him to solve any proposed 
equation; for the number of the relations is equal to the number 
of the roots. A little reflection will shew that is this not the 
case; for suppose we eliminate any n-—1 of the quantities 
a, b,c, ...& and so obtain an equation to determine the remaining 
one; then since these quantities are involved symmetrically in 
each of the equations, it is clear that we shall always obtain an 
equation having the same coefficients; this equation is therefore 
the original equation with some one of the roots a, 6, c,...4& sub- 
stituted for «. 


Let us take for example the equation 
c+ pw + pet p,=0; 
and let a, 6, ¢ be the roots; then 
a+b+c=—-p, 
ab+ac+be-- p,, 
abe =: ~ p,. 
Multiply these equations by a’, — a, | respectively and add; thus 
a= —pa'—p.a— pa, 
that is, a’ +p + pat p,=9, 
which is the original equation with @ in the place of a. 


The above process of elimination is quite general, and is 
applicable to equations of any degree, 


541. If two or more of the roots of an equation are con- 
nected by an assigned relation, the properties proved in Art. 539 
will sometimes enable us to obtain the complete solution. 


Example 1. Solve the equation 4x3 ~ 2422+ 232+18=0, having given 
that the roots are in arithmetical progression. 


Denote the roots by a-b, a, a+b; then the sum of the roots is 8a; the 
sum of the products of the roots two at a time is 8a?- 6°; and the product 
of the roots is a (a? - b?); hence we have the equations 

23 9 
3a=6, 3a? ~ B=, a(a?~U)=--; 
from the first equation we find a=2, and from the second b= rs , and 


since these values satisfy the third, the three equations are consistent, 


Thus the roots are - + 2, 7 
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Example 2. Solve the equation 2423 — 14x? - 637+ 45-0, one root being 
ouble another. 


Bae 


Denote the roots by a, 2a, b; then we have 


sa¢bee 2u?+Bub= ~ "0, 2a7b = — 


12° 
From tho first two equations, we obtain 


8a? ~ 2a -3—0; 


3 1 5 25 
a= 0F ~5 and b= 5 or 5° 
. e 1 25 ° 
It will be found on trial that the values a= — 3? b= 19 do not satisfy 
the third equation 2a7b= ~ aa hence we aro restricted to the values 
3 5 
ae ’ b= ~ 3 . 

3 3 9) 

Thus the roots are Z0 9) ys 


542. Although we may not be able to find the roots of an 
equation, we can make use of the relations proved in Art. 539 
to determine the values of symmetrical functions of the roots. 


Example 1. Find the sum of the squares and of the cubes of the roots 
of the equation x —pa*+que—-—r—0, 


Denote the roots by a, b, c; then 
atb+c=p, be-+cat+ab=q. 
Now a? + b?4 ¢§= (a +b+ c)? - 2 (be+ca+ad) 
=p? — 29. 
Again, substitute a, », c for z in the given equation and add; thus 
a+b+e-~-p(a?+b2+0¢%)+¢ (atb+c) -8r=0; 
B+ + =p (p? -- 2g) — pq +r 
=p? — 3pq +3r. 
Example 2, Ifa, b,c, d are the roots of 


e+ pa + qu?+7rx+8=0, 
find the value of Zab. 


We have AADC D Sa D cece cccecccccctaseeeseseens (1), 
ab + ac +ad tbe + bd t+ ch vice cies eee eeeenees (2), 
abe + abd+-acd+bed= - 79 wicca. encased (3). 
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From these equations we have 
— pg = 2a°b + 8 (abc + abd + acd + bed) 
= Za% — 38r; 
*, Mab = 3dr — pq. 


EXAMPLES. XXXV. a. 


Form the equation whose roots are 


1, ae :, + 4/3. 2, 0, 0, 2%, -3, —3. 


3. 2,2, -2, —2, V, 5. 4, a+b, a—b, -a+b, ~a-6, 
Solve the equations: 

5. a4 — 16234 8622 - 1767 4 105=0, two roots being 1 and 7. 

6. 423+ 1627 - 92 -36=0, the sum of two of the roots being zero. 

7. 4234+ 2027 - 232+ 6=0, two of the roots being equal. 


8. 303 -—2627+527-24=0, the roots being in geometrical pro- 
gression. 

9, Qx?—v?—22y-— 24--0, two of the roots being in the ratio of 
3: 4. 


10, 2423+ 4627+ 92-—9=0, one root being double another of the 
roots. 


Il, 824 ~ 223 ~270?4+6274+9=0, two of the roots being equal but 
opposite In sign. 


12, 5423 -— 392°-26x+16=0, the roots being in geometrical pro- 
gression, 


13. 3223 - 48x24221-3=0, the roots being in arithmetical pro- 
gression. 


14, 624 - 2907+ 402? -7x—12=0, the product of two of the roots 
being 2. 


15, at ~225-217?+227+40=0, the roots being in arithmetical 
progression. 


16, 2724 — 19523 + 49427 -520x4+192=0, the roots being in geo- 
metrical progression. 


17, 1825 +812?+1217+60=0, one root being half the sum of the 
other two. 
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18. Ifa, 6, ¢ are the roots of the equation 23 — pz?+g2—r=0, find 
the value of 


ea era 1 1 1 
O atpta: ) yaaa * cage * aie 

19. Ifa, b,c are the roots of 23+qgv+7r=0, find the value of 
(1) (6-c)?+(ce—a)?+ (a - b)*. (2) (b+e)~!+(e+a)—-!4(a+b)-1, 

20. Find the sum of the squares and of the cubes of the roots of 

+ quetreo+s=0. 
21. Find the sum of the fourth powers of the roots of 
B+ qu+tr=0. 

543. Jn an equation with real coefficients tmayinary roots 

occur in pairs. 


Suppose that f(x) =0 is an equation with real coefticients, 
and suppose that it has an imaginary root a+%b; we shall shew. 
that a — 7b is also a root. 


The factor of f(x) corresponding to these two roots is 
(a —a—tb) (wa—a+ib), or (a—a)? +b’, 
Let f(x) be divided by («—a)’+ 6°; denote the quotient by 
Q, and the remainder, if any, by Rw + 2’; then 
JT (#) =@Q {(e@-—a) +O) 4+ Rat hi’. 
In this identity put «= a+b, then f(w)=0 by hypothesis ; also 
(a—-a)? + 6°==0; hence &(a +b) + A’ =0. 
Equating to zero the real and hnaginary parts, 
Rar+k’=0, Rb-0; 
and 6 by hypothesis is not zero, 
. R=0 and A’ = 0. 
Hence /(«) is exactly divisible by (w— a)’ + 0’, that is, by 
(2—a— tb) (w-—a+1b); 
hence «= a—726 is also a root. 
544, In the preceding article we have seen that if the equa-_ 


tion f(a) = 0 has a pair of imaginary roots a = 7b, then (x —a@)* + 6° 
is a factor of the expression f(z). 
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Suppose that a+1b, cid, e+ w,... are the imaginary roots 
of the equation / (x) = a0; and that ¢ («) is the product of the 
quadratic factors corresponding to these imaginary roots; then 

oh (x) = {(x —a)* + b*} f(a —c)? + a} f(a —e)? +g"}.... 
Now each of these factors is positive for every real value of x; 
hence ¢ («) is always positive for real values of a. 


545, Asin Art. 543 we may shew that in an equation with 
rational coefticients, surd roots enter in pairs; that is, if a+ ,/b 1s 
a root then a— ,/b is also a root. 

Example 1. Solve the equation 624 — 1323 — 352° - 27 +3=0, having given 
that one root is 2-,/3. 


Since 2—,/3 is a root, we know that 2+,/3 is also a root, and corre- 
sponding to es pair of roots we have the quadratic factor x? -— Ax +1. 


Also ~ 1323 - 352? — 743 = (x? ~ 4a 4-1) (622+ 11243); 
hence the ae roots are obtained from 
6x7+112+4+3-:=0, or (832+1) (24+3)=0; 
1 


thus the roots are ~ 3) -5 , 2+,/3, 2-/3. 


Example 2. Form the equation of the fourth degree with rational 
coefficients, one of whose roots is Phe e. 3. 


. Here we must have N24 /-3. 3, /2-,/~38 as one pair of tae and 
~ J/2+r/-8, -/2-./—8 as another pair. 


Gericagendie to the first pair we have the quadratic factor x? ~ 2,/2”+5, 
and corresponding to the second pair we have the quadratic factor 


z*#4+2,/2x +5. 
Thus the required equation is 
(2? +2 ,/2x +5) (2? ~2,/2x+5)=0, 


or (x2 +5)? - Bat=0, 
or st 4 2x? + 25=0. 
Example 3, Shew that the equation 
42 Bb | @ BG 
Z—-a x-b' a-c * “£-h ” 





has no imaginary roots, 


If possible let p+ig be a root; then p-iq is also a root. Substitute 
these values for x and subtract the first result from the second; thus . 


A? BR H3 0 
te =a)t+g?” (p- oe git (p-et+g?  *(p— ra a 
which is impossible unless q= 0. 
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546. To determine the nature of some of the roots of an 
equation it is not always necessary to solve it; for instance, the 
truth of the following statements will be readily admitted. 


(i) If the coefficients are all positive, the equation has no 
positive root; thus the equation a° + 2° + 2x”+1=0 cannot have a 
positive root. 


(ii) I£ the coefficients of the even powers of a are all of one 
sign, and the coefficients of the odd powers are all of the contrary 
sign, the equation has no negative root; thus the equation 


oe +? ~ Dot + o® — 307 + Te ~ 5 = 0 
cannot have a negative root. 


(iti) If the equation contains only even powers of aw and the 
coefficients are all of the same sign, the equation has no real 
root; thus the equation 2xv°+ 3x‘+2°+7-:0 cannot have a real 
root. 


(iv) Jf the equation contains only odd powers of a, and the 
coefficients are all of the same sign, the equation has no real root 
except «=0; thus the equation 2° + 2a°+ 3x°+a=0 has no real 
root except x = 0. 


All the foregoing results are included in the theorem of the 
next article, which is known as Descartes’ Rule of Signs. 


547. An equation f{(x)=0 cannot have more positive roots 
than there are changes of sign in f(x), and cannot have more 
negative roots than there are chunyes of sign in f (— x). 


Suppose that the signs of the terms in a polynomial are 
++—-—+—-—-—+-—+-3 we shall shew that if this polynomial 
is multiplied by a binomial whose signs are + —, there will be at 
least one more change of sign in the product than in the original 
polynomial. 


Writing down only the signs of the terms in the multiplica- 
tion, we have 


ee a 
+ — 
t++—-- +--+ —+— 


—-~++—-+4+4+-4+-4 


te 


- hw pe ERM tH + 
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Hence we see that in the product 

(i) an ambiguity replaces each continuation of sign in the 
original polynomial ; 

(ii) the signs before and after an ambiguity or set of am- 
biguities are unlike; 


(iii) a change of sign is introduced at the end. 


Let us take the most unfavourable case and suppose that all 
the ambiguities are replaced by continuations; from (ii) we see 
that the number of changes of sign will be the same whether we 
take the upper or the lower signs; let us take the upper; thus 
the number of changes of sign cannot be Jess than in 


teomet~—--—+4+-4-4, 
and this series of signs is the same as in the original polynomial 
with an additional change of sign at the end. 


If then we suppose the factors corresponding to the negative 
and imaginary roots to be already multiplied together, each factor 
x — dad corresponding to a positive root introduces at least one 
change of sign; therefore no equation can have more positive 
roots than it has changes of sign. 


Again, the roots of the equation /(—«)=0 are equal to those 
of f(x)=0 but opposite to them in sign; therefore the negative 
roots of f(x)=0 are the positive roots of f(—«)=0; but the 
number of these positive roots cannot exceed the number of 
changes of sign in /(— x); that is, the number of negative roots 
of f(x)=0 cannot exceed the number of changes of sign in 
f(a). 


Example. Consider the equation «° + 525 - 234+ 7#+2=0. 


Here there are two changes of sign, therefore there are at most two 
positive roots. 


Again f(- 2)=-—29+52°+ 23-7242, and here there are three changes 
of sign, therefore the given equation has at most three negative roots, and 
therefore it must have at least four imaginary roots. 


” 


EXAMPLES. XXXV. b. 
Solve the equations : 
1, 304-1023 +4 42? -7-—6=0, one root being styo! ee : 


2. 624 — 1325 - 3522-w7+3=0, one root being 2—,/3. 
3. +4425 + 5x24 27 —-2=0, one root being -1+,./-1. 
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4, 24+4234 622+ 47+5-0, one root being /—1, 
5. Solve the Aves vw — aA 4+8e7-9v—-15=0, one root being 
V3 and another 1—2,/-1 


Form the equation of oe dimensions with rational coefficients, 
one of whose roots is 


6. /3+,/-2. 7 -Jf-14+.J/5. 
8. ay Qeuf a2 9, /5+2,/6. 


10. Form the equation whose roots are £4,/3, 542,/—1. 
11. Form the equation whose roots aro 12 ,/—2, 24 /—3. 


12, Form the equation of the eighth degree with rational co- 
efficients one of whose roots is /2+/3+./—1. 


13. Find the nature of the roots of the equation 
30% + 12a? +52 —-4=0. 


14, Shew that the equation 2x7 -a4+423-—5-=.0 has at Jeast four 
imaginary roots. 


15. What may be inferred respecting the roots of the equation 
yl — 476 + 24-27 -38=07 


16. Find the least possible nunber of imaginary roots of the 
equation 29 — 2° + 24+2°+4+1=0. 


17, Find the condition that 3 — px? +qa—r=0 may have 
(1) two roots equal but of opposite sign ; 
(2) the roots in geometrical progression. 


18. If the roots of the equation oe pe ge t9 “+s=0 are in 
arithmetical progression, shew that p>—4pq+8r=0; and if they are 
in geometrical progression, shew that p*s=r*, 


19, If the roots of the equation c* - 1=0 are 1, a, 8, y,..., shew that 
(l—a) (1-8) (1—y)...... =n, 


If a, b,c are the roots of the equation 2 — px? +qv—r=-0, find the 
value of 


20, %a°b?. 91. (b+c)(c+a) (a+b). 
a2 3(7 +5). 23, Xavb, 

If a, b, c, d are the roots of 24+ p23 + gaz*2+r7+8=0, find the value of | 
24, arb, 25. Sa‘. 
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548. To find the value of f(x +h), when f(x) is a rational 
integral function of x. : 
Let f(x) =pye" + pe" + pe? + tpt ps then 
S(at+h)=p,(ar+h) +p, (ath) +p, (a+ hit ice. 
+P, (eth) +p, 
Expanding each term and arranging the result in ascending 
powers of h, we have 
pe + pe + pet tp et pp, 
+h {npye""' + (1-1) pe"? + (n— 2) pa" + tps} 


n~@ 


2 
+ 5 {n(m—1) p,2"* + (ww — 1) (me — 2) pa"? +... + 2p,_o} 


ma (0 — 1) (a — 2)...2. 1p}. 


This result is usually written in the form 


ef 


: h? i} - h' ; 
Leth ay OE ial Cad Byte Je) 
and the functions /"(2), f(a), /’’(a),... are called the first, 
second, third,... derived functions of f(x). 


The student who knows the elements of the Differential Cal: 
culus will see that the above expansion of /(#+h) is only a 
particular case of Taylor's Theorem; the functions jf" (x), f(a), 
J’ (x) may therefore be written down at once by the ordinar 
rules for differentiation: thus to obtain /"(«) from f(x) we multiply 
each term in f(x) by the index of # in that term and then 
diminish the index by unity. 


Similarly by successive differentiations we obtain /’(a), 
Dae Co) eee 


By writing - 4 in the place of 4, we have 
WM an MW mn ale pag 
f(a —h) =f (a) — hf’ (x) +f (*)- 3S (0) +... (1 oS" (@). 


The function f(a+h) is evidently symmetrical with respect 
to wz and i; hence 


f (+h) =f (h) + af” (h) + ‘ SW ct ae (A). 


THEORY OF EQUATIONS, 463 


Here the expressions f"(h), f"(h), f’" (A), ... denote the results 
obtained by writing / in the place of « in the successive derived 


functions f’ (x), f(x), fr" (x),..:. 


Example. If f (x)= 2x4 — 23 - 2”? + 5x -1, find the value of f (x +3). 
Here S (x) = 2a4 — 23 - 2229452 -1, 80 that f (3) =131; 
J! (v) = 82° - 322-4245, and f’ (3)=182; 


” Mt 
f(z) =122? - 32-2, and f7 (8) =O7; 
|2 \2 
fe (a) _ £1" (8) _ 9g. 
B =8x-1, and =a 23 ; 


f(a) 


\4 





Thus S (e+ 3) = 2at + 2323 + 9722 + 182% +4131. 
~ The calculation may, however, be effected more systematically by Horner's 
process, 88 explained in the next article. 
549, Let f(x)=pci+pa" +p e+. +p erp 
put 2=y+h, and suppose that f(a) then becomes 
VS AVY + YEH ADAYA Ms 
Now y=a—h; hence we have the identity 
PX + px 
=q,(c«—h)"+q,(a—h)"'+...+¢,_,(a-h) +9q,; 


w— 1] 


+ p+... +p etn 


n-} 


therefore g, is the remainder found by dividing f(x) by #—h; 
also the quotient arising from the division is 


qy(a— hy)" +q, (7— hye + + $9): 


Similarly g,_, 1s the remainder found by dividing the last 
expression by «—/, and the quotient arising from the division is 
q,(u—h)*? +¢,(e@-h) +... +9,_53 


and so on. Thus g,,9,_,, Y,-,)--- may be found by the rule ex- 
plained in Art. 515, The last quotient is q,, and is obviously 


equal to p,. 
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Example. Find the result of changing x into 2 +8 in the expression 


Here we divide successively by x — 8. 


2 -1 -2 5 —1 Or more briefly thus: 

6 15 89 132 Q .1 -2 5 -1 
5 13 44,131 =4 ? 5 : 
G6 33 138 2 9 13 44] 131 

ll 46 | 182=q, 2 11 46{ 182 
6 651 ; 

TTT 07 = qo 2 17 | 97 
6 2 | 23 

23=q, | y 


Hence the result is 2x4 + 9323 + 97224 18274131. Compare Art. 548. 


: may be remarked that Hornen’s process is chiefly useful in numerical 
work, 


550. If the variable x changes continuously from « to \ the 
Junction £ (x) will change continuously from f(a) to f(b). 


Let c and ¢ +h be any two values of # lying between a and 6. 
We have 
h” 


MeL) WSS O+ +A PO, 


and by taking A small enough the difference between f(c +) and 
J (ec) can be made as small as we please, hence to a small change 
in the variable # there corresponds a smal] change in the function 
J (x), and therefore as x changes gradually from a to 6, the func- 
tion /(7) changes gradually from f(a) to f (0). 


551. It is important to notice that we have not proved that 
J (x) always increases from f(a) to f(b), or decreases from /(a) 
to f(b), but that it passes from one value to the other without 
any sudden change; sometimes it may be increasing and at other 
times it may be decreasing. 


The student who has a knowledge of the elements of Curve- 
tracing will in any particular example find it easy to follow the 
gradual changes of value of f(x) by drawing the curve y = f(a). 


552. If f(a) and f(b) are of contrary signs then one root of 
the equation f(x) - 0 must le between a and b. 


As a changes gradually from a to 6, the function /(«) changes 
gradually from f(a) to f(b), and therefore must pass through all 
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intermediate values; but since f(a) and /(b) have contrary sigus 
the value zero must lie between them; that 1s, f(x) =0. for some 
value of x between a and 6. 


It does not follow that f(x) =0 has only one root between a 
and b; neither does it follow that if f(a) and f(b) have the same 
sign f(x) = 0 has no root between a and b. 


553. Hvery equation of an odd degree has at least one real 
root whose sign ts opposite to that of ats last term. 


In the function f(x) substitute for x the values +a, 0, —0 
successively, then 
f(to)to, S(O)=p,, f(-e)=-ax. 
If p, is positive, then /(x)=0 has a root lying between U and 
~o,and if pis negative f(x) =0 has a root lying between 0 
and +0, 


554, Hvery equation which ts of an even degree aud has tts 
last term negative has at least two real roots, one positive and one 
negative. 


For in this case 


J(+o)=+0, F (0) = Py J(-2)= +0; 
but p, is negative; hence f(a) =0 has a root lying between 0 
and +o, and a root lying between 0 and —o. 


555, Jf the expressions f(a) and f(b) have contrary signs, 
an odd number of roots of £(x)=0 will lie between a and b; and 
if f(a) and f(b) have the same sign, either no root or an even number 
of roots will lie between a and b. 


Suppose that a is greater than 8, and that a, B, y,...x 
represent all the roots of f(x)=0 which lie between a and 6, 
Let $(x) be the quotient when /(a) is divided by the product 


(w—a)(x—B)(a—y)...(e—«); then 
f (2) = (ea) (w —B) (w— y) +. (eK) $2), 
Hence f(a) =(a—a) (a—B) (a—y) ... (a— x) (a): 
f(b) =(6— a) (6 B)(b=7) .». =") 0). 


Now ¢(a) and $(4) must be of the same sign, for otherwise a 
root of the equation ¢(x)=0, and therefore of f(x)=0, would 
lie between a and b [Art. 552], which is contrary to the hypo- 


H. H, A. 30 
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thesis. Hence if f(a) and f(b) have contrary signs, the ex- 


pressions’ 

(a~— a) (a— B) (a—y) ... (a=), 

(b —a) (6-8) (b~y) ... (6x) 
must have contrary signs. Also the factors in the first expression 
are all positive, and the factors in the second are all negative; 


hence the number of factors must be odd, that is the number of 
roots a, B, y,...« must be odd. 


Similarly if f(a) and f(b) have the same sign the number of 
factors must be even. In this case the given condition is satisfied 
if a, B, y,...x are all greater than a, or less than b; thus it does 
not necessarily follow that f(x) = 0 has a root between a and 6. 


556. Ifa, b,c,...4 are the roots of the equation / (x) = 0, then 


J (x) = p,(a— a) (2 — b) (a—c) ... (w—&). 
Here the quantities a, b, c,...% are not necessarily unequal. 
If r of them are cqual to a, s to b, t toc, ..., then 
J (x) = p, (a — a)" (x — bY (x— ce)... 
In this case it is convenient still to speak of the equation 


J(x)=0 as having » roots, each of the equal roots being considered 
a distinct root. 


557. If the equation f{(x)=0 has r roots equal to a, then the 
equation £"(x) =: 0 will have r—1 roots equal to a. 


Let $(x) be the quotient when f(x) is divided by (a—a)’; 
then / (wx) = (x — a)’ (a). 
Write «+h in the place of x; thus 
SJ (a+h)=(e#-at+h) d(ath); 


- f(a) +19 (a) + 5S" (w) + - 


ms {(e-a)" + r(e— as h+ }4o@) + hed’ (x) + 3o"@) + i , 


In this identity, by equating the coefficients of h, we have 
J'(#) = 0 (a2 — a)" p(x) + (a — a)" (2). 


Thus /’(z) contains the factor x-a repeated r—1 times; that 
is, the equation f’ (x)= 0 has 7 — 1 roots equal to a. 


THEORY OF EQUATIONS. 467". 


Similarly we may shew that if the equation /(x)=0 has s 
roots equal to 6, the equation /’(x) = 0 has s—1 roots equal to b; 
and so on. 


558. From the foregoing proof we sce that if f(a) contains 
a factor (a — a)’, then /’ (2) contains a factor (a—a)"~'; and thus 
J (a) and f’(x) have a common factor (a—a)'. Therefore if 
J (x) and f’ (x) have no common factor, no factor in f(a) will be 
repeated; hence the equation {(x)=0 has or has not equal roots, 
according as £(x) and f' (x) have or huve not a common factor 
envolving x. 


559. From the preceding article it follows that in order to 
obtain the equal roots of the equation f(x) = 0, we must first find 
the highest common factor of f(x) and /"(x). 


Example 1. Solve the equation 2'— 11z?+ 442" ~ 762+48=0, which has 
equal roots. 


Here Sf (w) =a — 11a} + 440° — 76x + 48, 
J’ (x) = 403 — 3327+ 88x - 76; 


and by the ordinary rule we find that the highest common factor of f (x) and 
J’ (#) isx-—2; hence (x — 2)? is a factor of f(x); and 


S (x) = (a -- 2)? (a? ~ Te + 12) 
= (e~ 2)? (w—8) (a4); 
thus the roots are 2, 2, 3, 4. 
Ezrample 2. Find the condition that the equation ax + 36x? + 3cex+d=0 
may have two roots equal. 
In this case the equations f(x)=0, and f’ (x)=0, that is 
and + Bbx? + Bem t+ M=0 cece ee eee (1), 
Ge? $b Bho OO sicscepantis apsnandieavens (2) 


must have a common root, and the condition required will be obtained by 
eliminating x between these two equations. 


By combining (1) and (2), we have 
be? Pee AO pia cue knee i ees evan een (3). 
From (2) and (3), we obtain 
A ee ee 
2(bd—c?) be-ad 2 (ac-—0*)’ 
thus the required condition is 
(bc ~ ad)? = 4 (ac — b*) (bd - c*). 
| 30—2 
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560. We have seen that if the equation /(x) = 0 has r roots 
equal to a, the equation /”(2) =0 has x—1 roots equal toa. But 
J'’'(x) is the first derived function of f(x); hence the equation 
Yi = 0 must have r—2 roots equal to a; similarly the equation 
i’ (x) =0 must have r—3 roots equal to a; and so on. These 
considerations will sometimes enable us to discover the equal 
roots of (2) = 0 with less trouble than the method of Art. 559. 


561. Jf a,b, ¢,...k are the roots of the equation f(x) = 0, to 
prove that 


£"(x) aoe Be al 3h en: 
We have f(x) =(%—«a) (w—b) (%—c)... (e—h); 


writing «+ in the place of x, 


S (ath) =(x-ath)(a-b+h)(e—c+h)... (a—-k+h)... (1). 
But Ses =f (@) +19 (a) +5 P'() + 03 


hence /'(x) is equal to the coefficient of 2 in the right-hand 
member of (1); therefore, as in Art. 163, 


J’ (x) = (a-b)(a—c) ... (@— hk) + (w—a)(a—e) ... (wk) + 2.5 
that is, Pay 2 pt A), , F(#) 


a-a w£-b6 w-ce —' w—k 


562. The result of the preceding article enables us very easily 
to find the sum of an assigned power of the roots of an equation. 


Example, If S, denote the sum of the k* powers of the roots of the 
equation 254+ part +qa7+t=0, 
find the value of S,, S, and S_,. 


Let SJ (a) = 254+ pat + qa2+t; 
then J! (x) = 524 + 4px + 2ge. 
Now LA) cots (+p) x3 4+ (a2 + ap) a+ (a3 +a2p+q)at+at+a®p+aq; 


and similar expressions hold for 


fe) fe) fe) fe) 


eran 


a-b’' x-c’ g-d’ xr-e 


° 
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Hence by addition, 
Bat + Apad + 2qa= bat + (8, + 5p) a+ (Sy+p8,) 2° 
+(S3+pS.+5q) e+ (S,+p5,+q8)). 
By equating coefficients, 
S,+5p=4p, whence S,=- p; 
SotpS,=0, whence S,=p?; 
S,+pS,+5q=2q, whence S,=~— p?-—3q; 
S4+pS,+q5;=0, whence S,=p*+ 4pq. 
To find the value of S, for other values of k, we proceed as follows. 


Multiplying the given equation by 2*-5, 
att +- pat) 4. qat-3 + tat-5 = 0, 
Substituting for x in succession the values a, b, c,d, e and adding the 


results, we obtain Spt pSp_1 + WSa_g + t8,_,=0. 
Put k=5; thus S,+pS,+ qSo+ 5t=0, 
whence S,= —p®— 5p*q— 5t. 
Put k=6; thus Sgt pS5+ gS, + t5,=0, 
whence S,=p* + Opty + 3q? + pt. 


To find S_,, put k=4, 8, 2, 1 in succession; then 
S,+pS,+qS,+tS_,=0, whence S_,=0; 


S,+pS_+5q+tS_.=0, whence S_,= - 4 . 
So+pS,+qS_,+tS_,=0, whence S_,=0; 
2q? . 4p 


S,+5p+qS_,+tS_,=0, whence S_4= Fr t 


563, When the coefficients are numerical we may also pro- 
ceed as in the following example. 


Example. Find the sum of the fourth powers of the roots of 
x3 — Qe? +-—-1=0, 
Here S (x) = 08 — 2x? + 4-1, 
S? (x) = 82? -4e+1. 
f(@) 1 1 


Also f(e) e-a*z-d x-~e 


Fy Gare ae 
TN ge gt T gS Te Te 


8. 8, SS. 
A aA reed 2d oe 
state t st. 
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hence S, is equal to the coefficient of 5 in the quotient of f’ (x) by f(z), 


which is very conveniently obtained by the method of synthetic division as 
follows : 
1;3~-44+1 
2 6-843 
-1 4-2+ 2 
1 4—- 242 
10-5+5 


34242454104... 


. . 3s 2 2 § 10 
Hence the quotient is — + -5 + — +--+ ot... : 
a ee gw gh oh 


thus S4 —_ 10. 


EXAMPLES. XXXV. c. 


If f(x) = «4 4.1023 + 3927 + 76x + 65, find the value of f(x — 4). 
If f(a) = a4 — 12234174? -9x+-7, find the value of f(2 +3). 

If f (wv) =2Qxt—- 132? + 102-19, find the value of f(v +1). 

If f(r) = 24 + 1623 + 72? + 642 — 129, find the value of f(a — 4). 
» If f(c)=ar8 +b25 + ca+d, find the value of f(a +h)—f(a#—h). 


ae 


om fe 


. Shew that the equation 1027 -1722?+74+6=0 has a root 
between 0 and — 1. 


7. Shew that the equation 24 —- 529+ 322+ 352 —70=0 has a root 
between 2 and 3 and one between —2 and — 38. 


8. Shew that the equation wv! — 127?7+127—3=0 has a root 
between -—3 and - 4 and another between 2 and 3. 


9. Shew that 25+ 524 — 20x*— 19% ~2=0 has a root between 2 and 
3, and a root between —4 and — 5, 


Solve the following equations which have equal roots: 

10. 24~-9x?+4x74+12=0. ll, a~6273 +120? -1074+3=0. 
12, 2° — 1324+ 6723 —17122+ 2167-108 =0. 

13, 2 —a3+4027-374+2=0. 14, 8et+403- 1829+ 11e—2=:0, 
15, 2° - 325 + 623 — 32? -3x+2=0. 

16, 2 —Qa> — 4a + 1225 — 3x2 - 187+ 18=0. 

17. w—(a+b) 23 —a(a- 6) ct+a? (a+b) x-—a%=0, 
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Find the solutions of the following equations which have common 
roots : 


18, eg 4g — 223 +32 -9=0. 
19, 4244-12-22 -1l5r=0, 6ct+1323 - 47? -15r=0. 
20. Find the condition that 7*—p2?+r=0 may have equal roots. 
21. Show that 2*+¢2?+s=0 cannot have three equal roots. 
22. Find the ratio of b to @ in order that the equations 
a +be+a=0 and 23 — 222420 -1=0 
may have (1) one, (2) two roots in common. 
23, Shew that the equation 
x + nar—ltn (n—1)ur-F+...4+ |w=0 
eannot have equal roots. 


24, If the equation 2’ — 10a%z?4- 647+ =0 has three equal roots, 
shew that abt — 9a°+c=0, 


25. If the equation 2*+aa7+bx?+cr+d=0 has three equal roots, 
ap ab 


shew that each of them is equal to < arn 


26. If 2°+923+77°+t=0 has two equal roots, prove that one of 
them will be a root of the quadratic 


L5ra? — 6920 + 25t — 4gr=0. 
27. In the equation 2? ~7—1=0, find the value of SS,. 


28. In the equation #t-— 2 -%2?+7c+6=0, find the values of S, 
and S,. 


TRANSFORMATION OF EQUATIONS. 


564, The discussion of an equation is sometimes simplified 
by transforming it into another equation whose roots bear some 
assigned relation to those of the ene proposed. Such transforma- 
tions are especially useful in the solution of cubic equations. 


565. To transform an equation into another whose roota are 
those of the proposed equation with contrary signs. 


Let f(x) = 0 be the proposed equation. 


Put —y for x; then the equation f(—y)=0 is satisfied b | 
every root of (e) = with its sign changed ; as the requi 
equation is f(- y) = 
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If the proposed equation is 


Pa" + py! + pert eee +p, e+p, =0, 


ro) 
then it is evident that the required equation will be 
Py" py + py re + (I pay + YP, 0, 


which is obtained from the original equation by changing the 
sign of every alternate term beginning with the second. 


566. Zo transform an equation into another whose roots are 
equal to those of the proposed equation multiplied by a given 
quantity. 


Let f(x) - 0 he the proposed equation, and let g denote the 
given quantity. Put y= ga, so that v= a then the required 


equation is f (%) =), 


The chief use of this transformation is to clear an equation of 
fractional coefficients. 


Example. Remove fractional coefficients from the equation 


De i 8 


D3 _ pan 
2Qr ot yg @t7g=% 


16 
Put raf and multiply each term by g?; thus 
8 1 3 
Ss Haid we ne Po 
ay 5 IY BTU t pV =O. 


By putting q=4 all the terms become integral, and on dividing by 2, 
we obtain 
y® — 8y? -y +6=0. 


567. Zo transform an equation into another whose roots are 
ihe reciprocals of the roots of the proposed equation. 


rod 


Let f(x)=0 be the proposed equation; put y == 9 80 that 
= ; ; then the required equation is / -) = 
One of the chief uses of this transformation is to obtain the 


values of expressions which involve symmetrical functions of 
negative powers of the roots, 
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Example 1, Ifa, b, ¢ are the roots of the equation 


we — par +gqxu—-r=0, 


1 1 #1 
find the value of atpta , 
Write ; for r, multiply by y%, and change all the signs; then the re- 
sulting equation ry’ — qy? + py -1=0, 
has for its roots : , 2 ; : ‘ 
a’ b’c¢ 
hence eo7. eee 
a ab 
= i = q? — 2pr . 
a r 


Example 2. If a, b, ¢ are the roots of 
| 3 +. Qo? — 34 —~1=0, 

find the value of a3 + b-3 + 6-4, 

Writing 4 for x, the transformed equation is 

: y® + By? - 2y-1=0; 

and the given expression is equal to the value of S, in this equation. 

Here S,= ~-3; 

S,=(-—3)?-2(-2)=13; 

and S, +88, -25,-3=0; 
whence we obtain S,= ~ 42. 


. s e « 1 e 
568. Jf an equation is unaltered by changing « into —, it 
a 
is called a reciprocal equation. 


If the given equation is 


1 am pw +p ge" + ee a +P), gt" + P,—1™ +), es 0, 


the equation obtained by writing > for a, and clearing of fractions 
is | 
px" + pe +p oe +t tpt pet 1 =0. 
If these two equations are the same, we must have 


Pu- P, pP 1 
aaa P=? us Poa 5? Piao Pap? 


from the last result we have p,=«1, and thus we have two | 
classes of reciprocal equations, | 
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(i) If p, =1, then 


P, =Py-y Pa Prya-a Ps Pr~ss venes ) 


that is, the coefficients of terms equidistant from the beginning 
and end are equal. 


(ii) If p, =—-1, then 
P= Pye yy Lee Pa P39 ee esate ; 


hence if the equation is of 2m dimensions p,=:—p,, or p, = 0. 
In this case the coefficients of terms equidistant from the begin- 
ning and end are equal in magnitude and opposite in sign, and 
if the equation is of an even degree the middle term is wanting. 


569. Suppose that f(a) = 0 is a reciprocal equation. 


If f(x)=0 is of the first class and of an odd degree it has a 
root —1; so that f(x) is divisible by «+1. If ¢(x) is the 
quotient, then ¢ (a) = 0 is a reciprocal equation of the first class 
and of an even degree. 


If f(r)=0 is of the second class and of an odd degree, it 
has a root +15 in this case f(r) 1s divisible by a-—1, and as 
before ¢ (x) = 0 is a reciprocal equation of the first class and of 
an even degree. 


If f(x)=0 is of the second class and of an even degree, it 
has a root +1 and a root —1; in this case f(a) is divisible by 
x’? ~1, and as before ¢(x) =0 is a reciprocal equation of the first 
class and of an even degree. 


Hence any reciprocal equation is of an even degree with 
ita last term positive, or can be reduced to this form; which may 
therefore be considered as the standard form of reciprocal 
equations. 


570. <A reciprocal equation of the standard form can be re- 
duced to an equation of half its dimensions. 


Let the equation be 
aa + bar) + cat that... tee + bet a=0; 


lividing by a” and rearranging the terms, we have 


a(o" +=) +5 (e+) +¢€ (w+ a) + . tk=0O, 
x x a 
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1 1 1 = 1 
ean (ee) (e8)- (eed) 


es a 1 . e e e 
hence writing z for 2+ -—, and giving to p in succession the values 
x 


1, 2, 3,... we obtain 


at + — = 2 (2"— 32) — (2? - 2) = ot — 40° + 2; 


» 


& 


2 l e ° e . 
and so on; and generally «2"+ — is of m dimensions in z, and 


mn 


2 
therefore the equation in z is of m dimensions, 


571. To find the equation whose roots are the squares of those 
of a proposed equation. 


Let /(a)=0 be the given equation ; putting y=", we have 
x= ,/y; hence the required equation is f(,/y) = 0. 


Example. Find the equation whose roots are the squares of those of the 
equation 8 + p27 + pox + p,=0. 
Putting «=,/y, and transposing, we have 
(Yy +Po) Jy = -—(Piy + Ps) 5 
whence (y? + 2pay + po?) y=py°y? + 2p, Dyy + Ps”, 
or y? + (2pq— p,*) y? + (py? — 2p, P3) y ~ py? =O. 
Compare the solution given in Ex, 2, Ayt. 539. 


572. To transform an equation into another whose roots 
exceed those of the proposed equation by a given quantity. 


Let f(x) =0 be the proposed equation, and let h be the given 
quantity; put y=a+h, so that w=y—h; then the required 
equation is f(y—h) =0. | 


Similarly /(y+)=0 is an equation whose roots are less by 
k than those of f(x) = 0. 
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Example. Find the equation whose roots exceed by 2 the roots of the 
equation dot + 3223 + 83224 762 +21=0. 


The required equation will be obtained by substituting 2-2 for x in the 
proposed equation ; hence in Horner’s process we employ «+2 as divisor, 
and the calculation is performed as follows: 


4 32 83 76 21 


4 2% 385 #6 {9 
4 1% 8 4|0 

4 8 {-18 

4 10 

4 


Thus the transformed equation is 
4x4—182°+9=0, or (422-9) (2?-1)=0. 


: : 8 
The roots of this equation are +., 


9° ~ 9? +1, —1; hence the roots of 


the proposed equation are 


573. The chief use of the substitution in the preceding 
article is to remove some assigned term from an equation. 


Let the given equation be 


Pet pa + part tp, et p,=9; 


then if y =a—-—, we obtain the new equation 


Plyth) +p (ythy +p (ythy r+ ...tp,=0, 
which, when arranged in descending powers of y, becomes 


—1 
pap + (npr pyr +f a] 2) py +(n~-1) ph +p,byt+...=0. 


If the term to be removed is the second, we put np,i + p, = 9, 


so that h = — bes ; if the term to be removed is the third we put 
0 
n(n—] 
oo pi't+(n—1)ph+p, = 0, 
and so obtain a quadratic to find 4; and similarly we may remove 
any other assigned term. 
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Sometimes it will be more convenient to proceed as in the 
following example. 


Example. Kemove the second term from the equation 
pe +qri+rz+3=0. 


J 


Let a, 8, y be the roots, so that a+B+y= — Then if we increase 


each of the roots by 3p" in the transformed equation the sum of the roots 


will be equal to ate that is, the coefficient of the second term will 


be zero, 


Hence the required transformation will be effected by substituting « - 


for x in the given equation. 


574, From the equation /(v)=0 we may form an equation 
whose roots are connected with those of the given equation by 
some assigned relation. 


Let y be a root of the required equation and let $(a, y)=90 
denote the assigned relation; then the transformed equation can 
be obtained cither by expressing x as a function of y by means 
of the equation ¢ (x, y)=0 and substituting this value of a in 
Jf (*)=0; or by eliminating 2 between the equations f(x) =0 


and ¢ (a, y) =0. 


Example 1. If a, b, c are the roots of the equation 23+ pzr°+qr+r=0, 
form the equation whose roots are 


es Be en Guu 
be? ea?” ab" 
When z=a in the given equation, y=a— = in the transformed equation ; 
] a a 
si Oo ae =e 


and therefore the transformed equation will be obtained by the substitution 
x ry 
yas or 7=iar? 
thus the required equation is 
ryi+pr(ltr)yt+g(l+rfy+(lti= 

Example 2. Form the equation whose roots are the squares of the 

differences of the roots of the cubic 
w+ or+r=0. 

Let a, b, ¢ be the roots of the cubic; then the roots of the required 

equation are (b-c)?, (c-a)*, (a-b)% 
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Now (b — c)?=b? + 8 — 2be= =a? + B46 a? 7A 


2abe 


=(a+b+c)?- 2 (be+ca+ab) — a?- H 


2r 
Ope ata Los 
Oe 


also when xc—a in the given equation, y—(b—c)? in the transformed 
equation ; 


y=-2q- 27+ = 
Thus we have to eliminate x between the ue 
x+qu+r=0, 
and a+ (Q¢ + y) rv -2r=0. 
‘ 3r 
By subtraction (q+y)c=8r3 or v= on 


Substituting and reducing, we obtain 
y® + 6qy? + 9q2y + 27r? + 48 =0. 
Cox. Ifa, b,c are real, (b —c)?, (c —a)?, (a— 5)? are all positive ; therefore 
27r? + 4q3 is negative. 
Hence in order that the equation 23+ qz-+-r=0 may have all its roots 


~\ 32 3 
real 27r2+ 4,3 must be negative, that is i) + G must be negative. 


If 27r?+4q3=0 the transformed equation has one root zero, therefore 
the original equation has two equal roots, 


If 27r24 4q3 is positive, the transformed equation has a negative root 
[Art. 553], therefore the original equation must have two imaginary roots, 
since it is only such a pair of roots which can produce a negative root in 
the transformed equation. 


EXAMPLES. XXXV. d. 


1. Transform the equation «? ~42?+ a ==0 into another with 


integral coefficients, and unity for the coefficient of the first term. 


2. Transform the equation 3.c!- 503+.2?-w+1=0 into another 
the cocfficient of whose first term is unity. 


Solve the equatious : 
3. Qt+23-Gr?4+u4+2=0. 
4, a*-—10x75 + 262° -107+1=0., 
§. 2 - 5244928 - 9772 + 527—-1=0. 
6, 42° — 2475 + 6724 — 7323 + 5747 ~-24v+4=0, 
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‘7. Solve the equation 325 — 222%+ 48% —32=0, the roots of which 
are in harmonical progression. 


8, The roots of 23~112?+36c-36=0 are in harmonical pro- 
gression; find them. 


9. Ifthe roots of the equation a3 — av? +v—b=0 are in harmonical 
progression, shew that the mean root is 30. 


10. Solve the equation 4021 — 2223 — 214?4+2u+1=0, the roots of 
which are in harmonical progression, 


Remove the second term from the equations : 
ll. 2 62?+102-—3=0. 

12, «4+ 403+ 2a7-— 42 —2=0. 

13, 294+ 5044303 4-2? +4-—-1=0. 

14. #6 — 12054327 - 1744+ 300=0. 


: xv 3 ; 
15. Transform the cquation ws — 7 *- 7 =0 into one whose roots 


exceed by 5 the corresponding roots of the given equation. 


16. Diminish by 3 the roots of the equation 
a — 4a4 + 802 - 404+ 60. 
17. Find the equation each of whoxe roots is greater by unity 
than a root of the equation z — 527+ 6x7 -3=0. 
18. Find the equation whose roots are the squares of the roots of 
A+ 3 + Qrt + + 1=0. 
19. Form the equation whose roots ure the cubes of the roots of 
24+ 3a°4+2=0. 
If a, b,¢ are tho roots of 2+qv+r=0, form the equation whose 
roots are 


20. kam}, kb-4, ken, 21, be’, ea’, a®b’. 


b+e c+a ath ee 1 
22. re ee ar ae 23. be+=, COTS ab + 
24, «a(b+c), b(ct+a), c(a+b). 25. a’, b,c’. 
b ¢ ¢€, a@aa,b 
eG hha oh ba 


97, Shew that the cubes of the rvots w+ act+ba+ab=0 are 
given by the equation 23 + a%x? + bz + a3b3= 


28. Solve the equation 25 —dxt~ 523+ en +41 —-20=0, whose 
roots are of the form a, —a, b, —b, ¢. 

28, If the roots of 2°+3p2°+3qu+r=0 are in harmonical ag 
gression, shew that 2g°=r (3pq~7). 
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Cusic Equations. 


575. The general type of a cubic equation is 
a? 4. Pa? + Qa + Fe =: 0, 
but as explained in Art. 573 this equation can be reduced to the 


simpler form x + qa+7 = 0, 
which we shall take as the standard form of a cubic equation. 


576, To solve the equation 2’ +qa+7r-- 0. 


Let w-~y+e2; then 
aye +a t+ bye (ytsy=y +2? + dyza, 
and the given equation becomes 
y+ + (Bye+q)a+r=0. 


At present y, ~ are any two quantitics subject to the con- 
dition that their sum is equal to one of the roots of the given 
equation; if we further suppose that they satisfy the equation 
3yz+q=0, they are completely determinate. We thus obtain 

3 
y+ =, yo = on 5 


hence y’, 2° are the roots of the quadratic 
3 


ry Aaa. Gee 
Uf 4 7t a7 Q. 


Solving this equation, and putting 


On a gy 
jent a ee i areas sae, 6:8 ob seneietoconera:eughiine (1), 
3 


r rg 
w oe ery es ieee caer er een tsenar (2), 


~ 


we obtain the value of x from the relation «= y+; thus 
] 


_.5 Sasa Ma ae 

sr r gl . ne qg*\* 

on{ San/ te gh aft o+ ot. 
The above solution is generally known as Cardan’s Solution, 
as it was first published by him in the Ars Magna, in 1545. Cardan 


obtained the solution from Tartaglia; but the solution of the 
cubic seems to have been due originally to Scipio Ferreo, about 
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1505. “ An interesting historical note on this subject will be 
found at the end of Burnside and Panton’s 7heory of Equations. 


577. By Art. 110, each of the quantities on the right-hand 
side of equations (1) and (2) of the preceding article has three 
cube roots, hence it would appear that x has nine values; this, 
however, is not the case. For since yz =-%, the cube roots are 
to be taken in pairs so that the product of each pair is rational. 
Hence if y, z denote the values of any pair of cube roots which 
fulfil this condition, the only other admissible pairs will be 
wy, wz and w’y, wz, where w, w” are the imaginary cube roots of 
unity. Hence the roots of the equation are 


YR, wYtw%, wy + we. 
Example. Solve the equation x% -- 15a = 126. 


Put y +2 for a, then 
y+ 284 (Byz—15) c= 126 ; 


put 3yz—15=:0, 
then y? + 28= 126 ; 
also yz = 125 ; 


hence y’, 2? are the roots of the equation 
t?-126t+125=0; 
y®=125, =1; 
y=5, z=1, 
Thug y+z=54+1=6; 
wy + ws = mee ts Bs =! ee 


=—3+42 J/-3; 
wy + wz — 3-2,/-3; 
and the roots are 6, -3+2,/-8, -3-2,/-3. 


578. To explain the reason why we apparently obtain nine 
values for 2 in Art. 576, we observe that y and z are to be found 


from the equations 7° +2°+r=0, yz= -§ ; but in the process of 


8 


solution the second of these was changed into y°z?=— - » which 


H.H. A. 21 
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2 
would also hold if yz=— od , or yeaa! 5 hence the other six 


values of x are solutions of the cubies 


e+uoge+r=0, a +u'grtr= 0. 


579. We proceed to consider more fully the roots of the 

equation x + qxz+r-= 0. 
ee 3 

(i) If q* a is positive, then y* and 2° are both real; let 
y and z represent their arithmetical cube roots, then the roots 
are YtR, wytu2, wy + wr 
The first of these is real, and by substituting for w and w’ the 
other two become 


ERS Yee yes Ure. YO Ia 
_ “77 ge Pe ee 3, = “9 ope eee: ni 8: 


bo 


2 8 
oe 4 i q . ry . e e 
(it) Tf a s is zero, then y’=2"; in this case y=, and 
the roots become 2y, y(w+w’), y(w+"), or 2y, —y¥, —¥y. 


2 4 
one r ° * t * « 
(ili) If Ge oe is negative, then y* and 2° are imaginary ex- 


pressions of the form a+7b and a—7. Suppose that the cube 
roots of these quantities are »+7%n and m—7n; then the roots of 
the cubic become 


m+in+m—in, or 2ne; 
(m +in)ot+(m—in)w", or —m—n/3; 
(m+tn)w'+(m—in)wo, or —m+n,/3; 
which are all real quantities. As however there is no general 
arithmetical or algebraical method of finding the exact value of 
the cube root of imaginary quantities [Compare Art. 89], the 


solution obtained in Art. 576 is of little practical use when the 
roots of the cubic are all real and unequal. 


This case is sometimes called the Zrreducible Case of Cardan’s 
solution. 


580. In the irreducible case just mentioned the solution may 
be completed by Trigonometry as follows. Let the solution be 


1 i 
. x =: (a + ib)* + (a — ab)*; 
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put a=rcosé, b=rsin§, so that =a? +)’, ian ="; 
€ 
1 


3 {r (cos 6 +7 sin 0)}*. 


then (a +b) 
Now by De Moivre’s theorem the three values of this ex- 
pression are 


r# (cos § + ising ri ee eae i a 

“(cos 5 +2sins —-,- +2sin —z— }, 

3 3]? 3 ae a 
6+47 


: 6+47 .. 
and 73 ( cos a +isin —.-- }, 
t 





1 
where r* denotes the arithmetical cube root of *, and @ the 
b 
smallest angle found from the equation tan @ = a 


1 
The three values of (a— ib)’ are obtained by changing the sign 
of 2 in the nbove results; hence the roots are 


‘ 64-4 


T . 
, 2rcos 





1 1 
23 cos, 27° cos 





t 


BiqUADRATIC EQUATIONS. 


581. We shall now give a brief discussion of some of the 
methods which are employed to obtain the general solution of a 
biquadratic equation. Jt will be found that in each of the 
methods we have first to solve an auxiliary cubic equation ; and 
thus it will be seen that as in the case of the cubic, the general 
solution is not adapted for writing down the solution of a 
given numerical equation. 


582. The solution of a biquadratic equation was first ob- 
tained by Ferrari, a pupil of Cardan, as follows. 
Denote the equation by 
at + 2px? + ga + 2ra+s=0; 


add to each side (ax + 6)’, the quantities a and 6 being determined 
so as to make the left side a perfect square; then 


ott +. Ina? + (gq + a*) a" + 2(r+ab)u+s+ b= (ax +b)’. 
Suppose that the left side of the equation is equal to (a*+pa+k)*; 
then by comparing the coefficients, we have 


p+2k=q+a’, pkh=rtab, P=s+d'; 
Q1__9 
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by eliminating a and } from these equations, we obtain 
(pk — 1)’ = (2h + p* ~ 9) (k' — 8), 
or 2h? — gh? + 2(pr—s)k+ p's —qs—7°? =0. 
From this cubic equation one real value of & can always he 

found [ Art. 553]; thus a and b are known. Also 

(2° + pau +k)” = (ax + 6)’; 

. 2+ pet+kh=(av+b); 
and the values of w are to be obtained from the two quadratics 

x +(n—a)u+(k—b) +9, 
and a +(pta)at (k+b)=0. 


Example. Solve the equation 
a4 - 273 — 627 +102 —-3=0, 

Add a*r? + 2abz +? to each side of the equation, and assume 

xt — 273 + (a2 - 5) 2242 (ab+5) e+0°9-38= (2? -a+hk)?; 

then by equating cocfficients, we have 
a®’=2k+6, ab=-k-5, Vk? 4-3; 
(2k +6) (42 +38)=(k+ 5)? ; 
2h? + 5k? -4k-7=0. 

By trial, we find that k= -1; hence a?=4, lb? =4, ab= —4. 


But from the assumption, it follows that 
(x? ~x+k)*= (ax +b). 


Substituting the values of k, a and b, we have the two equations 
x?—-x-1= + (27-2); 


that is, 2?-32+1=0, and 2?4+2-8=0; 
whence the roots are a2a/5 : niet a 


583. The following solution was given by Descartes in 1637. 
Suppose that the biquadratic equation is reduced to the form 
a+ qu"+re+s=0; 


assume — at + gan" + re + 8 = ("+ kee +1) (0 — ka + m) ; 
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then by equating coefficients, we have 
lim—-KB=q, k(m-l)=r, Im=s. 

From the first two of these equations, we obtain 
r 
i? 
hence substituting in the third equation, 

(hi + gk +r) (kh? + qk—r) — 48h’, 

or kK’ + Qqk* + (gq? -— 48) hk? — 7° =0. 


2m = hk? + g + W=V+g— 


a 
k? 


This is a cubic in &’ which always has one real positive solu- 
tion [Art. 553]; thus when %’ is known the values of J and m 
are determined, and the solution of the biquadratic is obtained 
by solving the two quadratics 


e+ke+l=0, and a’—ke+m= 0. 


Example. Solve the equation 
x4 ~ 20+ 8c -B=0, 


Assume at — 2.1? i 82 —-3= (a7 + ho+l) (a7 -ha+m) ; 

then by equating coefficients, we have 
l+m—k*=-2, k(m-0J=8, Im=-—3, 

whence we obtain (k? — 2k +8) (k3 — 2k — 8) = —12k?, 
or k8 — 4k4+ 16k? -64=0. 

This equation is clearly satisfied when k?-4=0, or k= 42. It will be 
sufficient to consider one of the values of k ; putting k=2, we have 

m+l=2, m—-l=4; that is, l=-1, m=3. 

Thus a4 — 2x? + 8a — 8 = (x? + 2x —1)(27 - 2x43); 
hence z2+2c¢-1=0, and v2?-271+3=0; 
and therefore the roots are -1+,/2, 14,/-2. 


584, The general algebraical solution of equations of a 
degree higher than the fourth has not been obtained, and Abels 
demonstration of the impossibility of such a solution is generally 
accepted by Mathematicians. If, however, the coefficients of an 
equation are numerical, the value of any real root may be found 
to any required degree of accuracy by Horner’s Method of ap- 
proximation, a full account of which will be found in treatises on 
the Theory of Hquationes. 
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585. We shall conclude with the discussion of some miscella- 
neous equations. 


Example 1. Solve the equations: 
rty+2+u=0, 
ac +by+cz+du=0, 
ata + by + ¢3z + du =0, 
ax + b3y + 82+ Bu=k, 
Multiply these equations, beginning from the lowest, by 1, p, g, 7 re- 


spectively ; p, q, 7 being quantities which are at present undetermined. 
Assume that they are such that the coefficients of y, z, w vanish; then 


x (a? + pa*+gqa+r)=k, 
whilst b, c, d are the roots of the equation 
B+ p+qt+r=0. 
Hence a3 + pa? +qa4tr=(a--b)(a-~-e)(a—-d); 
and therefore (a- b)(a- c)(a-d)a=k. 
Thus the value « is found, and the values of y, ¢, w can be written down 


by symmetry. 


™ 
Cor. If the equations aro 


t4ytequ=i, 
axz+by +ez+du=h, 
ate + b?y + c22 + d?u = k?, 
aix + By + 32+ du=k’, 
by proceeding as before, we have 
(a3 + pa?+qatr)=h + pk? +qk+r; 
(a —b)(a—c)(a-d) x=(k-b)(k—c)(k- 4a). 


Thus the value of x is found, and the values of y, z, uw can be written 
down by symmetry. 


The solution of the above equations has been facilitated by the use of 
Undetermined Multipliers, 
Ezample 2. Shew that the roots of the equation 
(x ~ a) (x — b) (a-c) - f? (x - a) - 9? (a - b) - (ae —c) + 2fyh=0 
are all real. 
From the given equation, we have 
(a ~ a){(x ~b) (ae) ~ f2} — {y?(w— b) +h? (ew ~ 0) ~ Bfgh} =0. 
Let p, g be the roots of the quadratic 
(a~b)(x-c)-f?=0, 
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and suppose p to be not less thany. By solving the quadratic, we have 
Qe = b+ | (CREEP Ec cccccccsccsecseseecsecseees (1); 
now the value of the surd is greater than b ~ c, so that p is greater than } 
orc, and q is less than 0 or c¢. 
In the given equation substitute for a successively the values 
+O, DP, Yrs -®; 
the resulta are respectively 


+0, -—(a/p-b-ha/p-e), +(gfb-y-hale-g), -2, 

since (p ~ b) (p-c) =f?= (b-q) (e- q). 

Thus the given equation has three real roots, one greater than p, one 
between p and g, and one less than q. 

If p=q, then from (1) we have (b-c)?+4f%=0 and therefore b=c, f=0. 
In this caso the given equation becomes 

(x — b){ (wx - a) (x — b) - gy? - bh?) =0; 

thus the roots are all real. 

If p is a root of the given equation, the above investigation fails ; for it 
only shews that there is one root between q and +@, namely p. But as 
before, there is a second real root less than qg; hence the third root must also 


be real, Similarly if g is a root of the given equation we can shew that all 
the roots are real. 


The equation here discussed is of considerable importance; it occurs 
frequently in Solid Geometry, and is there known as the Discriminating 
Cubic. 


586. The following systein of equations occurs in many 
branches of Applied Mathematics. 


Example. Solve the equations: 


Me ells gd Ae _ 
w+r V+ c+rA.” 


Pig Ws ge Pay 
atm b+m ct+p ' 
oY 


ponies Seo. 
atv bey ore 
Consider the following equation in 6, 
ey , 2 4 (0-r) (0-H) (0-9), 


cit -aemaennemntr 


ato *b+otex0 (a0) (b+) (c+0)' 
dy y, # being for the present regarded as known quantities. 
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This equation when cleared of fractions is of the second degree in 6, and 
is satisfied by the three values 6=), 0=p, O=v, in virtue of the given 
equations ; hence it must be an identity. [Art. 310.] 


To find the value of z, multiply up by a+ 6, and then put a+0=0; 


_ _(-a-)(~-4~-p)(-4-»), 
thus sie (be aiesay 
aw Ut) (a+) (a+r) 


that is, Gena 


By symmetry, we have 
ye CEN (dtm) (b+¥) 
y= (b~c)(b—a) 

(e+) (c+4) (C-+¥) 

(c — a) (c- ) 











and 2 


EXAMPLES. XXXV. e. 


Solve the following equations : 
1, a? 180=35. 2. «4 72v—1720=0. 
3. 2+632—-316=0. v4 21.04 342=0. 
5. 2823 —- 9x?+1=0. 6. 2 ~ 152? - 3327+ 847 =0. 
7, 208 +32?4+ 3r+1=0. 
8. Prove that the roal root of the equation a°+12¢-12=0 
is 2 3/2— ¥4. 
Solve the following equations : 
9, ws -32?- 427 ~-40=0. 10. 24~10c?- 20" ~-16=0. 
11, 244823 +92? -— 8x -—-10=0. 
12, 24+225 — 72? -82+12=0. 
13. «'-—32?-6r-2=0. 14, a ~ 23 ~ 122741074 3=0, 
15, 424 — 2023433x?— 20r+4=0. 
16, x5 —6e4-1723 +1722+6r-—1=0, 
17, «4+923 +122? - 802 —192=0, which has equal roots. 


18. Find the relation between g and r in order that the equation 
23 49x+r=0 may be put into the form rt = (2? +az+6)*, 
Hence solve the equation 
823 — 36.7 +27 =0. 


- 
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19, If 34 3px? +3ga+r and 2?+2pr+¢ 
have a common factor, shew that 
4 (p?—9) (9? —pr) ~ (pg - 7 =0. 
If they have two common factors, shew that 
p—q=0, g?—pr=0. 


20. If the equation azv3+3b22+3c7+d=0 has two equal roots, 


be —ad 
h h t € ee tac 
shew that each of them is equal to 5 (ao 6%) ° 


21. Shew that the equation «4+ p23 + ga?+ra+s=0 may be solved 
as a quadratic if r?== ps, 


22. Solve the equation 
a8 — 1824+ 1623 + 2827 — 3274+8=0, 
one of whose roots is ./6 — 2. 


23. Ifa, B, y, 6 are the roots of the equation 
dA + ga? +ru+3s=0, 
find the equation whose roots are B+y+6+(6y8)1, &e. 


24, In the equation a*— pa5+ qu? -rx+s=0, prove that if the sum 
of two of the roots is equal to the sum of the other two p — 4p¢+ 8r=0; 
and that if the product of two of tho roots is equal to the product of 
the other two 7?=p*s. 


25. ‘The equation x’ — 2097+56=0 has two roots whose product is 
unity: determine them. 


96. Find the two rovts of 2° — 4092 + 285 =0 whose sum is 5. 


27. Ifa, b,¢,...4 are the roots of 
I" + 9,2") + py be + DyU t+ Pn=O, 
shew that 
(1+0*) (14+5)......(L +49) = (1 — prot py = 0)? + (21 — Pat ps 0)? 


28, The sum of two roots of the equation 
at — B23 + 21a? — 20745=0 


is 4; explain why on attem png ve solve the equation from the knpow- 
ledge of this fact the method fails. 


MISCELLANEOUS EXAMPLES. 


1. If s,, 3, s, are the sums of 2, 2n, 3x terms respectively of an 
arithinetical progression, shew that ee (8, — 8). 


2. Find two numbers such that their difference, sum and product, 
are to one another as 1, 7, 24. 


3. In what scale of notation is 25 doubled by reversing the digits? 


4. Solve the equations: 
(1) (v+2) (w+3) Ww - 4) (vw - 5) = 44. 
(2) a(y+2z)+2=0, y(e-2v)4+21=0, <(Qv-y)=5, 
5. In an A.P., of which « is the first term, if the suin of the 
first p terms =O, shew that the sum of the next g terms 
_&(pta)g 


p-l 
[R. M. A. Woo.wicn.] 


6. Solve the equations: 
(1) oe +b) (av 53 b) (a— bw) = oe ~ b*) (a+ be). 


(2) aa (20 — 3)h (12 (a —1)}8, (Inp1a Civin SERVICE. | 


7. Find an arithmetical progression whose first term is unity 
such that the second, tenth and thirty-fourth terms form a geometric 
series. 


8. Ifa, 8 are the roots of 2*+px+q=0, find the values of 
a’+a8+ 4, a®+f°, at+a’B?+s. 
9, If2e=a+a! and 2y=)b+5-1, find the value of 
ay +N (a#—1)(y?—1). 
10. Find the value of 


“ev iB +(4— v 16) . 
644/55) — (6 — 4/38) 
(R. M. A. Wootwic.] 


ll. Ifa and 8 are the imaginary cube roots of unity, shew that 
ab+Pt+a7 pia 
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12. Shew that in any scale, whose radix is greater than 4, the 
number 12432 is divisible by 111 and also by 112. 


13. 4 and Bruna mile race. In the first heat d gives Ba start 
of 11 yards and beats him by 57 seconds ; in the second heat A gives 
B a start of 81 seconds and is beaten by 88 yards: in what time could 
each run a mile? 

14, Eliminate «, y, < between the equations: 

vw eysaa, yy — seb, 2 - ay=c, wty+c=0. 
[R. M. A. WooLwicu. | 

15. Solve the equations: 

ac® + bey + cy? = bx* + cay + ay? = A. 
[MatH. Tripos.] 


16. A waterman rows to a place 48 miles distant and back in 
14 hours: he finds that be can row 4 miles with the stream in the 
same time as 3 miles against the stream: find the rate of the stream. 


17. Extract the square root of 
(1) (a? +ab+be+ca) (be+ca+ab + b*) (be + cat ab +c), 
(2) L-a +220 —15 = 81%, 


10 
18. Find the coefficient of 2° in the expansion of (1 - 3v)3, and the 


: : 4, 3)\% 
term independent of 2 in Ge -- 5.) : 


19. Solve the equations: 
Qr-3 30-8 wt3_ 
@-1l  w-2 2-37 

(2) a2@-y=xy—ab, (x+y) (act by) =2ab (a+). 

[Trin, Conn. Cams.] 
20. Shew that if a(b-—c) 22+) (c-a)ry+ce(a—b)y* is a perfect 

square, the quautities a, b, c are in harmonical progression. 
[St Catu, CoLn, CAMB.] 


0. 





21. If 
(y- 28+ (2-2)? + (w— y= (y +2 Dey? + (24. — BY) + (wy — 22)’, 
and 2, y, 2 are real, show that c=y=z. St CatH, Coit, Cams.] 


22, Extract the square root of 3¢58261 in the scale of twelve, and 
find in what scale the fraction : would be represented by 17. 
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23. Find the sum of the products of the integers 1, 2, 3,... 2 taken 
two at a time, and shew that it is equal to half the excess of the sum of 
the cubes of the given integers over the sum of their squares. 


24, A man and his family consume 20 loaves of bread in a week. 
If his wages were raised 5 per cent., and the price of bread were raised 
24 per cent., he would gain 6d. a week. But if his wages were lowered 
4 per cent., and bread fell 10 per cent., then he would lose 1$d. 
a week: find his weekly wages and the price of a loaf. 


25. The sum of four numbers in arithmetical progression is 48 and 
the product of the extremes is to the product of the means as 27 to 35; 
find the numbers. 

26. Solve the equations : 


(1) a(b—c) x?+b(c—a) e+c(a-b)=0. 


(2) woes?) = oe : [Maru. Tripos.] 


27. If Na—«+Vb—x2+Ve—-2=0, shew that 
(a+b+c+3r)(atb+e-.c)=4 (be+cat+ab); 
and if Yat 3/b+/c=0, shew that (a+ b+c)3=2iabe. 


28, A train, an hour after starting, meets with an accident which 
detains it an hour, after which it proceeds at three-fifths of its former 
rate and arrives 3 hours after time: but had the accident happened 50 
miles farther on the line, it would have arrived 14 hrs. sooner: find the 
length of the journey. 


29. Solve the equations: 
Qe+y=22, 9-Tr=by, + ph4+3=216. 
[R. M. A. WooLwicH.] 


30. Six papers are set in examination, two of them in mathematics : 
in how many different orders can the papers be given, provided only that 
the two mathematical papers are not successive ? 


31. In how many ways can £5. 4s. 2d. be paid in exactly 60 coins, 
consisting of half-crowns, shillings and fourpenny-pieces? 


32. Find a and 6 so that 23+az2+1llr+6 and 2° 4+ b27+14748 
may have a common factor of the form «?+pr+q. 


[Lonpon UNIVERSITY. ] 


33, In what time would A, B, C together do a work if A alone could 
~ wns a hours more, B alone in one hour more, and C alone in twice 
e time 
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3. If ve equations a+ oy = 1, ex?+dy?=1 have only one solution 
2 
prove that = + = =1, and wae y= =. [MatxH. Trrvos.] 


35. Jind by the Binomial Theorem the first five terms in the expan- 

1 

sion of (1 — 27+2.?) 2- 
36. Ifone of the roots of 2?+pv+g=0 is the square of the other, 


shew that p? —q (3p —1)+q?=0. 
[Pemp. Conn. CamB.] 


37. Solve the equation 


vt — 5a? —60-—5=0. 
[QuEEN’s Conn. Ox.] 


38, Find the value of a for which the fraction 
se ie ee 
3—(a+1) v?74+232-a-7 
admits of reduction, Reduce it to its lowest terms. [Matn. Trtpos.] 


39. Ifa, b, ¢, x, y, 2 are real quantities, and 
(a+ b+c)?=3 (be+ca+ab— x? —y? — 2%), 
shew that. a=b=c, and 7=0, y=0, <=0. 
[Curist’s Cott, CaMB.] 


— 


2 
40, What is the greatest term in the expansion of (1 _ 37) when 


the value of « is 51 [Haar Coun. Cam.] 


41. Find two numbers such that their sum multiplied by the sum 
of their squares is 5500, and their difference multiplied by the difference 


of their squares is 352. [Curist’s Cott. CAMB] 
1+0?+4 3c? 
42. If x=dAa, y=(A-1)b, c=(A-3)¢, A= Bae! express 


2? 4+4?+-27 in its simplest form in terms of a, b, ¢. 
[Sipnry Conn, Cams] 


43, Solve the equations: - 
(1) #*+32?= 164+ 60. 
(2) y+ 2—e2=24-—y=o?+y?—2=1, 
[Corpus Conn. Ox.] 
44, If, y, z are in harmonical progression, shew that 
log (a +2) +log (a — 2y +2) =2 log (x —2). 
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45. Shew that 


1 1.3/1 1.3.5 /1\2 4. ; ; 
tea) + ee H(z) + sieeve = 3 (2-9/8) a/3. 


[Emm. Coun, Camp. ] 


But 2y By +22 82+20 
3a—2b 3b-2¢ 3c—2a’ 


then will 5 (a@+y+2)(5e+ 4b — 38a) = (9x + By -+ 132) (a+b+0e). 
[Curist’s Coin. Cams. ] 


46. If 


47, With 17 consonants and 5 vowels, how many words of four 
letters can be formed having 2 different vowels in the middle and 1 
consonant (repeated or different) at cach end? 


48, A question was lost on which 600 persons had voted ; the same 
persons having voted again on the same question, it was carr ied by twice 
as many as it was before lost by, and the new majority was to the former 
as 8 to 7: how many changed their minds? [Sr JoHn’s Conn. Cams.] 


49, Shew that 


Are 
ie 


log (Lt +a)? ay Be on 13a? 
°8 Its 2.3°4.5° 6.7 


L—2)? 
( ) [Curisr’s Cont. Cams.] 


50. A body of men were formed into a hollow square, three deep, 
when it was observed, that with the addition of 25 to their number a 
solid square might be formed, of which the number of men in each side 
would te greater by 22 than the square root of the nuinber of men in 
each side of the hollow square: required the number of men. 


51, Solve the equations : 
(1) V(a+ay+2/(a—2)=3 Vat = x, 
(2) (w- a) (w—b)b - (2 —0)} (w-d) 2 = (a—0)§ (b -d), 
52. Prove that 
PARSE tse 


[Sipngy Conn, Cams.] 


53. Solve 4/6 (52+ 6) ~ 2/5 (62—11)=1. 
[QuzENs’ Coz. Cams. ] 


the 
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54. A vessel contains a gallons of wine, and another vessel con- 
tains 6 gallons of water: ¢ gallons are taken out of each vessel and 
transferred to the other; this operation is repeated any number of 
times : shew that if c(a+b)=ab, the quantity of wine in each vessel 
will always remain the same after the first operation. 


55. The arithmetic mean between m and » aud the geometric 


ma + nl : 
mean between a and b are each equal to —~ - --: find » and 7 in terms 


m+ 
of a and B. 


56. Ifa, y, aro such that their sum is constant, and if 
(24a —2y) (ety — 22) 
varies as yz, prove that 2 (y+<2)—.2 varies as 7z. 
[Emm, CoLn, Camb.] 
57. Prove that, if 2 is greater than 3, 
1.2.°C,-2.3."C_ 43.4." C lig = ecceee t(D) (e+ 1) (7 +2) = 2." 30, 
[Curist’s Conn. Cama.] 
58. Solve the equations: 


(1) /2e—14/80—-2=/ 40-34 5a —4, 
3 


1 

(2) 4{ (a2 ~ 16)! +8} =22+16 (x? - 16)! 

[St Jonn’s Conn. Cams.] 

59, Prove that two of the quantities v, 7, ¢ must be equal to one 
\ eekcdie  deto te ae 
ltyz l+en  l+ay 

60. Ina certain community consisting of » persons, @ per cent. can 
read and write; of the males alone & per cent., and of the females alone 


c percent, can read and write: find the number of males and females in 
the community. 


another, if 








a aad ab @ b es alto? 
ads 3 a aba 
61, If e=(5) *, shew that ae (s+ ) = (5) : 


fEmum. Cont. Cams. | 


62. Shew that the coefficient of 2** in the expansion of 
(l—#+.2*~- 2°)-1 is unity. 
63. Solve the equation 
w-a, x-b_ b “b 
ba ea eb 
[Lonpon UNIVERSITY, ] 
64. Find (1) the arithmetical series, io harmonical series of 
m terms of which a and 0 are the first and last terms; and shew that 
the product of the r" term of the first series and the (n—7r+1)" term of 
the second series is ab. 
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65. Ifthe roots of the equation 
p p 
(1 -9+5) +p (l+q)e+¢(q—1)+ a7? 
are equal, shew that p?= 4g. [R. M. A. Woorwicn.] 
66. If a?+b?=7ab, shew that 


log 13 (a+ )} = 5 (log a+ log). 
[QurEN’s Conn, Ox.] 
67. If is a root of the equation 
av (1 ~ac) — 7 (a*+c%) -(1+ac)=0, 
and if 2 harmonic means are inserted between a and c, shew that the 


difference between the first and last mean is equal to ac (a —e). 
[WapHaM Coun, Ox.] 


68. If "+20, :"-?P,=57 : 16, find x. 


69. A person invests a certain sum in a 6$ per cent. Government 
loan: if the price had been £3 less he would have received } per cent. 
more interest on his money; at what price was the loan issued ? 


70. Solve the equation: 
(a+ 1)— (2241) — 23} {(22— a 1) (02 +1) +25} 
=3 {(at +22 +1)3—(a4+1)3— 2}, 
[Merton Cotr. Ox.] 


71. If by eliminating x between the equations 
e+tart+b=0 and xy+l(at+y)+m=0, 


a quadratic in y is formed whose roots are the same as those of the 
original quadratic in wv, then either «@=2?, and b=m, or b+m=al., 
[R. M. A. Woouwicu.] 


72, Given log 2=:30103, and log 3=°47712, solve the equations : 


10 — _ 29 
ae ee GO ¢ F h-% ae 
(I) Ga— 6 (2) /574/5 a0 


73. Find two numbers such that their sum is 9, and the sum of 
their fourth powers 2417. [LONDON UNIVERSITY. | 


74, A set out to walk at the rate of 4 miles an hour; after he had 
been walking 2? hours, B set out to overtake him and went 4% miles 
the first hour, 4# miles the second, 5 the third, and so gaining a quarter 
of a mile every hour. Jn how many hours would he overtake A 


75. Prove that the integer next above (./3+1)* contains 2"+1 as 
a factor, 
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76. The scries of natural numbers is divided into groups 1; 2, 3,4; 
5, 6, 7, 8, 9; and so on: prove that the sum of the numbers in the 
n* group is (2-1)? +73, 


77. Shew that the sum of » terms of the series 


] 1 /l\? 1.8/1\3 1.3.5 /1\4 

a (9 6) +5 G) +a G) a en 
: | aes eas oes geen (20 —1) 
1s equal tu 1 ~ -——- ~ gn inn poe 


[R. M. A. WooLwicu.] 





78, Shew that the coefficient of 2 in the expansion of ote Te 


® net uae 
Cat), Bele, rl atl 0 Nar 
according as 2 is of the form 38, 3m+1, 3m+2. 


79. Solve the equations : 





[Univ. Coun. Ox.] 


80. The value of vyz is 74 or 32 according as the series a, x, y, z, 
b is arithmetic or harmonic: find the values of a and 6b assuming them 
to be positive integers. [Merton CoLL. Ox.] 


81. If ay—bv=ceV/(x—a)?+(y—b)*, show that no real values of x 
and y will satisfy the equation unless c? < a* + 6%. 


82. If (v+1)? is greater than 52 ~ 1 and less than 7-3, find the 
integral value of w. 


83, If P is the number of integers whose logarithms have the 
characteristic p, and Y the number of integers the logarithms of whose 
reciprocals have the characteristic —g, shew that 


logy)? —log,,@=p—qtl. 


84. In how many ways may 20 shillings be given to 5 persons so 
that no person may receive less than 3 shillings ? 


85. A man wishing his two daughters to receive cqual portions 
when they came of age hequeathed to the elder the accumulated interest 
of a certain sum of money invested at the time of his death in 4 per 
cent, stock at 88; and to the younger he bequeathed the accumulated 
interest of a sum less than the former by £3500 invested at the same 
time in the 3 per cents. at 63. Supposing their ages at the time of 
their father’s death to have been 17 and 14, what was the sum invested 
in each case, and what was each daughter’s fortune ? 


H. HA | 32 
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86. <A number of three digits in scale 7 when expressed in scale 9 
has its digits reversed in order: find the number. 
[St Jonn’s Coun. CamB.] 


87. If the sum of m terms of an arithmetical progression is equal 
to the sum of the next 2 terms, and also to the sum of the next p 


1... 1 1 

terms ; prove that (m+ "(, ~ 5) =(m+p) (. ~- . : 
[St Joun’s Cotn. Cama] 

88. Prove that 


re eee me Pre = 
(y—zy (wey (wey)? \yes se ey] 
[R. M. A. Woonwicu.] 
89. If m is negative, or positive and greater than 1, shew that 
14 3M4 54 20... +(22—1)™> amt), 
[Emm. Coun. Cams. ] 
90. If each pair of the three equations 
wt — pvt gy =O, 2? — pot +g,=0, 27 — pyvt+gz=0, 
have a common root, prove that 
Pt pet ps +4 (Gt G+ 9s) =2 (P2Pat Ps Pi + Pr Pe): 
[St Joun’s Conn. CaMB.] 
91, A and B travelled on the same road and at the same rate from 
Huntingdon to London, At the 50" milestone from London, A over- 
took a drove of geese which were proceeding at the rate of 3 miles in 2 
hours ; and two hours afterwards met a waggon, which was moving at 
the rate of 9 milesin 4 hours. JZ overtook the same drove of geese at 
the 45" milestone, and met the waggon exactly 40 minutes before he 


came to the 31" milestone. Where was B when A reached London ? 
[St Joun’s Coun, Cams.] 


92. If a+b+c+d=0, prove that 
abe + bed + eda +dab=/ (be — ad) (ca — bd) (ab — cd). 
[R. M. A. Woouwicu.] 
93, An A. P.,aG.P., and an H.P. have a and 6 for their first two 
terms : shew that their (2+ 2)" terms will be in G. P, if 


hen +2, an +2 nh + 1 
Mila a [Maru. Tripos.] 


94. Shew that the coefficient of 2” in the expansion of ee meee 
, (w— a) («—-6) 
npn 
in ascending power of wv is a : ; and that the coefficient of 2 


—b * aqnhn 
(1+2?)* 
da is 2"-1 (n?+4n +2), 





in the expansion .of 
i [Eum. Cont. CamB,] 
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95. Solve the equations : 


N mis ea pare pen » Wy? s ry=34 515. 
2 Va-y 
{St Joun’s Cou, Cams.] 
; 1 it 1 it 
ee) oe eee - 
ae ind the value of 1+ 34 9n 34 9p 2 the form of a quad 
ratic surd. [R. M. A. Woonwica.]} 


97. Prove that the cube of an integer may be expressed as the 
difference of two squares; that the cube of every odd integer may be 
so expressed in two ways; and that the difference of the cubes of any 
two consecutive integers may he expressed as the difference of two 


squares. [Jesus Cott. Cams] 
98. Find the value of the infinite series 
1, 2 3.4 * ; t 
i3 + iB + 7 + it oa [Exm. Cott. CaMB.] 
2 a Cc a C 
99. It Lv sae ja d+ oy a+ bis sreie'e y 


C a C a 


and Y sas hae. a+ b+ toseer ) 
then bu — dy =a- ec. [Curist’s Cott. CAMB.] 
100. Find the generating function, the sum to 2 terms, and the 
nm» term of the recurring series 145.0 -+ 727417234 8lvtt.o.e. 
101. Ifa, 6, care in H.P., then 
a+b  c+b 


) aa-b* a5?" 
(2) b?(a—c)?=2 {c? (b-a)*+a? (c-b)}. [PEmB. Coin. Cams.] 
102. If a, b, c are all real quantities, and x? - 3b% + 2c? is divisible 


by w-a@ and also by x —b; prove that either a=b=c, or a= —2b= —2e, 
[Jesus Cott. Ox.] 


103. Shew that the sum of the squares of three consecutive odd 
numbors increased by 1 is divisible by 12, but not by 24. 


ac ~ b? 


104, Shew that . 
according as @ is negative or positive. 


Tf attyt+ A+ y2et + 228 +. vty? Qays (at+yt+ec), and 2, y, 2 are all 
real, shew that x=y=z, [St Joun’s Conn. CAMB.] 


32~-2 





is the greatest or least value of az? +2be +c, 
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105. Shew that the expansion of — 


1.3 a9 1.3.5.7 2 


TOA 6 '804.6,8° 10° °°" 


ee v 
2 


106, Ifa, 8 are roots of the equations 
etpwtg=0, + pa®+g"=0, 
where 7 i8 an even Integer, shew that B ; are roots of . 
w+ 1+ (u+1)"=0. [Pumb, Conn. Cann] 


107. Find the difference between the squares of the infinite 
continued fractions 
b b iD d doa 
ade 5 and ¢ + 204+ are Jey 
[Curis Corn. Cams. ] 


Oboe Qa4 Bat 


108, A sum of moncy is distributed amongst a certain number of 
persons. The second receives 1s, more than the first, the third 2a, 
more than the second, the fourth 3s. more than the third, and so on, 
If the first person gets 1s. and the last person £3. 7s, what is the 
number of persons and the sum distributed ? 


109. Solve the equations x 


© Yte Y +N 5 UY 
1) - ~--— = ¢ ee —. 4 oe QD 
OT hen bo ee 
at yf? avy 





6 ye t.y72 2. | So a Py Bo 
(2) ay +utty ao: 13}, ge get y= 3 0° 
110, Jf @ and U are positive aud unequal, prove that 
n ~1 
a®*—b">n(u—b)(ab)?. 
[Sr CatH. Cont. Cams.] 


hm 7 


x (63 
111, Express BO 
values of w and y which satisfy the equation 396“ — 763y = 12, 


as a continued fraction; hence find the least 


112. To complete a certain work, a workman A alone would take 
m times as many days as Band C working together; B alone would 
take m times as many days as A aud C together; C alone would take 
p times as many days as A and B together: shew that the numbers of 
days in which each would do it alone are as m+1:n+1: p+1, 


Prove also -. 4+ —”. 4S 
Sane TEL pel 


al 2. 


[R. M. A, Wootwic#.] 
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113. The expenses of a hydropathic establishment are partly con- 
stant and partly vary with the number of boarders. Each boarder 
pays £65 a year, and the annual profits are £9 a head when there are 
50 boarders, and £10. 13s. 4d. when there are 60; what is the profit on 
each boarder when there are 80? 


114, If x2y=2¢ —y, and #? is not greater than 1, shew that 


ci wld ‘ 4 6 
4 (w+ ee +.) = +" +4 Hee. 
[PrkrERHOUSE, CAMB.] 
iw y 


9 


a —y? aa ae — ye (ep. 


115, If 


are unequal, 





: and wy=c*, shew that when «@ and ¢ 


(a? —¢?)2?- b*F=0, or +c? - b?=0. 


116. If (L+arta? yt 1 + hat hye? t..., 
and (v— 1) =a" —ea%*~l hea? ..; 
prove that (1) 1-4, +4,-...... =, 

[Be 
(2) 1l- kG + hyty— eeeeee = r{ or" 


~ [R.M. A. Wootwics.] 
117. Solve the equations: 


(1) (a@-yP4+2ab=ar+by, rytab=be+ay. 
(2) a®@—-y+2=6, Qyz—sr+Qvy=18, a-yte=2 


118. If there are » positive quantities ,, @,...@,, and if the 


square roots of all their products taken two together be found, prove 
that 


nm—1 
2 


hence prove that the arithmetic mean of the square roots of the 
products two together is less than the arithmetic mean of the given 
quantities. [R. M. A. Woonwicn.] 


119, If b2r#+a%y'=a%)*, and a2?+b?=2?+y?=1, prove that 
bAx8 + ty) = (224 + a2y*)*, — [[np1a Civin SERVICE. ] 





NV (ty dy +N 40g + eevee S (hy tg tt vcceee Fy) 5 


120. Find the sum of the first 2 terms of the series whose r* terms 
27 + 1 2 Mm 7 
- are (1) rp Le? (2) (a+r?b) a®~", 


[St Jonn’s Conn, Cama.) 


x+2 


121. Find the greatest value of PL Br ES 
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122. Solve the equations : 
GQ) 1+a4=7T(1l+2)4, 
(2) 8ey+22=9724+6y = 2y.+3r=0. 


123. If a,, a), 43, a, are any four consecutive coefficients of an 
expanded binomial, prove that 


a | ty ty 


= : [QvEeENS’ CoLt. Cams. ] 
+A, Agtdy A,+s 


a -Tc—ax-8 
(02 or L) (a? — 38a — 1) 


32 — 
find the general term when ay 


124. Separate into partial fractions ; and 


8 . e . 
pea expanded in ascending powers 
of 2. 


125, In the recurring series 


5 1 
Za gt barks Sate TP +o, 
the scale of relation is a quadratic expression; determine the unknown 
coefficient of the fourth term: and the scale of relation, and give the 
general term of the series. [R. M. A. Woo.wicu.] 


126. If, y, z are unequal, and if 


ductaat ee 
21 = By =P, PT ey oes eo 


~ 
ws 


sieve 
then will va 8e= I=) and wtyte=a, [Maru TRIPOs] 


127. Solve the equations: 
(1) ay+6=22—a7, ry-9=2Qy- y?. 


(2) (ax)'ow a — (by)low b, hloga — log v, 


128, Find the limiting values of 


QQ) afet+at—-Jet+at, when a=. 


Vat 2r — (Br 
(2) peel is , when wa, [Lonpon UNIVERSITY. ] 
Od rw v 


129. There are two numbers whose product is 192, and the quotient 
of the arithmetical by the harmonical mean of their greatest common 
measure and least common multiple is 375: find the numbers. 

: [R. M. A. Wootwicu.] 
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130. Solve the following equations : 
(1) /1824+37— 180—37= 2/2. 
(2) b¥1—-2+eV1-y=a, 
eV1—-v+aV1—2=b, 
aVl—-yt+b/1—avee. 
131. Prove that the sum to infinity of the series 


1 bed 1.325 a) a ee 
a33 ~ 294 TORR 18 24. 3 a: (MatTH. TRIPOS. | 


132, A number consisting of three digits is doubled by reversing 
the digits; prove that the same will hold for the number formed by 
the first and last digits, and also that such a number can be found in 
only one scale of notation out of every three. [Matu, TRrPos. ] 


133. Find the coefficients of z'? and 2” in the product of 


1+2 
n28)(1 2a) and 1 ~v+2%, [R. M. A. Wootwicu.] 


134, A purchaser is to take a plot of land fronting a street; the 
lot is to be rectangular, and three times its frontage added to twice 
its depth is to be 96 yards, What is the greatest number of square 
yards he may take? [Lonpon UNIveErsity.] 


135, Prove that 


(at+b+c+d)'+(a+b—c—d)'+(a-b+e-d)'+(a-b-—c+d)! 
~(a+b+c-—d)*-(a+b—c+d)*- (a -b+c+4+d)'-(-a+b+c+d)4 
= 192abed, 
[TrRin. CoLn, Cams,] 
136. Find the values of a, 6, ¢ which will make each of the ex- 
pressions 24+ aa%+bet+ceu+ 1 and 2t+2ax3 + 2b7? +2cv+1 a perfect 
square, |LonDOoN UNIVERSITY. ] 


137. Solve the equations: 


Jaty— Yay 
(1) “gpl TT a FE = 3, 
Jatyt Jv-y 
Sole mace» tesa 2 
2 22 4+ 1 + Qe4 — | = —~ --—— , 
(2) V ae 
138, A farmer sold 10 sheep at a certain price and 5 others at 10s, 
less per head; the sum.he received for each lot was expressed in pounds 
by the same two digits: find the price per sheep, 


x+y? = 65. 
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139. Sum to n terms: 
(lL) (22 -1)4+2 (22 —3)+3(2n -5)4+.... 
(2) The squares of the terms of the serics 1, 3, 6, 10, 15.... 
(3) The odd terms of the serics in (2). [TRin. Conn. Camn.] 


140. Ifa, 8, y are the roots of the equation #3+g*+r=0 prove 
that 3(a2-E BP y2)(a5-+ B+!) =5 (a +B8+y9) (ab + ty"), 
[Sr Joun’s Conn. Cams. | 


141, Solve the equations: 
(1) #(8y—5)= 4 (2) ++ 8= 495 
yf (Qe+7) = 27) ° uty +e 15}, 
avye= 105 
[Trin. Corn. CAMB.] 


142, Ifa, b,c are the roots of the equation 27+ ¢2?+r=0, form the 
equation whose roots are a+b —c, b+e-a,¢+a-b. 


143, Sum the scries: 


CL) w+(2 - 1) a+ (a — 2) a2 4... 420 2p am-1; 
(2) 3-—v—27?~ 1623 — 2824 - 676254... to infinity ; 


(3) 6494144234404... to  terins. 
[OxForD Mops.] 


144, Eliminate «, y, z from the equations 
w-l+y-h+e-t=anl, vtytz=b, 
et pPp+ead, B+y+8=a3, 


and shew that if x, y, ¢ are all finite and numerically unequal, b cannot 
be equal to d. [Rt. M. A. Wootwicu.] 


145. The roots of the equation 3v?(2?+8)+16(2? -1)=0 are not 
all unequal: find them. [R. M. A. Wootwicu.] 


146. A traveller set out from a certain place, and went 1 mile the 
first day, 3 the second, 5 the next, and xo on, going every day 2 miles 
more than he had gone the preceding day. After he had been gone 
three days, a second sets out, and travels 12 miles the first day, 13 the 
second, and so on. In how many days will the second overtake the 
first? Explain the double answer. 


147. Find the value of 
L 


Se Ne eee 
34+ 24 14 34 94 14°" 


MISCELLANEOUS EXAMPLES, 505 


148, Solve the equation 


34 Bax? +3 (a? — bc) w+ 03+ 63+ ¢4 — 3abc=0, 
[Inpia CIVIL SERVICE. ] 
149, If 2 is a prime number which will divide neither a, 6, nor 
a+b, prove that a™~?2b— ab? + a"—4b3— ...4+ab" -? exceeds by 1 a 
multiple of zx. [Sr Jown’s Coun. Cams.] 
150, Find the x» term and the sum to » terms of the series whose 
sum to infinity is (1 - abv?) (1 —ax)~2(1 — br) ~?*. 
[OxrorD Mops.] 
151. If a, b, c are the roots of the equation 2+ pa+g=0, find the 
eee erat a re. 
equation whose roots are — aaa 


[Trin, Cont. CamMB.] 
152. Prove that 
(yAs—Qr)t+(zta—Qy)t+ (vty —2:)'=18 (t+ y2 +2 — ys — ce — ny). 
[Crare Conn. Cams.) 
153. Solve the equations: 


QQ) 23—307+133=0, by Cardan’s method. 


(2) oe —4et — 1023+ 40.0? + 9.7 — 36 =0, having roots of the form 
ta, +b, ¢. 


154, It is found that the quantity of work done by a man in an 
hour varies directly as his pay per hour and inverscly as the square 
root of the number of hours he works per day. We can finish a piece 
of work in six days when working 9 hours a day at 1s. per hour, How 
many days will he take to finish the same piece of work when working 
16 hours a day at 1s. 6d. per hour ? 


155, If s, denote the sum to 2 terms of the series 
1.24+2.34+3.44+..., 
and o,,_, that to »—1 terms of the yerics 


] 1 1 
12.3.4 1o0804.6* sae t 
shew that 188,0,—1 — 8, +2=0. 
[Maan, Coun, Ox.) 


156. Solve the equations : 
(1) (12a - 1) (6x - 1) (4a —1)(8e-1)=5, 
(2) l(@+1)(@—8) 1 (@w+3)(4-5) 2 (a+5)(e— D_ 92 
5B (a4+2)(~—4) ° 9 (w+4)(7—6) 13 (v+6)(7—8) 585" 
[St Joun’s Cann. Camn.1 
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157. A cottage at the beginning of a year was worth £250, but it 
was found that by dilapidations at the end of each year it lost ten per 
cent. of the value it had at the beginning of each year: after what 
number of years would the value of the cottage be reduced below £25? 
Given log,)3 = °4771213. [R. M. A. Woo.wic. ] 


158. Shew that the infinite series 


7  1.4.7.10 
vs nee 


eae 
8 iat T.8.12- 16 


ial le Te 

4° 4.87 4.8, 

ree 25, 2.5.8 | 2.5.8.1 | 
6° 6.12" 6.12.18" 6.12.18.94° °°" 


are equal, | PETERHOUSE, CAMB. | 


f+ 


159, Prove the identity 


_@ , &(w—a)  &(v—-a)(2—- 8B) 
{1 ae ap aBy +... 


{1 + Q ne a(v+ a) + u(vta)(t+8) + +} 
a af apy 

pit ge 8) ee er) 

Roe ae a’B? a2Zey? 


[TRin. Conn, Cams. ] 


160. If is a positive integer greater than 1, shew that 


a5 — Bn + 6On? — 560 
is a multiple of 120. [WapHam Con, Ox.] 


161. A number of persons were engaged to do a piece of work 
which would have occupied them 24 hours if they had commenced at 
the same time; but instead of doing so, they commenced at equal 
intervals and then continued to work till the whole was finished, the 
payment being proportional to the work done by each: the first comer 
received eleven times as much as the last; find the time occupied. 


162, Solve the equations: 
Oe itd ea 
(1) y-3 2-3 e84y3" 
(2) p+a—ax(yt+2)=a', 
a+ a2 —y (2+) = bi, 
. Oty —2(e+y) =e. [Pems. Coin. Cams.) 
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163. Solve the equation 
a8(b—c) (2 —b) (a —¢)+B3(c—a) (x —¢)(e—a) + 3 (a—6)(x—a)(v—b)=0; 
also shew that if the two roots are equal 
“i + = + 7 =0. [St Jonn’s Coty. CAMB. ] 
164. Sum the series: 
(1) 1.2.44+2.3.543.4.6+4+... ton terms. 


12 2 3 ees 
4 — aes 
(2) 5 fat 5 tess tO inf, 


165. Shew that, if a, b,c, d be four positive unequal quantities and 
s=at+bh+c4d, then 


(s- a)(s—b) (s—¢e)(s— a) > 8labed. 
[PRTERHOUSE, Cams. ] 


166. Solve the equations: 
paeereeanee Sie lepts is pee raiae as 
Q) Vata-Vy-a=5 Ju, Vema-Vy+a= swe. 
: Ices 
(2) etytca@tyt2=s (+ Pre) =3., 
[Maru. Trrpos.] 


167. Eliminate Z, m, 2 from the equations : 
le+my +ne= me + ny +le=na+ly + ma= h* (+ mt +n?) =1, 
168. Simplify 
a(b+e—a)?+..u.4...4¢(b4¢e-—a)(e+a—b)(a+b—c) 


a re ere et en Te aR RR RT Rtn Ape 





[MatuH. Trrpos.] 
169. Shew that the expression 


(a2 — yo)8+ (y® — 2x8 + (22 — ay) — B(a% — yz) (y2 ~ 220) (8 - vy) 
is a perfect square, and find its square root. [Lonpon UNIVERsITy.] 


170. There are three towns A, B, and C; a person by walking 
from A to B, driving from B to C, and riding from C to A makes the 
journey in 153 hours; by driving from A to B, riding from B to C, and 
walking from C to A he could make the journey in 12 hours. On foot 
he could make the journey in 22 hours, on horseback in 8} hours, and 
driving in 11 hours. To walk a mile, ride a mile, and drive a mile he 
takes altogether half an hour: find the rates at which he travels, and 
the distances between the towns. 
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171, Shew that 27 —7n5+ 1473-8 is divisible by 840, if 2 is an 
integer not less than 3. 


172, Solve the equations: 
(1) a2 +1 2yt/y?+ 12r =83, vt y= 23. 
fey agp EU a ne) ad 
z—U z—U xy un 
[Marn. TrrPos.] 


173. fs be the sum of 2 positive unequal quantities a, b,c..., then 


8 8 8 2 
Se GN © te yd 8 ge [Marx. Trrros.] 
s-a 8&—b > 8—e 2 — J 


174, A merchant bought a quantity of cotton; this he exchanged 
for oil which he sold. He observed that the number of ewt. of cotton, 
the number of gallons of oil obtained for each ewt., and the number of 
shillings for which he sold each gallon formed a descending geometrical 
progression. He calcwated that if he had obtained one ewt. more of 
cotton, one gallon more of oil for each cwt., and 1s. more for each 
gallon, he would have obtained £508. 9s. more; whereas if he had 
obtained one cwt. less of cotton, one gallon less of oil for each cwt., and 
1s. less for each gallon, he would have obtained £483. 13s. less; how 
much did he actually receive / 


175. Prove that 
S(b+ce—a—2)(b—c)(a—«) =16(b—-e)(e-—a)(a—b)(4—a)(7—b)(@-e). 
[Jesus Cout. CAMB.] 
176. lf a, 8, y are the roots of the equation 2°— px?+r=0, find the 


ALY, a Gre: [R. M. A. Woo.wicn.] 
y 


177. Jf any number of factors of the form «a?+0? are multiplied 
together, shew that the product can be expressed as the sum of two 
squares, 

Given that (a? + b*) (c? +d?) (ce? +f?) (g?+h?) =p? +9", find p and g in 
terms of a, b, ¢, d,e, fy g, h. London UNIVERsITY.] 


equation whose roots are 


178, Solve the equations | 
v2 yi=61, —-y=91, [R. M. A. Wootwicr.] 


179. A man goes in for an Examination in which there are four 
papers with a maximum of m marks for each paper; shew that the 
number of ways of getting 27 marks on the whole is 


. 


(m +1) (2m? + 4m +3). [Matu. Tripos.] 
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180, Ifa, 8 are the roots of «7+pa7+1=0, and y, 6 are the roots 
of 274+9gv+1=0; shew that (a—-y)(8—y)(a+)(B+8)=9q?—p* 
[R. M. A. Woonwica.] 
» 181. Shew that if a, be the coefficient of #” in the expansion of 
(1+.r)*, then whatever n be, 


wae u—-1)\(n—2)...(u—-mtl 
hy — y+ Gy... (-1)™ pe cuads M see 








( 2 1), 
[New Coun. Ox.] 


182, A certain number is the product of three prime factors, the 
sum of whose squares is 2331. There are 7560 numbers (including 
unity) which are less than the nwmber and prime to it. The sum of 
its divisors (including unity and the number itself) is 10560. Find the 
nuiaber. [Corvus Coun. Cams. ] 


183. Form an equation whose roots shall be the products of every 
two of the roots of the oquation 23 - az*+be+c=0. 
Solve completely the equation 
209 + ato 2 == 1203 4+ 1207, 
[R. M. A. WooLwicu.] 


184, Prove that if 2 is a positive integer, 


nh — n(n — 2)" 4+- os y (ni ~ 4)" — 0, = 2"| 2, 


185. If (6,/64+14)"*1=N, and if # be the fractional part of J, 
prove that V/'= 20% +1, [Ema. Cotn. CaMs.] 


186. Solve the equations : 
(1) w+yte=2, a24+7°24+2=0, 8 +y3 += —-1, 
(2) a= (y-st=a%, x2 (2-ayt=B, P-(w—yPue’, 
[Curist’s Cott, CamB.] 


187. Ata general election the whole number of Liberals returned 
was 15 more than the number of English Conservatives, the whole 
number of Conservatives was 5 more than twice the number of English 
Liberals. The number of Scotch Conservatives was the same as the 
number of Welsh Liberals, and the Scotch Liberal majority was equal 
to twice the number of Welsh Conservatives, and was to tho Irish 
Liberal majority as 2:3. The English Conservative majority was 10 
more than tlie whole number of Irish members. The whole number of 
members was 652, of whom 60 were returned by Scotch constituencies. 
Find the numbers of each party returned by England, Scotland, Ire- 


land, and Wales, respectively. (Sr Jonn’s Conn, Camp.] 


188, Shew that a5(c—b)+b5(a—c)+c5(b-—a) 
=(b—c)(¢- a)(a—b) (a3 + 5a7b + ube). 
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189. Prove that | a 3a? 3a 
a a@+2ua 2at+l 


1 = (a —1)°. 

j 
a 2a+1 at2Z l 

j 


i'l 3 3 [BaLL. Cott. Ox.] 
| aera | 1 ] ; ; 
F -~+--+- ——; =Q, prove that «, 6, ¢ are in ca 
190 a aan aga 0, prove that «, 6, ¢ are in harmonical 
progression, unless b=«a +e. [Trin. Cott. CAMB. ] 


191. Solve the equations: 


(1) w—138x22+15v4+189=0, having given that one root ex- 
ceeds another root hy 2. 
(2) wt—4v2+82+35=0, having given that one root is 
24/ —3. [R. M. A. Wootwicu.] 


192. ‘Two numbers a and b are given; two others «,, 6, are formed 
by the relations 30,=2a0+6, 3b,=a+2b; two more a,, b, are formed 
from a,, b,in the same manner, and so on; find a,, 6, in terms of a@ and 
6, and prove that when 2 is infinite, a,=0,. [R. M. A. Woonwicu.] 


193. If v+y+2+w=0, shew that 
wx (w+a)+ys(w—ax)+tuy(wty) 
+ 22(w—y)* + wi(w + 2)? +ory (wv - 2) + deyzw=0. 
[Matu. Txipos.] 


be- a? 
cece Lane gS € ’ , 
194, If a+ arpa not altered in value by interchanging a 
of the letters a, 6, c not equal to cach other, it will not be altered 
y interchanying any other pair; and it will vanish if@+b+¢=1. 
[Mara. Trios. ] 


195. On a quadruple line of. rails between two termini A and B, 
two down trains start at 6.0 and 6.45, and two up trains at 7.15 and 
8.30. If the four trains (regarded as points) al pass one another 
simultaneously, find the following equations between 21, v,, 0, 4, their 
rates in miles per hour, 


where mm is the number of miles in AZ. [Trin. Cont. Cams.) 





196. Prove that, rejecting terms of the third and higher orders, 


-4 -4 
(1 — 2) a ee) 1 Lge 2 
Pa ener 1+ sty) +5 8# + xy + By"). 
: [Trin. Cott. Camu. 
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197. Shew that the sum of the products of the series 
a, a—b, a— 2b, ...... » a—(n—-1)b, 


taken two and two together vanishes when 7 is of the form 3im?—1, 
and 2a= (3m —2)(m+1)b. 


198, If » is even, and a+, a—f are the middle pair of terms, 
shew that the sum of the cubes of an arithmetical progression is 


na {a+ (nr? — 1) 8}. 
199, If «, b, c aro real positive quantities, shew that 
1 1. 1 ah +0848 
ibe ae 
(Trin. Coun, CAMB. ] 
200. A, B, and Cstart at the same time for a town a miles distant; 
A walks at a uniform rate of uw miles an hour, and B and C drive at a 
uniform rato of v miles an hour. After a certain time B dismounts 
and walks forward at the same pace as A, while C drives back to meet 
A; A gets into the carriage with C and they drive after B entering the 
town at the same time that he does: shew that the whole time occupied 
a sv+u 


as — . ~—— hours. PETERHOUSE, CAMB. 
v 8uty ; J 


201. The streets of a city are arranged like the lines of a chess- 
board. There are m streets running north and south, and 2 east and 
west. Find the number of ways in which a man can travel from the 
N.W. to the S.E. corner, going the shortest possible distance. 

[Oxrorp Mops.] 

202. Solve the equation Ve +27 +055 -v=4. 

[Batu Conn. Ox.] 

203, Shew that in the series 

ab + (a +x) (b+ x) + (a+ 22)(b422)+ 00... to Qn terms, 
the excess of the sum of the last 7 terms over the sum of the first 2 
terms is to the excess of the last term over the first as 2? to 22-1. 
204, Find the n convergent to 
1 1 41 


205. Prove that 
(a—x)*(y —2)§+(a-y)*(e- a+ (a~2)h(a-y) 
=2 {(a-y)*(a—z)?(v—y)?(v—2)* + (a - 2) (a-a)y 2) (y — 2)? 
+(a-x)*(a—y)(z-x)(2-y)}. 
[PereRHOoUsE, CaMB.] 
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206. If a, A, y aro the roots of 23+ gx+7r=0, find the value of 
Matn  mMB+r ~~ Mmy+tn 
ma—-n | MmB—-n~ my—N 
in terms of m, 7, q, ”. [QurENns’ Cott, CaMB.] 





207. In England one person out of 46 is said to dio overy year, 
and one out of 33 to be born, If there were no emigration, in how 
many years would the population double itself at this rate? Given 


log 2=°3010300, log 1531 = 3°1849752, log 1518= 3°1812718. 


208. If (14e4+27)"=ay tat anton. » prove that 
n(n—1) n! 
Op Ndy nyt Pee ee (es LE a (n—9)! dy = V, 


unless 7 is a multiple of 3. What is its value in this case? 
[St Joun’s Coun. Cams.] 


209. In a mixed company consisting of Poles, Turks, Greeks, 
Germans and Italians, the Poles are one less thau one-third of the 
number of Germans, and thrce less than half the number of Italians. 
The Turks and Germans outuumber the Greeks and Italians by 3; 
the Greeks and Gormans form one less than half the company; while 
the Italians and Greeks form seven-sixteenths of the company: deter- 
mine the number of each uation. 


210. Find the sum to infinity of the series whose x teri is 
(etl) amb (n+2)-b(— a) [Oxrorp Mops. ] 
211. If is a positive integer, prove that 


oe (n?—1) | n(n?—1)(n? - 2) | 


\2 ~ {Q|3 @avaee 
nye (2? — 1) (2 ~ 2°)...4..(00® — 74) nen ahaa 
+( orem 2 hala nee == (—1)*+1, 
[Pemp., Cott. Camn.] 
212. Find the sum of the series: 
(1) 6, 24, 60, 120, 210, 336,...... to n terms. 
(2) 4—90+ 162? — 25.434 36u1 — 49a°+...... tu inf. 
a Gee Pa) eee es ee ’ 
(3) “9 + 95" Fos + gd Tere to inf. 


213. Solve the equation | 42 - Gr+2 8r+1 
67+2 94+38 J2r |=0. 
8r+1 12r  1674+2 
[Kine’s Cott, Cams.] 
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214, Shew that 
(1) a®(1+5?) + 62(1 +c) +c?(1 +a") >6abc, 
(2) n(arta+ Orta erti+,..)>(aP+bP4+cP+...)(ut+b%4+ e1+...), 
the number of quantities a, b, c,... being 2. 
215. Solve the equations 
y2=alytz)+a 
evu=a(2+x)+B8>. 
ry =ale+y)ty [Trin. Coun. Cams] 
216. If be a prime number, prove that 
I 1 1 
n-1 m—1 a n—-1 am 3) — n-l 
1(2 +1)+2(3 +5) +3(4 +5) teu 1) (» +4) 
is divisible by x. [QuEEn’s Coun, Ox.] 
217. In a shooting competition a man can score 5, 4, 3, 2, or 0 


points for each shot: find the number of different ways in which he 
can score 30 in 7 shots. [PemB. Coun. CAMB.] 


218. Prove that the expression 2°-— ba3+cz*+du—e will be the 
product of a complete square and a complete cube if 
Hap 0d fe 
5 be 
219. A bag contains 6 black balls and an unknown number, not 
greater than six, of white balls; three are drawn successively and not 
replaced and are all found to be white; prove that the chance that 


a black ball will be drawn next is ae ‘ [Jesus Coun. CaMB.] 


220. Shew that the sum of the products of every pair of the 


squares of the first 2 whole numbers is -— n (n*—1)(4n? —1) (52 +6). 


[Caius Coun. Cams.] 


that a(b—c)+8(c—a)ty(a—b)=0. 


221. If sen -Eeo8) Hg has equal roots, prove 


222, Prove that when 7 is a positive integer, 


n-2 (n —3)( — 4) 
2 


ie Be gn-3 4. gn-5 


(n —4)(n—5) (2 — 6) 

eg 

[Cuarg Coun. Cams.] 

HH. A. 330 


Qr—-T4. i, 


514 HIGHER ALGEBRA. 


223. Solve the equations: 
(1) 224+2y2=y?+22v=24 Qay+3=76. 
(2) w+y+z=atb+e 


ax + by +cz=be+ca+ab 
[Curist’s Cott. CAMB.) 


224, Provo that if cach of m pvints in one straight line be joined 
to each of x in another by straight lines terminated by the points, then, 


excluding the given points, the lines will intersect “mn (m— 1)(n—-1) 


times. [Matu. Tripos.] 
225. Having given y=7+27+25, expand 2 in the form 
y tay? + by + cyt + dyS+...... : 
and shew that a’d - 3abe+263= — 1. [Bau Conn. Ox.] 


226. <A farmer spent three equal sums of money in buying calves, 
pigs, and sheep. Each calf cost £1 more than a pig and £2 more 
than a sheep; altogether he bought 47 animals. The number of pigs 
exceeded that of the calves by as many sheep as he could have bought 
for £9: find the number of animals of each kind. 


227, Express log 2 in the form of the infinite continued fraction 
j ee ea Sa ne 
Th I+ a iy Keke TZ ree [ EULER. | 
228, Inacertain cxamination six papers are set, and to each are 
assigned 100 marks as a maximum, Shew that the number of ways 
in which a candidate may obtain forty per cent. of the whole number 
of marks is 


u ae ma Boi +15, bi 5 [Oxrorp Mops.] 
[5 (|240 (139 Ks 


229. Test for convergency 


x 1.38 #& 1.3.5.7 2 1.3.5.7.9.11 at 
5+ 





ee eee 


2.4°619.4.6.8' 10° 2.4.6.8.10.12° ate 


230, Find the scale of relation, the x“ term, and the sum of 2 
. terms of the recurring series 1+6+40+288+....... 


Shew also that the sum of x terms of the series formed by taking 
for its r“ term the sum of r terms of this series is 


= (22% 1) 4 a (21) — st . [Carus Coit. Cams.] 
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231. It is known that at noon at a certain place the sun is hidden 
by clouds on an average two days out of every three: find the chance 
that at noon on at least four out of five specified future days the sun 
will be shining. [QUEEN’s CoLL. Ox.] 


232. Solve the equations 

w+ (yz) =a 

y+ (z-ax)=b?}. 

24+(e—y)r=c? [Ekum. CoLn. Cams.] 
233. Eliminate 2, y, > from the equations: 


12 2 oer J 2 was ae 
Uo — LY — LZ —Yr—-YU BB —~ eu —~2y 
oe = , and aut by+ers=0. 


[Matu. Trrvos.] 


234. If two roots of the equation 2° +pa*+qu+r=0 be equal and 


vf opposite signs, shew that pg=r. [QuEENS’ Cot. Cams.] 
235. Sum the series: 
(1) 142374 332?+4...... + n3y"—1, 
25 52 5n?+12n4+8 
2) = ~ pp mgy He eee ee STE ECE Gree 
(2) 12,99, 38 T ox 30 t + Fit 1)? (n 4 2) 


[Emm. Cott. Cams.] 
236, If (1+ a%a) (1+ ches) (1 + eel) (1 + 282)... 


= ] + A tt + A ga + A 90! + eeneee 
prove that da.44,=@A,,, and d,,=a"4,,; and find the first ten terms 
of the expansion, [Corpus Cont. Cams.] 


237. On a sheet of water there is no current from A to B but a 
current from 8 to C’; a man rows down stream from A to Cin 3 hours, 
and up stream from C to A in 34 hours; had there been the same cur- 
rent all the way as from B to C, his journey down stream would have 
occupied 27 hours; find the length of time his return journey would 
have taken under the same circumstances. 


238, Prove that the n** convergent to the continued fraction 
3. 3 3 3n+143(—])"+1 


ee 


9 2+ eesnve “peti (= ]jeti* 
[Emm. Cont, Cams.] 


+| 


239. If all the coefficients in the equation 
"+ "1 0 + +p,=/f (x) =0, 
be whole numbers, and if /(0) and f(1) be each odd integers, prove 
that the equation cannot have a commensurable root. 
[Lonpon UNiveErsiry.] 


33—2 
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240. Shew that the equation 
VaxtatVbe+ B+ or+y=0 
reduces to a simple equation if ./a+/b+,/c=0. 
Solve the equation 
M622 — 152° — 74+ dar? — Ba — 11 — 4/202 5a $5 = 2-3. 


241, A bag contains 3 red and 3 green balls, and a person draws 
out 3 at random. He then drops 3 blue balls into the bag, and again 
draws out 3 at random. Shew that he may just lay 8 to 3 with 
advantage to himself against the 3 latter balls being all of different 
colours. [Pemp. CoLu. CAMB.] 


242, Find the sum of the fifth powers of the roots of the equation 
vt — Ta 44x —-3=0. [Lonpon UNIVERSITY. ] 


243, A Geometrical and Harmonical Progression have the same 

ph, gh, rth terms a, b, ¢ respectively: shew that 
a(b—c)loga+b (c—a) log b+e¢(a—b) log c=0. 

[Cunisr’s Colt. CamB.] 

244, Find four numbers such that the sum of the first, third and 

fourth exceeds that of the second by 8; the sum of the squares of the 

first and second exceeds the sum of the squares of the third and fourth 

by 36; the sum of the products of the first and second, and of the 


third and fourth is 42; the cube of the first is equal to the sum of the 
cubes of the second, third, and fourth. 


245. If 7.) Tasiy Tago be 3 consecutive terms of a recurring series 
connected by the relation 7,,,,=a7,,,,—-67,, prove that 


i {T7041 OT Ty 4 + OT ,7} =a constant, 


246, Eliminate x, y, ¢ from the oquations: 


rf 


L.t  fd Bk cs 
cig er 2? 4 y? + 22 = 52, 
B+ x + 28 = 63, aye = a3, 


[Emm. Coun. Cams.] 
247, Shew that the roots of the equation 
ot pd+gqa2— re +70 


are in proportion, Hence solve 2*— 122° + 472% —727+36=0, 
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248. A can hit a target four times in 5 shots; B three times in 4 
shots; and C twice in 3 shots. They fire a volley: what is the pro- 
bability that two shots at least hit? And if two hit what is the pro- 


bility that it is C who has missed ? [St Cara. Coit. CamB.] 
249. Sum each of the following series to terms: | 
(1) 1L+0-140+7428+79+...... : . 
he ec ee a Oe I 
1.2.3.4 2.3.4.5 3.4.5.6 4.5.6.7 ; 
(3) 84049024234 380'4-054 12929400000. 


[Szconp Pusiic Exam. Ox.] 
250. Solve the equations: 
Q) g#+yr4+e =an, (2) w(yts-—2v)=a, 
S+ev+ar%=ay, y eee =h 
bry + yt sa, z(u+y—-z)=e. 
[PETERHOUSE, Camn.] 


re coe | 1 i 
251. If Fish aa ed Pe hae and 7 18 an odd integer, shew that 
ee ene ee 
qe | Unt en am Oe on" 


If 28 — 0% + 5utv? (ue — v7) + 4uv(1 — utv!) =0, prove that 
(1? — v)8 = 16202 (1 — u8)(1 -v8), [PemB, Coit. Camn.] 


252, If vr+y+c=3p, yetern+vy=3qg, vyz=7r, prove that 
(ype~—x)(2+u-—y) (vty —z)= — 27p? + 36pq — 87, 
and (ype—a+(c+e-—yh+(at+y —2)P = 27 ps — 24r. 


253. Find the factors, linear in 2, y, 2, of 
a(b+c)22+b(e+a)y2+e (a+b) 27}? — 4abe (a? +4? + 2*)(an? + by? + 62”), 
y 
[Carus CoLL, Cams, ] 
at yr +z xty+s = (“tu xtyts 
254. Shew that =) > we YYZ > mtu) . 
[St Joun’s Cort. Cama.} 
255. By means of the identity {1 - aro ate a » prove that 


r= 
: (m+r—-1)) 
eae 


[Pems. Coin, Cams.) 


r 
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256. Solve the equations: 
(1) axv+by+e=20+ay+b=y2+ba+a=0. 


(2) v+y +z -u = 12, 
wy? g_yr= 6, 
@O+y— 3+ u3=218, 

ary +-zu= 40. 


257. If p=q nearly, und x >1, shew that 
1 
(2+ 1) p+(n— 1) q zm (ey 
(w-l)pt+(rntl)qg \g/ - 
if 2 agree with unity as far as the 7 decimal place, to how many 


places will this approximation in general be correct? [MatH. TRrIpPos.] 


258. <A lady bought 54 lbs. of tea and coffee; if she had bought 
five-sixths of the quantity of tea and four-fifths of the quantity of 
coffee she would have spent nine-elevenths of what she had actually 
spent; and if she had bought as much tea as she did coffee and vice- 
versd, she would have spent 5s. more than she did. Tea is more ex- 
pensive than coffee, and the price of 6 lbs. of coffee exceeds that of 
2 lbs. of tea by 58.; find the price of each. 


259, If s, represent the sum of the products of the first » natural 
numbers taken two at a time, then 


2 iil 8a} 1] 
mae Ci ae ae ~ 94 * 
(Carus Conn. Cams.] 


Fe (ee See, eee Oe 
° " pat4+2gab+rb?  pac+q(be—a*)—rab- pet — 2qca+ra®’ 


prove that P, »; Q,q; and #, r may be interchanged without alterin 
the equalities. [Marx. Tiros 


261. If a+8+y=0, shew that 


ah+3.4 gn+84 an+3 — ay (a+ B+ yt) +5 (a+ BB+ yA\(art} + Betz ant), 
[Carus Cott. Cams] 
262, If a, 8, y, 8 be the roots of the equation 
DA + pa 4-92" + ra+3=0, 
find in terms of the coefficients the value of 3(a—)*(y—8)% 
[Lonpon UNIvERsiTy.] 
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263, <A farmer bought a certain number of turkeys, geese, and 
ducks, giving for each bird as many shillings as there were birds of 
that kind; altogether he bought 23 birds and spent £10. lls; find 
the number of each kind that he bought. 


264, Prove that the equation 
(yt2—82)h+ (@-+a°— By) +(w+y — 82) =0, 
is equivalent to the equation 
wy —2P+y(2-aP+e(a-yP=0. 
[St Joun’s Cour. Cams.] 


, a b ¢ ad 3 
265, If the equatior (cn eo ee ager OS have a pair of 
equal roots, then either one of the quantities a or 6 is equal to one of 


the quantities c or d, or else ; + — + ;- Prove also that the roots 
2ab 
are then —a, —a,0; -6, —b,0; or 0,90, - ee 


{MatH. Trrvos.] 
266. Solve the equations : 


(1) w+ytz=ab, wt+ynt4+c7-'=an- lb, vyz=a3. 
(2) ayz+by+ce=bev+es+arv=cay t+av+by=atb+e. 
[SeconpD Pusnic Exam, Oxrorp.] 


267. Find the simplest form of the expression 
a® a3 


Ne 


(@=Byla=yNla- Hla= 0) * B= eB=YB-IB- 0)” 


a 


* (= a)e= Bye le 8)" 
[Loxpon UNIVERsITY.] 


268. In a company of Clergymen, Doctors, and Lawyers it is 
found that the sum of the ages of all present is 2160; their average 
age is 36; the average age of the Clergymen and Doctors is 39; of the 
Doctors and Lawyers 32,8; of the Clergymen and Lawyers 36%. If 
each Clergyman had been 1 year, each Lawyer 7 years, and each 
Doctor 6 years older, their average ago would have been greater by 
5 years: find the number of each profession present and their average 
Ages. 


269. Find the condition, among its coefficients, that the expression 
aytt + da,a8y + Bagrry® + 4agrys + ayy4 


should be reducible to,the sum of the fourth powers of two linear 
expressions in 7 and y. [Lonpon University. } 
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270. Find the real roots of the equations 
e4+24u=a®, vwt+u(ytz)=be, 
Ptwrtui=b%, wuty (2+7) =cu, 


2k tot ct, wtw(ety)=ab, 
[Matu. TRrPos.] 


271, It is a rule in Gaelic that no consonant or group of consonants 
can stand immediately between a strong and a weak vowel; the strong 
vowels being a, 0, «; and the weak vowels e and 7. Shew that the 
whole number of Gaelic words of 114+3 letters each, which can be formed 

Qin+3 


of 2 consonants and the vowels a@eo is a 


peated in the same word. [Carus Conn. CaMB.] 


where no letter is re- 


272. Shew that if v?+y*%=22’, where «, y, 2 are integers, then 
Qa =r (24+ Ak—k*), Qy=r(k+Qk—l), Ww=r(2+h) 


where 7, 7, and & are integers. {Carus CoLL, CAMB. | 


273. Find the value of 1 


274, Sum the series; 


we Qa Bx 


n wy 2 ? 
(1) 2.33.47 4.57 eer to inf, 
] g nv 
pe a ec 
a+1l  (a+1)(a+2) (a+1)(a+2)...(a+n) 


275. Solve the equations ; 


(1) Qryz+3= (22-1) (8y+1)(42-1)4+12 
== (20+ 1) (By —1)(42+1)4+80=0, 


(2) Bux —-Qoy =ve+uy=3ur+2v2=14; xy=10u. 


276. Shewthat | a2+r abd we ad 
ab b+ ~~ be bd 
ac be +R cd 
ad bh ch d®+y 


is divisible by \5 and find the other factor. [Corpus Conn, Cams] 


MISCELLANEOUS EXAMPLES. 521 


277. If a, b, ¢,... are the roots of the equation 
a +pyao"~* + pyr" + eee Dy 10 + Py =O ; 
tind the sum of a2+03+3+..., and shew that 


2 2 2 12 2 2 yee 
ee ee ee, ig ei) 
Boa a a ae OO 


Pr 
[Sx Jonn’s Conn. Cams.] 
1+2¢ i 
278. By the expansion of Toe 2 otherwise, prove that 


~ 3 
ES (382 —1)(8%-2) (Bu —2)(8n — 8)(Bx — 4) 
ie 1.2.3 
SSS EY) a ee: 
+ 172.304 a a 
when 7 is an integer, and the series stops at the first term that vanishes. 
{Marx, Trrvos.] 


1—32 





279. Two sportsmen A and B went out shooting and brought 
home 10 birds. The sum of the squares of the number of shots was 
2880, and the product of the numbers of shots fired by each was 48 
times the product of the numbers of birds killed by each. If A had 
fired as atten as Band B as often as A, then 2B would have killed 5 
more birds than A: find the number of birds killed by each. 


280. Prove that 8 (a? + 63+ 6°)? >9 (a? + be) (0? + ca) (c? + ab). 
[Pema Conn, Cams.) 
281. Shew that the n* convergent to 
0G ites 
3—~4-5-""°  ~ Brar(n—r)!" 
What is the limit of this when 7 is infinite? [Kine’s Coun. Cams] 


282. If : is the n“ convergent to the continued fraction 
n 
1 1 21 #21 é1ésdi 


a+ b+ c+ at b+ e+ °° 
shew that 25,4 5==0pgn + (be+ 1) Gyn: [QurENs’ Conn. CamB.] 
283. Out of x straight lines whose lengths are 1, 2, 3, ... 2 inches 


respectively, the number of ways in which four may be chosen which 
will form a quadrilateral in which a circle may be inscribed is 


z {2n (n —2)(2n-5)-3+3(-—1)"}.  [Mara. Trrros.)} 
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284, If w,, wv, are perpen yey the arithmetic means of the squares 
and cubes of all numbers less than 2 and prime to it, prove that 
23 — 6nuty+4u,=0, unity being counted as a prime. 

[Sr Joun’s Corn. Cams. ] 


285. If vis of the form 6 —1 shew that (y—z)"+(2—2)"+(a—-y)" 
is divisible by v?+y?+<?—yz-—zr—-ay; and if nis of the form 6m+1, 
shew that it is divisible by 


(v2 y? + 22 — yz — 20 — xy)’. 


286. If S is the sum of the m” powers, P the sum of the products 
m together of the n quantities a,, a@,, @,,...a@,, shew that 


[Carus Conn, CaMB.] 


287. Prove that if the equations 
O+gu—r=0 and 1:03 — 24a" — gra —2q3 - 7? =O 


have a common root, the first equation will have a pair of equal roots; 
and if each of these is a, find all the roots of the second equation. 


fInpia Civin SERVICE. ] 
288. If x 2u®—32+y 2a? By? +2 / 2a? — 32? = 0, 
where a? stands for 7? + y'+<*, prove that 
(ety+2)(—@+y+2)(e-ytz)(@ty—-2)=0. 
[Trin. Cont, Cama.) 


289, Find the values of z,, 2),....7, which satisfy the following 
system of simultaneous equations: 





xv x. x 
ah + Dae an + woot opel 
Cy he yy os 

ov be Xv, x 

Carey Vaca ee a 
Ug-O, Ag~ Oy hy — On 

x ; _ A. i, ky =] 

dy — b, Ay bo Ay b, 


{[Lonpon UNiversity.] 
290. Shew that | yz-2? ze-y? awy-2 {=| 7? uw? yy? | ; 
ze—y ay—z*  ye-2x ut ph yd | 
| cy—2? yz—x* 2x-y? ue yt pt 


where r?=a?+y?+22, and ui=ye+zx + xy. 
(Trin. Cott, Cams] 
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291, A piece of work was done by A, B,C; at first A worked alone, 
but after some days was joined by B, and these two after some days 
were joined by C. The whole work could have been done by B and C, 
if they had each worked twice the number of days that they actually 
did. The work could also have been completed without B’s help if A 
had worked two-thirds and C four times the number of days they actually 
did; or if A and B had worked together for 40 days without C; or if 
all three had worked together for the time that B had worked. The 
number of days that elapsed before B began to work was to the 
number that elapsed before C began to work as 3 to 5: find the 
number of days that cach man worked, 


292. Shew that if Sis the suin of the products r together of 


a a n—1 
Le ee eager 


i 
; -y p(t -U(n- Br) 
then Su-r=Ar- en 
[Sa Joun’s Cott, Cams.] 


293. If a, b, ¢ are positive and the sum of any two greater than 
the third, prove that 


_, wk b — he 
ut b c 
[St Jonn’s Conn. Cams. ] 


294. Resolve into factors 
(a+b+c)(b+c-—a)(c+a—b)(a+b—c)(a*+b? +0?) -— 8a2b?c?, 
Prove that 
Afatt Bt +ytt (a+B+y)} =(B+y)'+ (y+a)'+(a+B)! 
+6(B+y)(y+a)?+6(y +a) (a+B8)P+6 (at+B)? (B+y)% 
[Jesus Cont. Cams.] 


295. Prove that the sum of the homogeneous products of 7 dimen- 
sions of the numbers 1, 2, 3, ..., and their powers is 


Gal aes {imera— aoe, gnsent yg (Mo IMEI E) guerra ... ton terms}. 


m—1 : 


[Eum. Coun, Cams.] 
296. Prove that, if x be a positive integer, 


enon 38) on (en 4) Sn) 


1-8n+——T-9 1.2.3 


+...=2(-1)% 
[Oxrorp Mops.] 
297. If oda (sk Aare te Ge digi Eider shew that 


e=y=e=u unless 67=2a%, and that if this condition is satisfied the 
equations are not independent. (Maru. Trrpos,] 
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298, Shew that if a, d, c are positive and unequal, the equations 
ax+yz+e=0, 2u+by+2=0, yiter4c=0, 
give three distinct triads of real values for x, y, 2; and the ratio of the 
products of the three values of v and y is b(b—¢) : a(e—a). 
[OxrorD Mops. ] 


299. If A=ar-by—cz, D=be+ey, 
B=by—cz--ax, B=cx+az, 
C=cz-au-by, F=aytbe, 
prove that 4BC- AD*- BE*-CF*+2DEF 


=: (a? + D* +67) (a+ by +02) (a? +9? +2°). 
[Seconp Pubiic Exam. OXForD.] 


300. <A certain student found it necessary to decipher an old 
manuscript. During previous experiences of the same kind he had 
observed that the number of words he could read daily varied jointly 
as the number of miles he walked and the number of hours he worked 
during the day. He therefore gradually increased the amount of daily 
exercise and daily work at the rate of 1 mile and 1 hour per day 
respectively, beginning the first day with his usual quantity. He found 
that the manuscript contained 232000 words, that he counted 12000 
on the first day, and 72000 on the last day; and that by the end of half 
the time he had counted 62000 words ; find his usual amount of daily 
exercise and work, 
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1. 54. 2. 9, 3. 1}. 4, 2. 7. 60. 
8 86 
y=20--. 10. y= bat x. 11. 4. 
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First term 74, number of terms 54, 


Instalments £51, £53, £55,... 7. 12, 8. 25. 


n penne 
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3, 5,7; 4, 5, 6. 23. ry=(n+1l-—r)c. 
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2059 1281 


tee 2. ae 3. 191}. 4. - 682, 
ar 6. 7(6P-1). 7. at-(5) 8. 364 (/3-+1). 
5 (6864/2 ~ 292). 10. ae 11. 3 i. 
ae ee ch a ee 14. ee 

ae 16. -999, 11. - 18. ee 
7(7+,/42). 20. 2. 21. 16, 24, 86,... 22. 2. 
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1. 

4. 
11. 
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15. 
18. 


19. 


11. 
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V. b. Paces 45, 46. 





i1-a" _ Rat 2 8 3 lta 
(l-a)? 1l-a’ " 8 * (l-a)?° 

1 2 1 
4 gama ~ gn-1° 5. 6. 6. (-2)3° 

1. 1 
(1 -ry(l — br) ° 10. 40, 20, 10. 11. 4, 1, 4 goes 
a(a®~1)  n(ntija 13, Te 1) , zy ery" — 1) 

x—1l a ee ; x xy-1 ° 

2 1 23 
Apa +o (1 - st») - U1 16. Gee 18, mont amt +g, 
(ta) (ee) ae lets ye 

AEST : 21. Soll sot Ne. 

VI. a. Pages 52, 53. 
é ay Si : 2 2 2 2 
(1) 5. (2) 34. (3) 388. 2. 62, 7}. 3. 5? qs 9? 11° 
6 and 24. 5B. 4:9. 10. n?(n+1). 
» 
un (n +1) (n? +243). 12. 5m (n+-1) (2n4+7). 
e 

sn (20+ 1) (n?+3n+1). 14. ; (3°41 + 1) — 2"71, 


Anti_4—mn(n+1) (n?-n-1). ; 
The x4 term=b+c¢ (2n—1), for all values of greater than 1. The first 
term is a+b+c; the other terms form the A.P. b+3c, b+ 5c, b+7e,.... 


n, 22, @ (2a+n~ 1d) Ja (u- 1) aa nn \) at 

VI. b. Pac 56. 
1240. 3. 1140. 8. 16646. 4. 2470. 5. 21821. 
62. 7. 11879. 8. 1840. 9 11940. 10. 190. 
300. 12. 18296. 14. Triangular 364; Square 4900. 
120. 16. n-1. 


VII. a. Pace 59, 


833244. 2. 728626. 3. 1740187. 4. c7074. 5. 112022 
34345. 7. 17832126. 8. 1625. 9. 2012. 10. 842. 
ttt90001. 12. 231. 18. 1456. 14 7071. 18. ece. 
(1) 121. (2) 122000. 


VII. b. Paces 65, 66. 


20305. 2. 4444. 3. 11001110. 4. 2000000. 5. 7888. 
34402. 7. 6587, 8. 8978. ® 26011. 10. 87214, 
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11, 30084342. 12. 710te3. 18. 2714687. 14. -2046. 45. 15-1t6, 
16. 20°73. 17. 125°0135. 18. + 19. = - 
20. Nine. 21. Four. 22. Twelve. 28. Hight. 24. Hleven. 
25. Twelve. 26. Ten. 80. 22427 +4 28, 
$1 


39 — 88 — 37 — 26 — B54. 334 334.7, 


VIII. a. Paces 72, 73. 











2+/2+/6 3+ /6+/165 
1; eee, SALT ale 
4 6 
9, wlotbJa— Jab (a+b) a Gr 4 vai-14,/9a (a -1) 
: Jab ° . a-l ° 
5, 80/804 5x/15- 12 10y2 g, N2+N8+N/5 
s if . s 9 =. e 
5 4 1 2 8 1 5 
7 $3433, 224+3.2483. 22433, 27422, 
5 4 2 8 &@ 2 1 4 #5 
8. 56-56, 214 56, 23- 56,2456, 23 23, 
rt 10 1 91 110 = 2 1 
9. a& —a8ht4 asp? —...4+a8b4 ~— b4, 10. 33} 33+1, 
1 1 8 
1. 23-27. 744+2. 72-78, 
nm owl 2 1 Ww I 2 1 
12. 62+53 . 344 53. 39+ ...4+53.34$434. 1 — 33+ 38 
5 8 4 5 2 Ti) as 2 ; 
14. 17-38%, 227488, 2?—3.224 35.27 3.22. 
1 5 4 8 2 i) 1 
15. 37, 22- 83,2433, 28,9243), 22-34. 27, 
tyr5 4 38 2 3 Bh 8 KO 
16. 5 (8-884-893-4381). UT. 2+ 28425425 42942%41 
31 A ° 
ee 
2 6 6 
18. ar. 19. /5+a/7-2. 
3 5 
20. /5-./7+2,/8. 21. 14+,/3-,/2. 22. 1+ 7 2° 
93. 2+, /a—-./8b. 24, B—-J/7+/2-/8. 25. 1+,/3. 
26. 2+,/5. a7, 3-2/2. 98. /14-2,/2. 
ar 2 
29. 2./8+,/5. 80. 3,/3-,/6. 81. fete ft. 
Ba+b a-b 1+a+a? l1~a+a? 
82. —_ = a 38. Pe as rege 
1 l+a I-a 
a yica /F+ /F")- 
$5. 11+56,/3. 36, 289. at. LB, 


43. 


10. 


13. 
16. 


19. 


22. 


am a a 


11. 
14. 


18. 
21. 
26. 


28. 
29. 


B/3+5. 
8 +,/6 = 523607. 


8a +,/b?— 8a? 


6-2,/6. 
x? —~xe+1, 


8 
- 55° 
8a? ~1 

2a ° 
*&(24+38,/-1). 
+2(1-,/-1). 

9 19, 

~ 7g 7 13" 

1 3 


ape E ee 





352 +182 —-12=0. 
(p? ~ q?) 22+ 4pgqer —p?+ g?=0. 4. 


22 4+1072+13=0. 
2? +62+34=0. 


x? +a*+~2ab+°=0, 


2ax} + (4 — a*) x? - 
8, 5. 
b? — 2ac 

ee % 


7. 22. 
Yo 
(1) b? — 2ac 





~ 15. 


ac 
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39. 3. 40. 8,/3. 
42, 0741+ %/4+a-a8/24+ 3/2. 
a-l 
44. ay ‘ 


VIII. b. Pagzs 81, 82. 





2. —13. 3. e?V-1_ ¢-2V-1, 
5, Bite? 6. —19-6,/10. 
11 
daz J -1 2 (827-1) /-1 
ca 9 . 
a + x ge+1- 
Liv. xf =1. 12. 100. 
14. +(5-6,/-—1). 15. +(1+4,/-83). 
17. +(a+/-1). 18 #£{(a+b)~(a-b) /—1}. 
4/6. : 
20. 7 = 14 t. 21. 2. 
2b (3a? — b%) | 
mer | alias 


IX. a. Pages 88—90. 
2. mnax* + (n?—m?) « -mn=0. 
~ 14x + 29=0. 
6. 22+2pxr + p* - 8g=0. 
8. 27+2ar+a*+l?*=0. 
10. 623+ 1127?-197+6=0. 





2ax=0. 12, — 87?7+177 -4=0, 
10 a—b 
15. 2, =o 16. Pa 
be4 (Bac — b*) b? (b? — 4ac) 
19. aa aaa, eae ° . aa i ee . 
a ate 
23. 0. 24. x?—2(p?- 29) «+p? (p?—4q)=0. 
b (b? — Bac) 
(2) sigs 27. nb?=(1+n)%ac 


arctx? — (b? — 2ac) (a? +c”) 7 + (b? - 2ac)?=0. 
~ 4mnz — (m? — n*)?=0. 


2and —2. 

(1) P (p? ae 4q) (p3 we 
q 

H, H, A. 


IX. b. Paces 92, 93. 
B. bg? 

4 

q) a) 2 a4 


2axz+a=0. 
— 4p" a fat + 2q? 1 
q’ s 


5380 


1. 
7. 
10. 


13. 


17. 


23. 


26. 


32. 


85. 


38. 


43. 


49. 


82. 


~ 2, 2. + 
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IX, c. Pace 96. 


7. 


(aa! — bb’)? + 4 (ha + Wd) (hd' + h’'a)=0. 
(bb' — 2ac’ — 2a'c)? = (b? — 4ac) (b’ - 4a’c’); which reduces to 
(ac’ ~ a’c)?= (ab’ - a'b) (bc’ — bc). 








1 1 
are 2. 
8™, On. 6. 
1 25 
9° 4° 10. 
~ 4, 14. 
9, -7, 1+ ./— 24. 
4 7 1+,/65 
> ~9? 4 ‘ 
51 8#,/148 
> 3B? 3 
5 7 8/415 
’ 3? 6 : 
18 

1,9, -%. 

10 
4, ies 
1 ~82,/5 
1 9° ¢ 

1 1 
g, ~@g? 5, a 
0, 1, 8 
B 2 
2’ 3° 
18. 


1 (fa —/b)? +4 
RACER rs 
1 1+,/-81 


19. 
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28. 
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40. 


45. 


48. 
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ote 
SORE ee eager oe 
3 
27. 1, 8. 
a a 
80. a, 9” et 
38. 0, 5. 
1 ~1+,/-3865 
36. 8,5, 
39. 38a, —4a. 
~14,/17 -1+,/2 
42. cae Gast Meee ae 
“4. 3, -1, 
47. 4. 
50. +65. 
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1 
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2, —5- 
6 
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X. b. Pages 106, 107. 


8 15 8 _ 87 
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z=9,1; y=1, 9. 25. x= +425; y= +9. 
e=6, 2, 4,8; y=1, 3° 5? 2 
w= +6, +4, “3, £2; youd, £4, +10, +8. 
107 48 
Bay ig Yt ag: 
ju FEN ged, 
9 
xr=0, 9, 8; oof 8, 9. $1. x=0, 1,3 a ae 0, 2, - 39° 
10 6 4 eee ee 
x= 5, 53° 0; y = 3, ~ 93! a, i 83. c= 2, s/h, 2; y= 2, 20/4, 6, 


3 JT 3 
oh NES y=2, 3 ee 


e=+38, +,/-18; y= +3, #/ -18, 
L=y= a 
Ne _ aso a/b 
0 Gone 8 Jane oe 
z=b, preven y=a, a (1+,/3), 


a% a(b-a) _b? b (2a-b) 
b’ pee 
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40. 


10. 


12. 


13. 


15. 


16. 


a 


16. 
17. 
is. 
19. 


31. 


HIGHER ALGEBRA. 


£=0, +a,/7, +a,/18, +3a, +a; y=0, =b,/7, £b,/18, +b, = 8d. 





Q 
t= 1, ar es = ———- } y= +2a, F eee eee 
/ibat—a) —1  iéat—ai— 1 
X.c. Paces 109, 110. 
t= £3; y= 4d; c= 4, 2. 2=5; y= -1; z=7. 
x=5, -1; y=1, -5; 2=2. 4. x=8, -8; y=38; z=3, -8. 
24/151 Q~/ibl . il 
t= =4, 3, a 7 ; y=3, 4, : “3 ; 2=2, “3° 
e= 33; y= #2; 2= 45. 7% @=25; y= 21; z= 1. 
x=8, ~8; y=5, -5; z=8, -38. 9 w=3; y=4; 253 was. 
v1; y=2; e=38. ll. -x=5, -7; y=3, -—5; 2=6, -8. 
j1 
=1, -2; y=7, -8; z=8, ee 
x=4, ar y= = 6, at ga 2, —~6. 14. r=, 0,0; y =0, a, 0; z=0, 0, a 
a B2,/-9 a —5/3+./-9 
T= Fe > N v/- a4; Y=" > SL eal 
N er 
pat NBA 9 
3 3 
zal ~114,/-16 
xz=a, — 2a, oe eee y =4a, a, SS a; 


z=2a, — 4a, (1+ 4/—15) a. 


X.d. Pause 113. 


x= 29, 21, 13, 5; y=2, 5, 8, 11. 
x=1, 3,5, 7,9; y=24, 19, 14, 9, 4. 


x=20,8; y=1, 8. 4. 2=9, 20, 31; y=27, 14, 1. 
x= 80,5; y=9, 382. 6. x=50,8; y=8, 44. 
t=7Tp-5,2; y=5p-4, 1, 8. 2=13p-—2, 11; y=6p-1, 5. 


x=2ip-9, 12; y=8p—5, 3. 10. 2=17p,17; y=18p, 18. 
x=19p-16, 3; y=238p-19, 4. 12. r=T7p-74, 8; y=30p— 25, 6, 
11 horses, 15 cows. 14. 101. 15. 656, 25 or 16, 65. 

To pay 8 guineas and receive 21 half-crowns. 

1147; an infihite number of the form 1147 + 89 x 56p. 

To pay 17 florins and receive 3 half.crowns. 

87, 99; 77, 59; 117, 19. 

28 rams, 1 pig, 11 oxen; or 18 rams, 14 pigs, 18 oxen. 

8 sovereigns, 11 half-crowns, 18 shillings. 


‘he 


a 


11. 
‘15. 


19. 


25. 
27. 


ee 


9. 
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XI. a. Paces 122—124. 


12. g. 224, 3. 40320, 6875600, 10626, 11628. 

6720. B. 15. 6. 40320; 720. 7. 15, 860. 

6. 9. 120. 10. 720. 11. 10626, 1771. 

1440. 13. 6375600. 14. 360, 144. 15. 230300. 

1140, 231. 17. 144. 18. 224, 896. 19. 848. 

56, 21. 360000. 22. 2052000. 23. 369600. 
[£5 a 

21600. 25. Tio 3 20° 26. 2520. - 27. 5760. 

3456. 29. 2903040. 30. 25920. 32. 41, 

1956. 34. 7. 


XI. b. Pagers 131, 182. 





(1) 1663200. (2) 129729600. (3) 8326400. 2, 4084080. 
151351200. 4. 360. B. 72. 6. 125. 
n, 8. 531441. 9. p”. 10. 30. 

as la+2b+8c+d 
1260. 12, 8374. 13. 455. = 14. ——— 

je (1)* (1e)" 
4095. 16. 57760000. 17. 1023. 18. 720; 3628800. 
mn 
) 4 ——— *{. QP 
127. 20. 815. 21, mi pe 22, 64; 325. 23. 42, 
(1) Pip) G9) 11, (2) p(p- ie =) ata Dan?) 
1 a 

p(p- a »- 2) _ aa eo (9-2) 4 26. (p+1)®-1. 
113; ate 28. see 29. 6666600. 30. 5199960. 


XITI. a. Paces 142, 143. : 


x — 1524+ 9023 — 2702? + 405x — 243. 

Bla* + 21623y 4+ 216227? + 96.2ry3 + 16y4. 

8225 — BOxty + 80z%y? — 40x*y? + 1Oxy4—y/?. 

1 ~ 18a? + 1354 — §40a5 + 121508 — 14584! + 729412, 

x0 + 5x9 + 1028 + 1027 +- 5x8 + 25, 

1 — Tay + Qlaty? — 85r8y3 + 85x4y* -— Qarhy® + Trhy8 — xy’, 
8125 


16 ~ 482 + 54a4 — 2778 + 6° 


80a? 64a 64 

729a5 ~— 972a5 + 540a4 — 160a8 +- ——— + 7 4+ Ee 
Gn MED ORB a= DOT rg I hag" 

Te Dla? 3523 Bost Q1e5 Fah = 3? 


Mattos tae tart et ie 
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10. 


11. 


12. 
13. 


16. 


19. 


27. 
80. 


33. 


1. 


10. 
il. 


12. 


14. 


HIGHER ALGEBRA. 


Git Bet | 202% 9, 185 _ 243 720 

729° 87 7 3 + 408 ~ Gre T 6428" 

1 a a? Wa? Bb5a4 F 4 Bien 

256 + 5% + 76 ae a +—_-+ 7a + 7a8 + 4a’ +a. 

, 10 45 120 | 210 252 210 1% 120 45 _ 10 i 

a ae xox a ee ee ae 
~ 857502), 14. -~—1126402°, 18. —-— 812273, 

Oc 8 (ay\tt a 1120 
“87 3 (5x)8 (By)? 17. 40a73. 18. si 
10500 70x%y10 
ae: 20. “aye 1. 2244 242748, 
Zz (1624 — 20270? + 5a‘), 23. 140,/2. 
2 (866 — 8632 + 632? — x), 25. 252. 26. — i xis, 
110565a4, 28. 843s, 29. 1365, -— 1365. 
1890” 21 4, 7 
gk 768 31. 78° $2. 18564, 

earn eee 84. (-1)" ace 
[4 (n= 7) |4 (R+7) {re |2 

XIII. b. Pacis 147, 148. 
The 9", 2. The 12*, 8. The 6, 4. The 10 and 11%, 
The 3%=63, 6, The 4 and 5t&= ia 9. 2=2, y=38, n=b. 
1 + 8x + 202? + 875 ~ 2624 — 8 r5 + 2078 — Bx? + 2, 
2725 — 54a75 4117224 — 1160323 + 117 ar? - 64a5x + 278. 
[= r-1,)n-T+1 3 1)P - peel a sp-Int) 
jr—1jn—r41” - By i lp+1 |2n - p >” 
14. ° 18. 2r=n. 
XIV. a. Page 155. 
1 1 1 8 1 
ner fier eo 

l+5a a +762": 2. Lee giteg@ 76" 

2 3, 8 2 6 
1-;r-5Re 196° 4. 1-2277+327'- 474, 
L-2-at—2 a8, 6. aie 

8 5 10 
hoa = 3 ~~ e . oe ey A, 
1 a+52 3° 8s 1- n+e at 377 
x? §, 5, 
l+e+— - ae 10. 1-2a+,a ee ai 


Qi. 


13. 


i5. 


18. 


21. 


23. 


24. 


ii. 


18. 
17. 
20. 


82. 
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1 3 8, 5 " x 1 ‘ 1 
5(2 gtt5t -7). 12. 8 (145 - 1992 + ase): 
1 1 1 5 85 
1 —~ att a3). . 3 
4( +a i450) 14 wi (ltetge +H): 
1 x 8 a 6 x! 429 UL x5 
oad (142 - 5 a? 3 =) 16. — 6 7 F 17. 256 2, 
1040 16d! 
aes q'8 ’ ry 
ap 19. 943 ,5° 20. (r+1) 2", 
eee , 1.3.5... (Qr- 3) 3 
2.8 ce ae rir 
Wr- a 8. o.2. 1.4.. . (Br - 14) | 
(- ) BF |r 
~— 1848713, 25. — 1m x. 
XIV. b. Paces 161, 162. 
1 »l.3.5.7,., (Qr- 1) (r +1) (r+2) (r+ 3) (r+4) 
(=r og, WES ‘it 
ts 
1.2.5... (8r-4) 2. . Br-1) 
sae PR Ns ce Bp a 
(-1) ir x. 4. (-1)" a 
r--Fl1) (r+2 3.5.7. ort] ; 
(- yee xr, 6. mEEE EA tae ) xv", 
vr r+1 
(-1)" arti: 2 8. ae 
2.1.4...(8%-5) ao 2r — 
BF Tr * git-2° 10. (- yr oF eS ar 


2.5.8... (8r—1) _, (n-+1) (2n+1)... (r—1.n+1) xt 


12. 


: : " a 

The 3", 14. The 5, 15. The 13", 16, The 7‘, 
The 4 and 6, 18, The 3rd. 19. 9°89949, 
9-99333. 21. 1000999. 22. 699927, a8. -19849. 
100138, 25. “00795. 26. 600096. 27. 1- a 
2 ba 1 5 343 
3 (1 +g): 29. 1-+: 80. ES 31. 1 jy 
1 71 20 297 

See ic. 3 
seep 85. 1— 4241822, se. 24 oe 


XIV. c. Paces 167—169. 
~ 197. a. 142. 3, (-1)"3, 


( ~— 1) (n? + 2n 4+ 2). 6. va=(1-3)". 


536 HIGHER ALGEBRA. 


2\e" 1\~" 2s 
rn (-3)tem(ty" an BS, 


14. Deduced from (1 — x?) — (1— x)§=32 ~ 82°. 16. (1) 45. (2) 6561. 
18. (1) Equate coefficients of x” in (1+.2z)"*(14+a2)71=(1+2)""). 





(2) Equate absolute terms in (1+ 2)" (2 +5) =e (L-a)s-?, 


20. Series on the left +(-1)"q,2= coefficient of 22" in (1 — a?)-4. 
1 an 

Q1, 2-1 —, — 

2 ee 


[Use (CoA Cy + Cyt ...Oy)? — 2 (Coe, +CyCg+...) = ey? +e) + Ca int, | 


XV. Paces 173, 174. 





1. —12600, 2. —168. 8. 3360, 4. —1260a?b%c'4, 
6. -—9. 6. 8085. 7. 30. 8. 1905. 
9. ~10 ee uu. -1 a a 
* = » « = 9 e e aera e * 81 ° 
59 211 1 = 
18. 16 Py 14. eee 1. 15. "3 . 16. 1 = 2 Lm g* e 
17, 1-227442%45et~200, 18. 16 (1-3 234-8244 2 a6 2074 P08 
: 2 32 8 8 ° 
XVI. a. Paces 178, 179. 
16 1 3 
1. 8, 6. 2. 2,-—1. 3. ~3? ~ 9° 4. ~ 4, ~ 9° 
4 4A 2 1 5 7 4 2 
5 3° 5° _& 5’ “9? “9° 7. go ~ 3 Paes 3° 
2 8 
8. 6loga+9 log b. 9. g 108 4+ 5 log. 
4 1 2 1 
10. ~ 9 log a +5 log b. 11. ~ 3 loga— 5 logb. 
7 1 
12, - {2108 a-log b. 18, 5 log a. 14. —D5loge. 16. log3. 
loge 5 log c 
oh ied PSN 10. SS 
log a — log b’ 2 log a+8 log b 
log a + log b 4logm log m 
panei oi 2 Henican oS Oo 271. «¢=-——— = ' 
ay: 2 loge — log a+log b log a Y log b 


1 1 . log (a ~ b) 
23. log z= = (a+ 8d), log y =; (a ~ 20). 34. log (a +b)" 


oS ec ae 


13. 
17. 
21. 


28 ° 


30. 


32. 


1. 
9. 
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XVI. b. Paces 185, 186. 


— + 


4, 1, 2, 2, 1, 1, 1. 

"8821259, 2°8821259, 3°8821259, 5°8821259, 68821259. 

5, 2, 4, 1. 

Second decimal place; units’ place; fifth decimal place. 

1:8061800, 6. 1:9242793. 7. 1:1072100. 8. 2°0969100. 
1:1583626. 10. -6690067. 11. -3597271. 12. 0563520. 
1:5052973, 14. °44092388. 16. 1:948445. 16. 191563-1, 
1:1998692. 18. 1:0039238. 19. 9-076226. 20. 178-141516, 
9, 23. 801, 24 3-46. 25. 4:29, 26. 1:206. 27. 14-206. 


_ lee3 ..,. le? _ 

eee aes <8 “jog 8—log 2’ ”~log8—log2" 

_8log3—2log2 log 3 ; 

“4 (log 8 — log 2) 7 Y= (log 3 — log 2) ° ake Desule 
log2 2 7 = 

XVII. Paces 195—197. 

hog. 2. 2. log, 3 — log, 2. 6. °0020000006666670. 
ex” — ov", 10. °8450980; 1:0413927; 1:1139434. In Art. 225 put 


n= 50 in (2); n=10 in (1); and n=1000 in (1) respectively. 


12. 


14. 


15. 


24. 


- 


a 


13. 


r — 1-137 4 Or 
(yn 2 xt. 13. coe 
(2a)? , (20) (2x)* 
2 j14 “e tet og tops 
x? aA arr x 
aaa or wt(-1)" igp to 18. Tog t 108. (1-2). 





*69314718; 1-09861229; 1:60948792; a= -—log, (1, is) = "105360516; 


b= - log, (1-75) = 040821995; c=log, (1+ 5) = 012429590, 


100 

XVIII. a. Pace 202. 
£1146. 14s, 10d. 2. £720. 3. 14:2 years. 
£6768. 7s. 104d. 5. 9°6 years. 8. £496. 19s. 43d. 
A little less than 7 years. 10. £119. 16s, 43d. 

XVIII. b. Paau 207. 
6 per cent. 2. £31387. 28. 23d. 8. £110, 
3 per cent. 5. 28% years. 6. £1275. 7. £926. 2s. 


£6755. 188. 9, £183.18. 10. 3$ percent. 11. £616. 9s. lid 
£1808. 12s. 44d. 15. £4200. | 
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14. 
22 e 


10. 


12. 


16. 


Soe ee 


10. 
11. 
12. 
14. 


17. 
18. 


1. 


HIGHER ALGEBRA. 


XIX. a. Paces 213, 214. 


a> + 20° is the greater. 12. x? >or<29+2+2, according as x> or <2, 
The greatest value of x is 1. 15. 4; 8. 
44.55; when r= 8. 23. 9, when z=1. 


XIX. b. Paces 218, 219. 


3°. oP os. sa) 3 
ee BA 5° 


XX. Pact 228, 





10. = 9 1 1 34 
a ee a ay: gt 
15 3 
ato 5. 1; 0 6. 0; -30. Pe ae 
1 
= ‘ ma poeeeeees 
loga—logb. 9. 2. 10. me™?, Ji, TT’ 
1 r/2a 
= 13. -1. 14. - . : 
8 : ays ON 
3 2 
0. 17. 5° 18. e%. 
XXJ. a. Paces 241, 242. 
Convergent. 2. Convergent. 8. Convergent. 
x<1, or r=1, convergent; «>1, divergent. 
Same result as Ex. 4. 6. Convergent. 7. Divergent. 


x<1, convergent; +>1, or e=1, divergent. 
Divergent except when p> 2. 

x<l, or r=1, convergent; x>1, divergent. 
If x<1, convergent; z>1, or x=1, divergent. 


Same result as Ex. 11. 18. Divergent, except when p>1. 
a<1, or c=1, convergent; z>1, divergent. 
Convergent. 16. Divergent. 


(1) Divergent. (2) Convergent, 
(1) Divergent. (2) Convergent. 


XXI. b. Pace 252. 


w<1, or =1, convergent; «>1, divergent. 
Same result as Ex. 1, 8. Same result as Ex. 1. 


1 1 je 
xn< ma oY £= oe convergent; 72> e? divergent. 


x<e, convergent; z>e, or =e, divergent. 


10. 


il. 


7. 
is. 


SS a a 


7. 


10. 
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x<l1, convergent; x>1, or c=1, divergent. 7. Divergent, 
1 1 1 * 
r< =i convergent; x> 2? or x= 3? divergent. 


x<1, convergent; x>1, divergent. If x=1land if y-a-& is positive, 
convergent ; if y—a-— is negative, or zero, divergent. 

x<1, convergent; z>1, or z=1, divergent. The results hold for all 
values of g, positive or negative. 

a negative, or zero, convergent; a positive, divergent. 


XXII. a. Page 256. 


51 (Ant - 1), 2. in (2-+1) (m+ 2) (n+ 3). 
nm (n+1) (n+ 2) (8n+5). 4. n? (2n?-1). 

* n(n+1) (2n4+1) (8n?+3n-1). 6. pi=q?. 

b§=27a*d, c8=27ad?, 8. ad=bf, 4a%c — b?=8aif, 


abe + 2fgh — af? — bg? —ch*=0. 


XXII. b. Pace 260. 


14-32 4+ 423+ 723, 2. 1-T7x- 2? ~ 4823, 
1 1 3 2 1 8 65 11 ,, 21 x. 
G40 a Tig" gt aes Bt ig” 
ei err ae 
a=1, b=2, 7 a=l, b=-1, c=2. 
The next term is + 00000000000003. 

qa" 


(1 - a) (1 - a4) (1- alee cites .(L-a")" 


XXIII, Paces 265, 266. 





4b ee Ree . 4 3 
1-32 1-2z° ’ 82-5 4x43" " 1-227 1-7 
2 3 4 1 1 8 
e-1'e-27 2-3" bate” Beri) Bets): 
1 1 3 
w-1l c+2> (x+2)?" 
ssoee TT Wo 
16(c+1) 4(e+1)? 16 («—8)’ 

Afr +3 15 : 3a 1 

i " gt422-5° 2-3" 

5 7 1 3 


(e=tye" @=ap* @a ap EL 


t 
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1 1 8 8 2 
g-41 7 zeit @4Ds” rip * ex 
12. sini - : “a i (- oat anar. 
he stig aia 1G) 
Me Ligera ae eH) OU g (RR aH) 
1b. i = — ag se {1+ (—1)t-1 - arta} at, 

16. sy = SG 5 aaa ; {9r+84 (— 1)" 2"*} xv. 
re me" rs a2? 47-1 (124-111) x". 
19. sent sees qi even, 5 Sie 1-8} a"; r odd, 5 eae 1)? har 
Si ee i ane mt = (r?+1) a". 

art? yrte crt2 
Ghia Carew cae)” 
22. - ana =? 5 t qagt — y+8—P 


1 1 1 
@. 0) sama ire - at 
ao ee 
(l—a)*({l+a™ l+a™ zx 1l+e 1+az}' 
1 1 a a? get genta 


21. 


t or 


4% F-ajd-2)) 7 Goa) Woe Toa Toei t [oy - 


¢ 


XXIV. Pace 272. 


1. ia (4r +1) x". 2. Poe {14 (—1)" 27} at. 
8. Tit (142°) 2", 4. ene a a +3 af 
5. ir eat OHO HDT. 6 8. BAZ OMT; 5 (Be 1) 4.9" 1. 
7. (2.8813 , Qn) gt-1, pee a enh 





_ Anyn 5 
8. (4-14. 3"-1) q7-1, * dna” | 1— Bhan 


~ 4x 1-32 ° 
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b—a2™® 1-3%7" 1-227" 
hee! ype, -1 rok oianenpain: eee = 
9. ae an - fee ite Tao 


10. 5 (-1)"4= —} 3 EA 1)* ~1) +5, (2-1). 


ll. u, — 3u,)+ ae —Un—-g=O; Uy — Alyy + Sy,_g — du _g + yg 20. 
12. S,=S.—2, where Y=sum to infinity beginning with (n+1)" term, 
This may easily be shewn to agiee with tho result in Art. 325. 


18. (2n+1)2+ 5 (2241), 


XXV. a. Paces 277, 278. 


1, 2, 18 15 28 828 674 

" 1’ 6’ 7? 18? 150’ 313° 

9 1 2 7 9 48 9 613 

" 2’ 5’ 17’ 22’ 105’ 232’ 1497° : 

3, 3. 10 18 86 85 121 1174 

" I’ 3’ 4’ 11’ 26’ 37° 359° 
111112112117 

414,00. a 
2+ 24+ 2+ 14 14 24 2’ 12 
1 42 1 11 157 

6 ote ae ee a 8 

2A Lad 1d a8 


By 64 Te ie 84 24 1G 86 
dic A RMN A ee Ay Mee a ad 
* O4 14+ 24+ 24+ 14 8’ 19° 7+ 54+ 6+ 14 8° 293° 
i A 
* 8+ 84+ 84 64+ 1+ 2414+ 10’ 908° 
1 1 1 = 259 1. «2 8 39 47 
ie Bie eee Se. $a ee et eee ees 
= 643° 60 18. 4? 99° 33° T61’ 194 
J 1 1 
16. n- I+ayD+ @w1)+ nal! and the first three convergents are 
n—1 cs ne —n?+n—1 
1? n+l’ n? 
XXV. b. Paces 281—283. 
1 151 
. ony and 57350)" ane OT 
Fi i 1 1 + ; a’ +. 8a+-3 


a+ (a+1)+ (a+2)4+ a+8’ a8+3a?+ 4042" 


542 


Pe Ss Pe 


a 


il. 
13. 
14. 
15. 
17. 
18. 
19. 
20. 


21. 


12. 
18. 
14. 


16. 
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XXXVI. Pages 290, 291. 


*x=711t+100, y=775t+109; 2=100, y=109. 
w= 519t-73, y=455t-64; 2=446, y= 391. 
x =393¢ +320, y=486t+ 355; 2=320, y = 355. 


5 4 
Four. 5. Seven. 6. a? 9° 
6 8 11 7. 1 1 5 7 
12’ 6° 12’ 8 % ge’ ia? B 13° 
£6. 138. 9 x=9, y=8, 2=38. 10. w=5, y=6, z=7. 
xw=4, y=2, z=7. 12. x=2, y=9, z=7 
2=8, 7, 2,6,1; y=11, 4, 8,1, 5; z=1, 1, 2, 2,8 


5 
x=1, 3,2; y=5, 1,3; 2=2, 4, 3. 
280t + 98. 16. 181, 412. 
Denary 248, Septenary 503, Nonary 305. 
a=11, 10, 9, 8, 6, 4,3; b=66, 30, 18, 12, 6, 3, 2. 
The 107 and 104 divisions, reckoning from either end. 
50, 41, 35 times, excluding the first time. 
425, 22. 899. 23. 1829 and 1363. 


XXVIII. a. Paces 294, 296. 


1 1 26 1 2889 
l+i +4 aay 15° 2. ay ere sony 1292° 

1 #1 485 1 1 99 
“tee Ty} Toe ns Oe See 

1 il 3970 11431 21 =21é«sd4i4 119 
8+5— 6+ °°? 1197° . 8+ry 12. Le 14g Yo? BS 


ee ae nee Oe eee eC 
+ 2+ 4+ 2+ 14 8 > 42 
1 1 1851 1 1 1 1 198 
3+a7 By B90" 10. oti ig ie ion t BE 
Pre a eae a ee 
1+ 24+ 24 2+ 14+ 12+’ 24 
et 2d 1 2 1 1 868 
14+ 1+ 14+ 54 14 14 14 24+’ 20 
131 1#%1é#%d1éd1é«4i1 12 
4+ 1+ 14+ 24 14+ 14+ 84°’ 55° 
l’aiadia 47 oe Ge 1 _ 5291 
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17 a and : 18 aries and ~ Eat 
(65)? 2 (528)?° " (191)? 2 (240)2° 
4030 1677 1 1 1 
19 201° 20. 33° a 5 oy oe 
14141 éiéid41 1 2 1 
22. 4+i7 gina 23. tag 34 re 
1 111 éii1éi41 
24 ates 84. ; i+ 24 34 343% 25. »/10. 
26. Positive root of 224+3x2-83=0. 27. Positive root of 327-107 -—-4=0. 
28. 4,/2. 30. 


XXVIII. b. Paces 301, 302. 








ge. tees 1 a 8a4 + 8a?+1 
Qa+ 2a+ 2a+ o Baa4 Ga 
eee ee ee ee ee 
4 Pa-ijt+ 2+ 2Q(@-1lh+ > “sa-4 
; het 1 1 41 _ 2a?-1 
1+ 2(a-1)+ 1+ 2(a- bie ba 
a ig 2 1 1, Sati Bat] 
Qi+ 24+ 2a+ 24+ °°’ Bar+4a 
sagt 11 1, tatty dad4t 
b+ 2at+ 04+ 2a+ °°’ 2ab?+2b °* 
6 welty 1 1 ~ <— 2an-1 1 
1+ 2(n-1)+ 1+ 2(a-1)+ On 
5 432a° + 18009 + 15a 
*  — -144a*+86a74+1 ° 
XXVIII. Pace 311. 
1. w=T orl, y=4; x=7 or 5, y=6, 2. 2=2,y=1. 
8. x«=8,y=1,11; c=7, y=9, 19; c=10, y=18, 22. 
4. 2=2,8,6, 11; y=12,7,4,8 5. 2=8,2; y=1, 4. 
8. «2=79, 27, 17, 13, 11, 9; y=157, 51, 29, 19, 18, 3. 
1 2=15,y=4. 8. 2=170, y=39. 
9 2=32, y=5. 10. «2=164, y=21. li, 2=4, y=1. 
12. A (2-+/3)" +4 (2—./3)"; 2,/3 . y=(24+,/3)" — (2—,/3)"; n being any 
integer, 


13. Qe = (2+ /8)" + (2 n/5)"; 2/5. y =(2+/5)" —(2—,/5)"; n being any 
bse positive integer. 
14. = (A+ /1T)8 + (4—n/17)"; 2/17. y= (44/17) - (4-./17)"; 1 being 
ae odd positive integer. 
The form of the answers to 15—17, 19, 20 will vary according to the 
mode of factorising the two sides of the equation. 
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18. 2=m'—8n?, y=m? — 2mn. 16. z=~- m?42mn+n?; y=m?—ni, 
17. w= 2mn, y= 5m? —- ni, 18. 58, 52; 19, 16; 13, 8; 11, 4. 
19. m*—n?; 2mn; m?4 n°, 20. m?~n?; 2mn+n?. 
21. Hendriek, Anna; Claas, Catriin; Cornelius, Geertruij. 
XXIX. a. Pages 321, 322. 
1. jn(n+l) (2+ 2) (n+). 2. en (n+ 1) (1 + 2) (2 + 3) (n+ 4). 
8. 7 (31 — 2) (3m + 1) (3n +4) (8n +7) + * = 7 (27H + 90n? + 45n — 50). 
4. 3 (n+1) (n +6) (n+7). 5. (+1) (n +8) (n+ 9). 
n n 1 
6. Para 1, ™ gay 3 
Bec ie eaten | es pena eee es 
* 12 4(2n41) (2n4+3)’ 12° " 24 6(38n-+1) (Bu+ 4)’ 24° 
5 2n +5 5 1 1 2 1 
10. G24) (n 42)? 7° ty 6 nad peed 6 
3 2 1 3 n 
12. 4 “apt Bad) (wee)? 4° 13. 10 (n+ 1) (n + 2) (7 +- 3) (2n + 3), 
14. im (n?—1). 15. 59 2) (2 +1) (n+ 2) (2n+1). 
16. 7 (n +1) (n+ 2) (3n3 + 36n2 + 151n + 240) — 32, 
17 (n—-1) n(n+1) (n+ 2) - n(nt+1)(m+2) n 
; 6 (2n + 1) ; ; 3 n+ 
n(n+38) 8 2 1 1 
19. saa a i 3 = n+2 = (n+ 1) (n+) . 20. n+1— nel . 
XXIX. b. Paces 332, 338. 
1. 3n? +n; n(n4+1)3. 2. 5n?+3n; ; n(n +1) (5n+ 7). 
8. ni(n+1); sp (n-+1) (n-+2) (8n-+1). 
4 —4n?(n—8); ~n(n+1) (n?-3n—- 2). 
6. n(n+1) (n+2) (n+4); a (n+) (n+ 2) (n+ 8) (4n+ 21). 
6 1+2? 1-2+62? ~ 22% 2-242 
* (1 —2)8° , (1 — x)? ° " (1-2)3 ° 
 il-2 14112 +1127? +23 9 
rea) 0. GZ 
12. . 18. 3.29°4+n4+2; g(an—1) 24), 


HIGHER ALGEBRA. 


14. 


16. 


17. 


18. 


20. 


22. 


24. 


26. 


28. 


380. 


32. 


il. 


14. 
15. 
19. 


20. 


wemewe mr re to 


t 22. 
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: 3+ rn? +n-1 
8B (n+ 1); a (Bn3 + 2n? — 15n - 26). 15, 3"-14+n; ee gts 


gntl—_n2?—2n; Qrt2—4 — zn (2 +1) (20+ 7). 








1 n(n+1)(n+5 
~Lt5n (n+3); x grea — a) 4 Rut Tmt) 
=a" ne" wo fret ete (wt 1) 2 
(l—-2)?  l-2" ° (a)? (l-2)? 2(1-2) ° 
1 1 ss u~-1 ae 
es oe oe : ae 8° 3" 
n(n+1) (Bn? + 27? + 580+ 2) (n+ 1) (12n3 + 33n? + 37n +8) 
eT FN 23. ee 
15 ~ 6 
n (n+ 1)(9n* + 18n +8) a5, +i ae 
: 12 sae eae as hy, Sy (2n +1)" 
ont : a 
~ ned" 27. (n —-n+ ) _ 
7 1 1.3.5......(2n+1) 
nv — 1) 8"41 43, be ce Ne : 
eres 90. 7 2406 an £2) 
gn Le ir - 
n+1° a meee 2 (n+ 1) (n+2) ° 3"° 
1 ned 33. 1--—t4t oF 
27 [n+ (a # 1) (e+) "ge 





XXIX. c. Paces 338—340. 





5 (chet) me 2. 1+ *=* tog (1-2). 
1 , , 1 
: YT inet Leh , oom SS 
4 ( € ie 4 ie), 4. (r 2) r=4 
‘ 
(1a) e%. 6. sea 7. d. 
n(2n—-1), 9. 90. 10. 4, 
1 

log, 2 a 12. 3(e-1). 13. e*— log (1+). 

mone nS nd on moon? Jn® Tnt on? 
Ty. Se es hs eae Do Eee ee aks 
O gretg-tta | stati otis: 
1Be, 17. (1) v4.” 

1 1 oth 2+(-1)* 
(1) 2 (1- 1 aie) pile Be n+l * 
1 3: 
( Lae log (L+2) - ~te. 21. m(n-+1) 29-4, 


1 (-1"4 x 18 naa. 2n+8 
@) a | tan -(- ayesp @) 3 fat ") arias 


di. H, A, 35 


20. 


10. 


16. 


10. 


i6. 


19. 


HIGHER ALGEBRA. 


XXX. a. Paces 348, 349. 


2. 1617, 180, 1859. 
33. 8987. 


8, 6, 15, 42. 
22. 


6. 48, 


XXX. b. PAGES 356 —358, 


a == 139-461, where t is an integer. 


XXXII. a. Paces 367—369. 
J ie : . : 18. 1; it can be sh that gy, -=1 
5 ass eae ; ; n ewn tnat g,—-1+p,- 
XXXII. a. Paces 376, 377. 
1 5 8 1 3 
_ J) mele 2 
(a: ae & gue. Be hi 
4 
‘ Reiss é B4, . 86:30: 25, 
2 to 3. 6. F707 25° 43 to 34 9. 36:30: 25 
2197 ce 1 2 
30825 ° W. 952 to 715. 14. G 15. 7 
11 v9 n(n—1) 
4165 ° " (m+n) (m4+n-1)* 
XXXII. b. Paces 383, 384. 
5 =, a0 5, 32 x oe a 8 
36° " 5525" 497° ame) * 15° 
72 2197 a, 2916 4651 20!) 
380 (1) so805' 7) ai65° F776" a3 
1 . O91 10 63 1 
7 11. 216° i9° 14. 556° 15. 33° 
16 12 9 22 13 
noe Ae cot as = 9 
37° 37? 37° 17. 3B 35° 18. n-—3 to 2. 
45927 
18 to 5. 20. 50000 ° 
XXX. c. Paces 389, 390 
21383 5 4 : 1 
3195" 2. 16° 3. 9° 4. Florins. 5. 5° 
; 4 7 , 1 
17s. 23d. 7. 63 e 8. 27 ® 9. 11 to 5. 10. 8 . 


11. 


14. 


10. 


“15. 


14. 
20. 
98. 


32. 


10. 
20. 


ANSWERS. DAT 


aren 20 
A £5; B £1, 12. 5 
250 .. 276 


1) aig) @) aa76° 


13. 44 shillings. 


1 
15. 4d. 16. 17. MW+—m. 


2 


te os 


XXXII. d. Paces 399, 400. 





2 A 12 a fee ere 
td . 25° 3. 7° . > BO 4 15° 
2 32 11 
seteewy 4 are ir . Bs. 3d. 95 2 
2 (+1) : ‘£1 T 45 ac 5) 
1 40 11 3 q 
rents, ° arma . . . , Py ° 1 pe ; 2 — 6 
: We 4, 12. 13. £1, 14 (1) 3 (2) | 
n—J n-1 13 
ae: zt mn- 1? ma-—7n—-1" saa es 
XXXII. ec. Pauns 105—408. 
e 1 12393 275 
7 to 5. 2 126° ° 12500" 5 504: 
5 [5\2 /5\8 [5N4 16 1 
. _e _ . . . - . ain * 4G ; . ; re 
1: 6° (5) : (3) (3) ; 7 91 8. 6; each equal to 6 
13 343 : 169 155 
38 . 10. 1695 . ll. 11 tod. 13. A, 394 ; B, 394 . 
1 1 25 149 33 1 
168° 196° 78 ag 1% o401° 000° 60° 
‘ 1. wed 
One guinea. 22. a : 23. pane shillings. 26. 15tol. 
1 1 1265 3037 —b\2 
re 29. 5. 80: Gone t © ey4a 31 (*) . 
If b>, the chance is 1-3 (ey 2 
2 a 
If b<<', the chanco is OS). 
2 a 
XXXII. a, Pacus 419, 420, 421. 
7. 2. Q. gs. 1, 4. abe + 2fgh — af? — by? - ch?. 
1+ 2° + y? +22, 6. xy. 7. 0. 8. dade. 9. 0. 
8. ll. S8abe-a?~-U?~-ch=0, 13. (1) t=a,orb; (2) c=4. 


be+c? ab a |. 22, 3 (\? +a? + 02+ 0%), 
ba  c?#+a? be 
ca cb a? +? 








35—2 
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27. 


HIGHER ALGEBRA. 


























26. The determinant is cqual to a ijllxii1 2¢ a 
bb 1 1 -2y y? 
ce ec (Cd 1 -2z 2? 
fu wv | =0, 28. ;u wv} + ,u wou’ « 
woeov ow wv u! rn a 
vo ow ow | vo iw ow v ww e 
a 6b ¢ Q 
XXXII. b. Paves 427, 42s, 
1, 2. 0; add first and second rows, third and fourth rows, 
(a +3) (a— 1)". 4. a®+b? +c? ~ 2be — Qca -- 2ab. 


13. 


Sie ee 


10. 
ll. 
13. 
14. 


28. 


6; from the first column subtract three times the third, from the second 
subtract twice the third, and from the fourth subtract four times 
the third. 


1 111 
abed (145+ 54244): 
~(aty +2) (y+2—2)(2+a-y)(r+y-2). 
(k - b) (k 


= 2 . at Sips 
(ac — by +¢2)?. 9. a 12 ia Ohta 5 : 


_(k-D) (k-e), (kK -b) (kc) (k~d) , 
~a(a—b)(a—c)’ oe Bey ee (a — b) (a -c) (a— a) ee: 
XXXIV. a. Paces 439, 440. 
- 102. 2. 8¢+b=27. 
~2r°+ar4+1; —152+11. 4 a=3. 
z-44 57754182754 54477; 14727-* - 8562-5 + 90a-6 + 4322-7, 
(b ~c) (c-— a) (a ~ 6) (a+b+¢). 
—(b—c) (c- a) (a- bd) (b+) (c+ a) (a+). 
24abe. 9. (b+c)(c+a) (a+b). 
(b —c) (c—a) (a—b) (a? +0? +0? +bc+ca+ ab). 
ie (b+ ¢) ‘ + a) (a +6). 12. 12abe (a 4-b+0). 
80abe (a* +b" +c"). 
3 (b-c) (c— a) (a—b) (a - a) (4 — b) (w@ -). 
x 
(@~ a) (@—b) (x~0)" ave es 
__ (p=) (q-%) 
(ata) +s) (e423) 31.- 1. 82. a+tb+et+d. 
XXXIV. b. Paces 442, 443. 
0. 7 d=ar+by+ay, B=bs —-ay. 


(a? + be) (b7 + ca) (c? + ab). 


ala Ml a 


13. 


15. 
17. 
20. 


22. 


23. 


So * Pr 


12. 


16. 


18. 
20. 


5. 
7% 
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XXXIV. c. Paces 449, 450. 


a3 + ory? + ay® = 0, 2. x+a=0. 8. +7? =a?, 
y? =a (x ~ Ba). 5. aS~a=1, 6. 2?+y?=2a?. 
bic + c4as + ath4 = a2) 2c?d?, 8. y?~4dax= kh? (x +a). 
a‘ — dac? + 304=0. 10. at ~2a?b? — b442ct= 0, 
ira + a = Gs “ ra =]. 12. 5a%F=6e%, 
ab=1+c, 14. a8+b2° 4+ ¢34 abc =0. 
(a +0)8 — (a —b)3=4e%, 16. a+b? 4c%4Qabe=1. 
abe = (4-a—b —c)?. 18. a? — 4abe + ach + 403 - bc? =0. 
e? (a+ b—1)?—¢ (a+ b—1) (a? - Qab 4+)? — a — 6) 4+-ab=0. 
1 1 1 
(a Wert (a= bq * (b~eap + (ba) er * (C= a) by + (e~ 8) ap 
_ 1 
uae 
ab! ~a'b ac’ —a'e ad’ —a’d | =0. 
ac-—a’e ad’—a'd+be'- b’'e bd’ —b'd 
ad -a'd bd’ —v'd ed’ —c'd 


XXXV. a. Paces 456, 457. 


Gat — 1323 — 12274 39x —-18=0. 2. 2849r5 ~ 114 - 122774. 862? = 0, 
v8 — 5a — 824 + 4023 4-162? — 80.r = 0, 





a -- 2 (a? +b?) a7 + (a? - bY. &. 1, 3, 5, 7. 
3 8 1 1 : : 2 
3 79? oni, 7. )? 3? — 6, 8. 6, 2, 5. 

8 8 81 3 1 
-5 72,4. 10. regs ge 11. tnl3, 7 5 
8 21 113 4 8 
9” "39 13. 4’ 3° re af 3° 9? 1+,/2. 

8 4 “4 #8 5 
~4, -1,2,5 16. Gg» 2 3. Ms Hae sg 
2_. Qor y? — Qe : 
Q SF; @ tS. 19. (1) - Gy; (2) £. 
—2q, —38r. 21. 2q%. 
XXXV.b. Paces 460, 461. 
2 14,/-8 8 
eae ae ee 2. 5s ~ gr 24A/3. 
~1+,/2, -1+,/-1. a. +,/-1, -24,/-1. 
1, #,/8, 142,/- 1. 6. a4— Pr? + 25=0. 
zt 8x? +36=0., 8 24+16=0, 


550 HIGHER ALGERRA. 


9 «t—102°+1=0. 10. 24 10x5 — 1927+ 4802 — 1392 =0. 
Ml. at— 623 + 162? ~ 2624 21=0. 12. «8 — 162r%4 88244 1927? + 144=0, 
13. One positive, one negative, two imaginary. [Compare Art. 554.) 

15. One positive, one negative, at least four imaginary. [Compare Art. 554.] 


16. Six. 17. (1) pq=r; (2) p§r=q*. 20. g?-Qpr. 
21. py-?r. 22. fa — 8. 23. pq-8r. 
24. pr —4e. 25. pt—4p%q + 2q?2+ 4pr — 4s. 


XXXV.c. Pages 470, 471. 


1. ~ 623 + 152% — 122741. 2. 24-872? — 1237 — 110, 
8. Qa++ 823 - x? - Br ~ 20. 4 x4—247?—-1, 
8. lGarh (9+ Fath? 4. 7x2ht + hk) + Qh (5x4 + 10022? + h4) 4- 2ch. 
10. 2,2, —1, -3. 11. 1,1,1,3. 12. 3, 3, 3, 2, 2. 

, 14+ f/-8 14 f/-38 111 
a ce ee a Ve gogo gt 2 
15. 1,1,1, -], -1,2. 16. +,/8, 4/3, 14,.f/—1. 

8 1+,/-7, 3 14,/-23 
17. «a, a, —@, ¥. 1. &./ 5. S- ay ae 
3 3 5 
ens NpN—2— Aan ()) — O\N-2 
19. 0,1, ee = 350, 1, “3 3 20. nr dn” (n ~ 2)"-%, 
22, (1) -2; (2) -1. aT. 5. 28. 99, 795. 
XXXV. dad. Paces 478, 479. 

1. yi ~ 24y?+9y -24=0. 2. yt Sy? + By? - 9y +27=0., 
3. 1,1, -2, ~5. 4. 342,/2, 24/3. 

142,./-3 82,/5 111 
ee Oe ees aaa ie 6. 2,2, 55515 (L+n/-3). 

4 1 1 1 

7. 4, 2, 3° 8. 6, 3, 2. 10. gh Spy ee: 


MW. y?—-2y+1=0. 12, ys—4y?+1=0, 9 18. y®—Ty8+12y?-Ty= 0. 


14. y®— 60y4 — 82043 — 717y? — 7738y - 42 =0. 


15. 3 - ah Bs sey -~ os 0. 16. y® + Lly4 + 4243 + 574? ~ 18y -60=" 
17, y8 — By? +19y -15=0. 18. y4+3y3+4y?+3y¥+1=0, 

19. y84-88y?+12y+8=0. 20. ry? +kqy?+ k=0. 

21, y? — g4y? - Qqrty ~ 4=0. 22. ry*~—gqy?-1=0. 

28. ryt+q (L—r)yt+(1—r)3=0. 24. y®- Qqy?+q2y tr" 

25. 9 + Bry? + (gq? + Br") y+ r5=0. 


26.0 8 y? + 8157? + (Br? + G4) ry +7 (7? + 2°) =O. 


6. 
17. 


Lo. 
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XXXV.e. Paces 488, 489. 


—~5+,/-3 


5 2, 10,-547,/-3 8 4, ~246,/-38. 
oan 2+,/-3 
2, 8445/3, 5. F v 6. 11, 11,7. 
1 1+#,/-3 1 
Se : . 4,-1, - 0 (8+,/-31). 
9” ‘ 9 4,-1,~,(3 J -31) 
pe eee Oy ena 11. 4+1,-42,/6. 12. 1,2, -2, -3. 
1+ /2,-14+,/ 1, 14. 1, —3,2+,/5. 
1 1 Ba, 
ie vee 16. 1, 42/15, -—-. 
8 ~3823,/ 
-~4, -4, —4, 3. 18. g3+8r?=0; > ee No 
—~2+,/6, 4,/2,243,/2. 23. sSyt+qa(1—s)?y?+7r(1—s)3y+(1—-s8)*=0. 
5+, /18 
2+,/3 en5 
xt — 8734 212? — 207 4+5= (2? - 54 +5) (x? -3xr+1); on putting c=4-y, 


the expressions r°-5r+5 and 2?-3x+1 become y?-3y+1 and 
y? — 5y +5 respectively, so that we merely reproduce the original equation. 


MISCELLANEOUS EXAMPLES. Paces 490-—524. 


6, 8. 8. Hight. 
(1) 1+4,/5; 1+2,/5, 
(2) 2=1, y=3, 2=~—5; or r=-1, y= -3; z=5. 
(yy) 1, ~ 1+?) | (a) 3.7. First term 1; ditt : 

Rear os eT Rane erm 1; common difference 5 . 
p?-4; —p(p—3q); (p?- 4)(p? - 39). 
1 
g (abta-tb-?). 10. a 138. dA, 7 minutes; B, 8 minutes, 
af + b4+ c4= 0208 + 6? a? + a3?, 

d y 
Bigs co a wad os Sa 
one ~ atb+e’ ee aD k; 
where ka (a? 4- b? + ¢? — be - ca — ab)=d. 
One mile per hour. 
5~4 Qr—! « 

(1) (b+e)(c+a)(a+d). (2) ft ye as, 2; 2268, 
(1) Le v/105 

14 ' asiercen 

— I y ab 

2 =yo Ss “9)\ = = pani ts 
(2) exy=+,Jad; 2a+b = - (3a+2b) b? + ab —a* 
letS; nine. 98. U(L+ 2434... 40)? (124884 + n%)}, 
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29. 
31. 


$2, 
36. 


37. 


38. 


43. 


51, 


53. 


58. 


68, 


70. 


HIGHER ALGEBRA. 


Wages 15s.; loaf 6d. 25. 6,10, 14, 18. 
c(a~b) ab(c +d) - ed(atb) 4 
(1) i: a(b—c) ° (2 )-: ied aaa ek cz ‘cd 28. 883 ml es. 


a=3k, y=4k, z=5k; where M=1, so that k=1, w, or w”. 30. 480. 
Either 33 half-crowns, 19 shillings, 8 fourpenny pieces; 
or 37 half-crowns, 6 shillings, 17 fourpenny pieces. 


a=6, b=7. 33. 40 minutes, 
1 1 13 
222 yt a, 
T+ets a gr 


+t. 4 
ae 3 on ae [wt Bt e421) =O] 


ac=8; rt 40. The first term. 
C~ od 
13, 9, a. 
a? 4b? +7 
s — 39 : 
(1) 3, -2, - ey ae {Add x? 4-4 to each side.] 
1 
(2) e=1, ~3r -1l, 0, 0; 
1 
r=1, ~ Br 0, -1, 0; 
1 
eel, 5 0, Oo, -1. 47. 5780. 
150 persons changed their mind; at first the minority was 250, the 
majority 350, 50. 936 men. 


2” 1 ad —be 
OY De pce NO eee ed 


[Put (a —¢)(b-d) = {(x - ¢) — (x -a)} {(r- d) - (v- b)); then square. |] 


161 2b. /a 2a a/b _ 
6, ee ee . = 
30 sag Ce | acer ee 
(1) 1. (2) +4,/2 [putting 7*~16=y', we find ' ~ 16 - 4y (y? - 4)=0.] 
e 24.72 
<- eh P males; aap females. 68. 0, a+b, ae, 
b-c b-~e +b 


Gommon ‘difference of the A. P. ia on 8 common difterenes of the ALP. 


which is the reciprocal of the H.P. is 


efeonsbent) ; the (n—7+1) term is 


~—t 
es Sat . [The r* term is 
ab (n — 


as 1) 
a(m~7r)+b(r- iy] 


-19, 69. £78. 


 ey=B -140/78 


a 7° 
[(a+)3 - @3~13= Bab (a +h), and (a—b)?— a3+4B%= — Bab (a -d).] 








0, 


72. 
78. 


79. 


Sa 5 


96. 


100. 


107. 
109. 


111. 


117. 


120. 


121. 


124. 


125. 
127. 


130. 


133. 
187, 
138. 
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log 8 4 2(1- 2 log 2) _ 

ae ar ‘ = = 139, 

(1) z= og 6 & 614. (2) o= i loed +: 1-139 
eYez _ CTU gy pee 

(1) aa tar = 0, or ae (2) e=y=z=1. 


a=8,b=1. 81. [Putr-a=uandy-b=v.] 82. x=3, 8. 126. 
Sums invested were £7700 and £3500: the fortune of each was £1400. 


503 in scale seven. 91. 25 miles from London. 
15+6,/~1 8 25410,/-1 5 1 
— 5, pry faery a a a e mann: 6, 
MeO e og 3 PO ay ve J3 8. 5 
: Sort oa L+4c 0. _2(1-2"2")  1-(-1)"2" 
Generating function is te-e-g2? SM = oa 
mth term = { Qn +: ( au 1)"} rr), 
a?+b—-c?-d, 108. 12 persons, £14. 183. 


(1) e=a;-y=b, 2=c... (2) @=8,-0r 13 ysl, or 3. 

Lt ai i Ae Aa - v= 948, y= 492. 113. £12. 15s. 
(Ll) =a, yobs t=4, y=2ajy r= 2b, yo. 

(2) «=8or 1, y=2, z=1 or 3; 

~l=/29 

aap t 


5 pment ene ne » y= -3; as 


(2) Rt ery a + tt — (nt Ph a? + (20? + Bn - 1) we — 287} 


=e 122, (1) ~-—N > or 


(2) #=0, y=0, 2=0; a= 2, y= al, z= +3, 
1382 — 23 2 10x —-1 ee es 
8(a2-Ba-1) Bla*+ar4+1)’ arti’ 
1=1; scale of relation is 1 ~ 2 — 2.r?; general term is {2"-9 +4 (—1)*-1) ant, 


(1) = -6, 2; y=9, -3. (2) wm I=5- 
2 
ao. @) out 129. 12,16; or 48, 4. 
(1) w= +7, 
(2) oa where k? = 2)?c? + 2c%a? + 2a)? - at — b4 — ¢4 
a bc Qabe' " 
11, r-1. 184. 3848q. yds. 186. a=+2, b=3, c= +2, 
7 9 v0 
= ob -— sz tk 1, 7 . 
() #=4 5, y=. @) +353 4 


£3, 2c. at the first sale and £2. 12s. at the oad sale, 
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189. 


141, 


142. 


148, 


145. 
146. 


147. 


160. 


161. 


153. 


156. 


157. 


162. 


163. 


164. 


HIGHER ALGEBRA. 


(1) : n(n+1)(Qn+1). (2) a m (n+ 1) (n+ 2) (Bn7+ Gu + 1). 


(3) nn (n+ 1) (4-1). 

15 

7° 

(2) x, y, 2 may have the permutations of the values 3, 5, 7. 


(1) z=1 or 3 y =3 or 


y8 + gy? — q’y - q* - 8r=0. 
i a (x - 1) n 2) 8+142-15 Tr 
(1) - (a-1j? 7 r-1° (2) be bOn = Be 


(3) anti +5 n(W+ 7) — 2, 144, 2 (b3- d3) =3 (b? — ¢*) (b—a). 

-—2, -2, -2, ; ‘ 

A walks in successive days 1, 3, 5, 7, 9, | 11,18, 15, 17, 19, 21, 23, | miles, 
BWR ecsctcicrebonsceics 12, 13, | 14, 15, 16, 17, 18, 19, 20, ' 


so that B overtakes A in 2 days and passes him on the third day; A 
subsequently gains on B and overtakes him on J3’s 9 day. 

6-1 
we ‘ 148, --(a+b+e), —(a+wb+wre), — (&+ wb + we), 


ni 70 
(an ae e 


nt term is —*- —T; Sum=4 - B, 


a(l—nact er (L-atltan) 
where 4 = sa sae! uae EE Lead aD) , and J} denotes a corre- 
L-«ae (1 -- ar)? 


sponding function of B. 


qy? ~ 2p°y? — Spqy — 2p> - q?=0. 





49. /23 
(1) - 7, ‘ ee (2) #1, +3, 4. 154. 3 days. 

1 5+ 39 
(1) rae Dees ve ~  [(12r — 1) (12a - 2) (120 — 8) (122 - 4) = 120.] 


ee ee” 
a! aye eee 
(2) 14,/19. Ec =E+5 a: 


22 years nearly. 161. 44 hours, 
~7+4,/9] 
(2) c=k (Ut +c4~ a2b?- ac’), &e., where 2k? (a®+ U5 4+ ¢8 ~ 3a%b%") = 1, 
[It is easy to shew that a®x + U?y+¢%z=0, and 
ay t+2+cr=a+y3+ 2 — 8ryz=a%2+ rt cy.) 
2(a+b+c)c=(be+ca+ab) + /(be+ca+ ab)®~ 4abe (a+b+ ¢). 
ee reduces to (a+b+c) 2?-(be+ca+ab) r+abe=0.] 


(1) pm (n+ I (n+2) (8n+13). (2) 2e-5. 


Hv reel, 2: y=3%2, Flhe- -y=4/3 


- 


166. 


167. 
170. 


172, 


174. 
177. 


178, 


182. 


186. 


187. 


191. 


192, 


202. 


206. 


209. 


210. 


212. 


213, 
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51+ 80,/2 17a 


(1) i= emesis a, y = =" ; [Eliminate x.| 
(2) a, y, z are the permutations of the quantities 2 been ae = we ; 
(v+y+2)?= 3h", 168, 2. 169. 23+y3+ 23 - 38zryz. 


He walks 32 miles, drives 74 miles, rides 10 miles per hour. 
AB =37}4, BC=30, C4 =15 miles. 
(1) a=13 or 10, y=10 or 13. 
_d(a-b)| _e(a—b)  b(d-e), a (dc) 
(2) CPC gg Pa ign OO a, se 
£3200. 176.) ry? 4-3ry24- (3r — p*) y +75=0, 
p= (ae + bd) (eg & fh) + (be = ad) (fy + eh) ; 
q = (be = ad) (eg + fh) — (ac & bd) (fy Fel). 


13+ /-47 47 -14+,/-7 me 


cy | eee 
a=6, —5; 2 ” 


~13+,/-47, 144,/-74 





y=5, - 6; - 2 : 9 
[Put «-y=wuand «y=, then w+ 2v=61, u(6140)=91.] 
‘ A 
8987. 1838, y3— by? +acy-c?=0. -1, -2, a =oN? 
(1) a, ¥,2 are the permutations of the quantities 1, Liv -3 = wt 
a (b? +c?) 
(2) wes + a » &, 


Conservatives; English 286, Scotch 19, Irish 35, Welsh 11. 
Liberals ; English 173, Scotch 41, Trish 68, Welsh 19. 
(1) 7,9, -8. (2) 24,/—-8, -2+,/-1. 

-b a—b jm +n — 2 
“ey ; 2b, =a4-b- a 0°, ee —s 


ap eae nm antiad (— Ast 
b4, - 26, 144.840,/-1. 204 ntl? 4mtin(— ett 


2a, = a+b 4- 


eed 











37m + nmiq — 8n3 


“rm + nmig +73 
7 Poles, 14 Turks, 15 Greeks, 24 Germans, 20 Italians. 


1 «x 142? 
3747 sn ra log (1+). 





207. 81 years nearly. 


ee. 
(+z)? ’ 


1l = 
or 215. r=a+ yf Sees +8) (a+) , de, 217. 420. 


(1) i (n-+1) (n +2) (n+8); (2) (3) 46. 


a+a 
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223. 


226. 


230. 


281. 


238. 
236. 


236. 
237, 


247. 


249. 


250. 


253. 


HIGHER ALGEBRA. 


(1) n=y=; (+15 ./— 3), ra, (+1542 J -3); 


orz=4, 6, -4, -6; 
y=6, 4, -6, —4; 
z=5, 5, -6, ~5. 
x-a y-b Z~—C 


‘ Cet a ee eee — 
( aes b(c~-a) c(a-bd) % 
where (b ~ ¢) (c — a) (a — b) N= a? +0? 4 ¢? — be — ea -- ab. 


12calves, 15pigs, 20sheep. 229. Lim (2 - 1) =5 convergent. 
n+1 
Seale of relation is 1 ~ 12r+-327?; nm” term = : {Aho Btls 


ot 


wt 


2n~) 3n~1 
2 


Rag to 
11 are eee 
943° 232, 2e= + n/a? -b?4+¢% + Sa +h?—e", &e. 


+13 +c3=a* (b+c) +b" (e+ a)+c7 (a+b). 
(1) (L-2)'S=1+ 4a + x? - (n+ 18x" + (33 + Gn? - 4)r0) 
— (8n3 4 Bn? — 3n 4 1) aht? 4 Bert, 
1 1 
her (n +1)? (n+ 2)?" 
14 a3xt + abr8 + 8x22 4 a0 4 Qtr? 4 aad 4 alia + Tr? + a2, 


3 hours 51 min. 240. 2or - : : 242. —140. 

8, 4, 5, 6. 246. a? (c? — Bc3)2 = (ab? + Qd¥) (ab? ~ d3)?. 
‘ 6 

2, 6, 1, 3. 248. 33. 


(1) antl 2— (n +1) (2n +1). 








gntl 9 
(2) (n+1) (n+ 3) 3° 
1— amt) 2 (1—2%2") L— att) 9 (1-9nt1 pnt) 
(3) a ae + “Trae? when n is even ; To + -— i er - 


when n is odd. 


(1) a=y=z=0 or 5 If however 2?2+y?4+-z?+yz+2r+ary=0, then 

t+y+z= -a, and the solution is indeterminate. 
(2) ee REN Se ee eee Eee 

a(-a+tb+e) b(a-b+c)” c(at+b—ce) 

1 
~ EJ arb+e (abe (atb—e) 

- (Axz+ By+ Cz) (- Ax+ By + Cz) (Ax - By + Cz) (Ax + By- Cz) where 
A= Ja(b—c), &e. 


256. 


257. 


262. 
266. 


268. 


269. 


270. 


274. 


275. 


276. 
279. 


287. 


291. 
294. 
300. 
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(1) x=1, wo, w*; 

y=1, w, w; 

z= —(ad+0), - (awt bw"), — (aw? -+ dw). 
(2) z=3, or st z=6, or -4) 


y=7, or3$ weed, or -6§" 
To at least 3r— 2 places, 258. ‘Tea, 2s. 6d.; Coffee, Is, dd. 
2y7 — Opr + 24s. 263. 11 turkeys, 9 pveese, 3 ducks. 


(1) x, y, < have the permutations of the values 
koe, edie 
a, 5e(b—14. /b? — 2b — 3), ac #12,/7=2b-—8)- 


(2) e=y=z=1; eat oe, &e. 267. 0. 
16 Clergymen of average age 45 years ; 

24 Doctors of average age 35 years; 

20 Lawyers of average age 30 years. 

(ayy — 4) (Ayttg — 45°) = (a, - ay)? ; 

OF Aydydy + aja; — dyads? — aPay- a =0. 





tat ede , we. us + a » & 273, «7 4. 
Jatt bv? +c? Jette’ 
1) {1 log (1 2. (2 : fy ps oaks 
(1) ( -5) DeMEs iar (a+ I) (a42)... (an) 
3. 3 
(1) Oe 9? ’ 
y=-l, = -1; 
ap Oe 
tates 4? 4° 


(2) m= +4, y= 4d, used, Vat 


a ee ? afin u= 1/2 zan/? 
ea 3 3? Y= F ’ = » v= 3° 


a? 4. b? 4-02 4- d?+, 277, — p+ 3p, po- 3Bpy 
aA, 6 birds; B, + birds. 281. 2. 
b, - b,— b, ~- 
a, ~5a, — da. 289. 2,5 ~ Pi ee eS =a) &e. 


(by — ba)'(dy — Dg)...(01 — By) 
A worked 45 days; B, 24 days; C, 10 days. 
(b? +c? — a*) (a* - 0? +7) (u? + 0? - c?). 
Walked 3 miles, worked 4 hours a day; 


or walked 4 miles, worked 3 hours a day. 
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By the same Authors. 


SOLUTIONS OF THE EXAMPLES IN ‘HIGHER 
ALGEBRA.’ Crown 8vo. 10s. 6d. 


ELEMENTARY ALGEBRA FOR SCHOOLS. 
Fifth Edition. Revised and enlarged. Globe 8vo. (bound in 
maroon coloured cloth), 3s, 6d. With Answers (bound in green 
coloured cloth), 4s. 6d. 


a» A Key to the above is in the press. 


PREFACE TO THE FOURTH EDITION. 


In the Second Edition a chapter on the Theory of Quadratic 
Equations was introduced; the book is now further enlarged by the 
addition of chapters on Permutations and Combinations, the Bino- 
mial Theorem, Logarithms, and Scales of Notation. These have 
been abridged from our Higher Algebra, to which readers are referred 
for a fuller and more exhaustive treatment. The very favourable 
reception accorded to the first three editions leads us to hope that 
in its present more complete form the work will be found suitable 
as @ first text-book for every class of student, and amply sufficient 
ad all whose study of Algebra does not extend beyond the Binomial 

eorem, 


The Schoolmaster says :—“ Has so many points of excellence, as compared with its 
predecessors, that no apology is needed for its issue...The pea always adopted by every 
ood teacher of frequently recapitulating and making additions at every recapitulation, 
8 well carried out.” 
The Educational Times says :—“... A very good hook. Tho explanations are concise 
and clear, and the examples both numerous and well chosen.” 

Nature says :— This is, in our opinion, the best Elementary Algebra for school usc... 
We confidently recommend it to mathematical teachers, who, wo feel sure, will find it 
the best book of its kind for teaching purposes.” 

The Academy says :—“* our or borrow the book for yourselves and judge, or write a 
better...A higher text-book is on its way. This occupies sufficient ground for the 
generality of boys.” 


ALGEBRAICAL EXERCISES AND EXAMINA- 


TION PAPERS. To accompany ‘Elementary Algebra.” Third 
Edition. Globe 8vo. 2s. 6d. 


The Schoolmaster says :—" As useful a collection of examination papers in algebra 
as we ever met with. ... Each ‘exercise’ is calculated to occupy about an hour in its 
solution. Besides these, there are 86 examination papers set at various competitive 
examinations during the last three years. ‘The answers are at the end of the book. 
We can strongly recommend the volume to teachers seeking a well-arranged series of 
tests in algebra. 

The Educational Times an hee It is only a few months since we spoke in high 
praise of an Elementary Algebra by the same authors of the above papers. We can 
speak also in high praise about this little book. It consists of over a hundred progressive 
miscellaneous exercises, followed by a collection of papers set at recent examinations. 
The exercises are timed, as a rule, to take an hour. ... Messrs Hall and Knight have 
had ey of experience, and have put that experience to good use.” 

e Spectator says:—“The papers are arranged for about an hour's work, and will 
be found a useful addition to the school text-book.” 

The Irish Teachers’ Journal says:—“ We know of no better work to place in the 
hands of junior teachers, monitors, and senior papils. Any person who works carefully 
and 8 ily through this book could not possibly fail in an examination of Elementary 
ecire. -; + We congratulate the authors on the skill displayed in tho selections of 

xzamples. 


MACMILLAN AND CO., LONDON. 


ARITHMETICAL EXERCISES AND EXAMINA- 
TION PAPERS. With an Appendix containing Questions in 
LOGARITHMS AND MENSURATION. With Answers, By 
H. 8. Haun, M.A,, and 8. R. Kniaut, B.A. Second Edition. 
Globe 8vo. 2s. 6d. 


The Schoolmaster says :—" An excellent book to put into the hands of an upper class, 
or for use by pupil teachers. It covers the whole ground of arithmetic, and has an 
appeniis containing numerous and well-selected questions in logarithms and mensura- 

on. In addition to these good features there is a collection of fifty papers set at 
various public examinations during the last few years.” 


The Cumbridge Review says:-—“‘ All the mathematical work these gentlemen havo 
ren to tho public fs of genuine worth, and these exercises are no exception to the rule. 
he addition of the logarithm and mensuration questions add greatly to the value.” 


The Educational Times says:—“The questions have been selected from a great 
variety of sources: London University Matriculation; Oxford Locals—Junior and 
Senior; Cambridge Localsa—Junior and Senior; Army Preliminary Exazoinations, otc. 
As a preparation for examination the book will be found of the utmost value.” 


The School Board Chronicle saya :—‘'The work cannot fail to be of immense utility.” 


A TEXT BOOK OF EUCLID’S ELEMENTS, 
including Alternative Proofs, together with additional Theorems 


and Exercises, classified and arranged. By H.8. Hau, M.A, 
and F. H. Stevens, M.A., Masters of the Military and Engineering 
Side, Clifton College. Third Edition, Book I., 1s.; Books I. 
and II., 1s. 6d.; Books I.—IV., 3s.; Books IIJ.—VI., 88.; Books 
L—VI. and XI., 46. 6d.; Book XI., 1s, 


The Coe Rei says:—--“To teachers and students alike we can heartily 
recommend this little edition of Euclid's Elements. The proofs of Euclid are with very 
few exceptions retained, but the unnecessarily complicated expression is avoided, and 
the steps of the proofs are so arranged as readily to catch the eye. Prop. 10, Book IV., 
is a good example of how a long proposition ought to be written out. The candidate for 
mathematical honours will find introduced in their proper places short sketches of such 
subjects us the Pedal Line, Maxima and Minima, Harmonic Division, Concurrent Lines, 
&c., quite enough of each for ali ordinary requirements. Useful notes and easy examplos 
are écattered throughout each book, and sets of hard examples are given at the end. 
The whole is so evidently the work of practical teachers, that we feel sure it must soon 
displace every otuer Euclid.” 


‘ The Journal of Education says:—“The most complete introduction to Plane 
Geometry based on Euclid's Elements that we have yet seen.” 


The Practical Teacher says :—“ One of the most attractive books on Geometry that 
has yet fallen into our hands.” 


The Literary World says:—“ A distinct advance on all previous editions.” 


The Irish Teachers’ Journal says:—“ It must rank as ono of the vory best editions of 
Euclid in the language.” 


MACMILLAN AND CO., LONDON. 


